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Let #i, • • • , am be positive integers and 

(1) T(ah am) 

m l m /xi—1 1 

i - Z — + Z Z j — — 

+ 
( - ! ) • 

for m > 0, 
[fll, • • • , a»n J 

1,1 for m — 0, 

where {#i, • • • ,#*•} denotes the least common multiple of «i, • • • ,ur. 
H. A. Heilbronn1 and H. Rohrbach2 proved that 

(2) 
T(alt • • • , am) à ( l ) (l ) 

\ ad \ amJ 
= T(ai) T(am). 

The object of this paper is to prove the following generalization of (2) : 

T(ah - - • , am, bh • • • , bn) è ?X#i> • • • , am)T(bi, • • • , 6n) 

for w ^ 0, w ^ 0. 
(3) 

!r(ai, • • • , am) may be interpreted as the density of the set 5 of all 
positive integers not divisible by any aM, that is, 

T(ah • • • , am) = lim z^Miz), 
Z—>oo 

where M(z) is the number of elements of 5 not exceeding z. 
For the proof of (3) we require the following lemma. 

LEMMA. If k ^ 0, / ^ 0, and (d, v\) = 1 for X = 1, • • • , I, then 

T(duh • • • , du*» vh • • • , vi) 

1 

(-7) r(*i, »i). 
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PROOF. T(dui, • • • , duk, i>i, • • • , vi) is the density of the set 5 of 
all x not divisible by any of dui, • • • > duk, Vi, • • • , p*. We divide 
5 into two sets 5i and 52. 5i contains all elements of 5 which are di
visible by d\ they are of the form Xi = dy subject to the condition that 
none of dui, • • • , duk, Vi, • • • , vi divides dy, which is equivalent to 
the condition that none of «i, • • • , m, Vif • • • , Vi divides y; the den
sity of the set of integers y is thus T(ui, • • • , « * , fli, • • • , vi) and the 
density of 5i becomes (l/d)T(ui, • • • , « * , »i, • • • , i>0« & contains 
all elements of 5 which are not divisible by d\ as d#i, • • • , öÏWfc do 
not divide these elements, 52 consists of all positive integers x% not 
divisible by any of d, Vi, • • • , Vi, and its density is T(df Vi, • • • , z>z). 
Thus we have 

T(dui, • • • , dwfc, t>i, • • • , t>i) 

(4) 1 
= — T(uh • • • , uk, vh • • • , vi) + T(d, vi, • • • , t>ï). 

a 

Note that this proof still holds when one or both of k, Z = 0; for 
k = 0t (4) reduces to 

(5) T(plt . . . , » , ) = — r(»i, •••,*>*) + r(d, » ! , • • • , *i), 

whence 

(6) 2 K v i , - - . , »,) = ( l - —\ T(vh • • • , v,). 

Substituting (6) in (4) we obtain the lemma. 
PROOF OF (3): by induction with respect to N = ai+ • • • +am 

+ &i+ • • • +bn- For iV = 0, m = n = 0 and the three T's in (3) reduce 
to 1. Assume that (3) holds for N'<N. 

First case: Any two of ai, • • • , am, fat • • • , bi relatively prime. 
In this case 

T(ah • • • , am, Si, • • • , bn) 

V ~ ~aj V1 ~~ 1J \ " M \ ~" k/ 
= r(a i , • • • , am)T(bh • • • , J»). 

Second case: s exists such that 2 ^ s ^ w + w and (i) certain 5 of the 
0i, • • • , flm, 6i, • • • , bn have a common divisor d>\, (ii) any s+1 
of them have the greatest common divisor 1 (this condition being 



i948] AN INEQUALITY OF HEILBRONN AND ROHRBACH 683 

vacuous for s = m+n). Rearranging the #i, • • • , am, bi, • • • , bn we 
may assume that #i, • • • , aM, 61, • • • , bv have the common divisor 
d>0 where ix+v = s (/x or v may be 0) ; then 

ap = ddp for p 2S /*; (ap, J) = 1 for p > /x; 

&<r = 5̂<r for a ^ v; (bff, d) = 1 for <r > p. 

By the lemma 

2T(0if • • • 1 am)T(h, • - • , bn) 

= T(ddi, • • • , daM, (ZM+i, • • • , am)T(dbh • • • , d5„, J„+i, • • • , #n) 

= ( — 3T(ai, • • • , 0„, fl/*+i, • • • , a m )+ f 1—— J T{all+X, • • • , am) J 

- ( — r ( ï i , • • • , K h+i, • • • , bn)+ ( 1——J T(bv+iy • • • , bn)j 

(7) 1 
= — r(â i , •••,<*„, ÖM+I, • • • , am)T(bi, • • • , 5„ i„+i, • • • , &w) 

+ ( 1—— J Tidn+i, • • • , am)r(ô„+i, • • • , bn) 

——( 1——H r(ff/i+i! • • •, «m)~r(âi , • • •, aM, ö/H-i, • • •, a»)J 

•f r(Jv + i , • • • , bn) — T(bi, • • • , by, by+i, • • • , ôw) J. 

Observing that the first two terms may be estimated by the induction 
hypothesis and that the factors of the third term are not less than 0, 
we get 

T(aiy • • • , am)T(biy • • • , bn) 

1 
^ — T(âh • • • , âM, ^ i , • • • , am, 5i, • • • , bv, bv+i, • • • , £ » ) 

a 
(8) 

+ ( l 7 J T{atl+1, • • • , am, by+i, • • • , J„) 

= T(ah • • - , am, h, • • • , Jn) 

by the lemma. Hence (3) is proved. 
I t is easy to decide when equality holds in (3). Equality will cer

tainly hold if (<zp, ba) = 1 for p = 1, • • • , m, a = 1, • • • , n; this can be 



684 F. A. BEHREND 

seen on the lines of the above proof, or, directly, by substituting the 
explicit value (1) of T into (3) and observing that {aPV • • • , aPp\ 
• {b0v - • • , b<Tq} = {aPV • • • , aPp, bav • • • , Kg}. The converse is obvi
ously not true as, for example, T(2, 4 )JT(3 , 6) = !T(2, 4, 3, 6); the 
reason is that, in this example, the numbers 4, 6 are redundant; the 
example may be written simpler T(2)T(3) = T(2, 3). In general Uk 
will be redundant in T(ui, • • • , Uk) if it is a multiple of another u\. 
If redundant elements in T(ai, • • • , aTO) and T(bi, • • • , 6n) are re
moved, the converse of the above statement can be proved: If for 
some p, a (aPf &<r)>l, inequality holds in (3). We may assume that 
(#i, bi) > 1 and can apply (7) with fx ^ 1, v ̂  1. Now, if w is not divisi
ble by any of vh • • • , z;*, then 

for the set of positive integers not divisible by V\, • • • , Vi contains 
the numbers u(v\ ViZ+1), 2 = 0, 1, 2, • • • , which possess a 
positive density and are not contained in the set of numbers not 
divisible by u, vi, • • • , vi. As ai, and hence ai, is not a multiple of any 
of aM+i, • • • , am and 5i not a multiple of any of bv+u • • • , &n, it fol
lows that the factors of the last term of (7) are positive, and the 
inequality sign will hold in (8). 
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