GENERALIZATION OF AN INEQUALITY OF
HEILBRONN AND ROHRBACH

F. A. BEHREND

Letay, - - -, an be positive integers and
m 1 m =l 1
TR YNNI S S
pi=1 Gy m=2 pg=1 {dpv a“g}
1) T(ay, -+, am) = - 1™
() Tl ) + T emso,
{dlr ey, am}

1 for m = 0,
where {ul, <. ,u,} denotes the least common multiple of %y, * + -, #%,.
H. A. Heilbronn! and H. Rohrbach? proved that

ooz (1=0) o (1)
a , LI y am = —_— . . . . — —
(2) ' ay m
=T(@@) -+ - T(am).
The object of this paper is to prove the following generalization of (2):
(3) T(dly oty Om, bly MY bn) g T(dly ct am)T(bly tet ybn)
form = 0,n = 0.
T(a,, - - +, an) may be interpreted as the density of the set .S of all
positive integers not divisible by any a,, that is,
T(a1, - -+, an) = lim 271 M (3),
2— 0

where M(2) is the number of elements of S not exceeding z.
For the proof of (3) we require the following lemma.

LemMA. If 820,120, and (d, va) =1 for N\=1, - - -, I, then
T(d%l, Sty d%k, UV * vl)

1 1
=7T(u1y"',uk,‘vly"‘,‘Uz)+<1—“(-i->T(711,"°,111).
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Proor. T'(duy, « + +, dug, v1, - * -, v3) is the density of the set S of
all x not divisible by any of duy, - - -, dug, v1, + + -, vi. We divide
S into two sets S; and S.. S; contains all elements of S which are di-
visible by d; they are of the form x;=dy subject to the condition that
none of duy, - - -, dux, v1, + - -, v; divides dy, which is equivalent to
the condition that none of #;, - -+, %z, 91, * * *, vy divides y; the den-
sity of the set of integers y is thus (%, + + -, %, 91, * + *, 9;) and the
density of S; becomes (1/d)T (41, « * -, tx, v1, * * *, 1). Sz contains
all elements of .S which are not divisible by d; as duy, - + -, duy do
not divide these elements, S; consists of all positive integers xe not
divisible by any of d, »,, - - -, 9, and its density is T(d, v, - - -, V).
Thus we have

T(dulr Tty duk: U1y ** 7)1)
) 1
=—d—T(u1,---,uk,v1,--',vz) + T(d, vy, - - -, 01).

Note that this proof still holds when one or both of %, I=0; for
k=0, (4) reduces to

1
(5) T('I)l,"‘,vl)=7T(1’1,'",7)1)+T(d,'01,"',7)l),

whence

1
(6) T(d, '01,'°',7)z) =(1—7>T(01,°'°,‘01).

Substituting (6) in (4) we obtain the lemma.

Proor ofF (3): by induction with respect to N=a:+ ++ + +an
+b1+ -+ - +b,. For N=0, m=n=0 and the three T’s in (3) reduce
to 1. Assume that (3) holds for N/ <N.

First case: Any two of a1, - * +, Gm, b1, + - -, b; relatively prime.
In this case

T(“lr"'yam;bly"‘ybn)

(=2 (-2 (-2 (o)

= T(al, ey, dm)T(bl, Ty, bn).

Second case.: s exists such that 2<s<m-+n and (i) certain s of the
@y, ***y Qm, by, + -+, by, have a common divisor d>1, (ii) any s+1
of them have the greatest common divisor 1 (this condition being
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vacuous for s=m-+n). Rearranging the a1, * - +, @, b1, * + +, by We
may assume that a4, * - -, a,, by, + + -+, b, have the common divisor
d>0 where p+v=s (u or » may be 0); then

@, =da, for p =y (@, d) =1 for p >y,
b, =db, for o = (bsy @) =1 for o> .
By the lemma
T(al’ e, am)T(bl’ e, bn)
=T(ddl, vy, d(iﬂ, Quitly * am)T(dbly M dbﬂs bl'+1) tt b‘n)
1 1
= (7 T((il, LI d,,, Quil1y dm)+(1—7)T(d“+1, LI ,am))
1

1
. ("‘—Z' T(Bl, A 6v; by-i-l, C bn)'l'(l"g') T(by+1, cery, bn))
N1

(

=-l_i_ T(dl’ ] dm Quily * * 0y dm)T(blr tt bw bv+17 ftty bﬂ)

1
+(1_3> T(a}l+1y Ct ity am)T(bv-i-ly Ct bn)

1 1
—7<1_7> (T(dﬂ+1; oy @m) =T (81, v o0y Gy Gupr, v+ 0 am))

'(T(bl'+1’ Tty bn)—T(Blr ] 67: b!—f-l, t b"))'

Observing that the first two terms may be estimated by the induction
hypothesis and that the factors of the third term are not less than 0,
we get

T(alr ct a’m)T(bly C 0y bn)

é—d"T(dl»"'1dmap+1y"'yamyblv"'1bnbv+1v'°'9bn)
®) 1
+(1_7)T(an+ly'.°yam,bl-l-ly.'.)bﬂ)

=T(alr"'vam’b1)'°‘sbn)

by the lemma. Hence (3) is proved.
It is easy to decide when equality holds in (3). Equality will cer-
tainly hold if (a,, b,) =1 for p=1, - - - ,m, =1, - - -, n; this can be
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seen on the lines of the above proof, or, directly, by substituting the
explicit value (1) of T into (3) and observing that {a,,l, SR a,,p}
. {b,,l, cee, b,q} = {am, C ey Qo Doy ,b.,q}. The converse is obvi-
ously not true as, for example, 7(2, 4)T(3, 6)=T(2, 4, 3, 6); the
reason is that, in this example, the numbers 4, 6 are redundant; the
example may be written simpler T7(2)T(3) =7(2, 3). In general u;
will be redundant in T'(u,, - - -, ug) if it is a multiple of another .
If redundant elements in T(ay, + * -, @n) and T(by, - - -, b,) are re-
moved, the converse of the above statement can be proved: If for
some p, o (a,, b,)>1, inequality holds in (3). We may assume that
(a1, by) >1 and can apply (7) with u=1, »=1. Now, if # is not divisi-
ble by any of vy, - « -, 9, then

T(vlr"'yvl)>T(”yvlv"'yvl)y

for the set of positive integers not divisible by vy, - - +, v; contains
the numbers #(vy- - - - - 2+1), 2=0, 1, 2, - - -, which possess a
positive density and are not contained in the set of numbers not
divisible by #, v, - + -, v;. As @, and hence @y, is not a multiple of any
of ayy1, * + +, @n and b; not a multiple of any of b,.4, + + +, ba, it fol-
lows that the factors of the last term of (7) are positive, and the
inequality sign will hold in (8).
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