
TOPOLOGICAL RINGS 

IRVING KAPLANSKY 

I. INTRODUCTION 

1. The literature. Topological rings were apparently first defined 
in van Dantzig's thesis [13], [14].1 Of course innumerable instances 
of topological rings had been studied earlier: notably Hensers £-adic 
numbers and their abstraction by Kürschak [54] to fields with valua­
tions. A very considerable literature has since grown up around 
valuation theory and its applications to algebraic geometry, algebraic 
functions, and algebraic number theory. Van Dantzig's thesis in­
augurated a second stream of investigation: locally compact rings. 
During the present decade much study has been devoted to Banach 
algebras (normed rings) in work begun by Gelfand and his colleagues, 
though foreshadowed by Stone [75], Nagumo [60 ], and Hebroni 
[32]. This address is divided into three parts more or less reflecting 
these three lines of investigation: topological division rings, locally 
compact rings, and normed algebras. 

Besides papers actually referred to in the address, the bibliography 
includes most of the relevant contributions of the last decade. In cer­
tain respects there is no pretense of completeness: for example, there 
are only a few of the papers on valuations. Particular attention should 
perhaps be called to the reports of Köthe [52] and Lorch [55], and to 
the somewhat less closely related reports of Dunford [19], Taylor 
[78], and Hyers [34]. 

2. Definitions. By a topological ring we mean a ring and a Haus-
dorff space in which a — b and db are jointly continuous in a and b. 
This is substantially the definition of van Dantzig, except that he 
imposed a countability restriction. A brief account of the funda­
mentals is presented in Bourbaki [l0]. 

By a normed algebra we mean a normed linear space which is at 
the same time an algebra satisfying 

(i) M s Ml ||4 
If one merely assumes joint continuity of a&, one can pass to an 
equivalent norm satisfying (1). A Banach algebra is a complete 
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normed algebra. It was noted by Gelfand [22, Theorem 1 ] that in the 
presence of completeness, separate continuity of ab implies joint 
continuity. Arens [7, Theorem 5 ] extended this result to the case of 
any topological ring whose underlying space is complete metric. In 
both accounts the proof rests ultimately on a category argument. 

To discuss inverses without assuming a unit element we introduce 
the operation a o b = a+b+ab, and call b a right quasi-inverse of a 
if a o i = 0, a quasi-inverse if also b o a = 0. An element is quasi-
regular if it has a quasi-inverse. Under the operation o the quasi-
regular elements form a group, which will be a topological group if 
quasi-inversion is continuous. For a normed algebra this continuity 
can be proved in much the same way as in elementary analysis (cf. 
[7, p. 626]). The continuity of the quasi-inverse is also valid in 
locally compact rings without divisors of 0 [44, Theorem 8]. However, 
local compactness alone does not suffice, as is shown by an example 
in [44] ; nor does it suffice to have a complete metric space [7, p. 630 ]. 

To treat maximal ideals in rings without unit it is convenient, fol­
lowing Segal [69, p. 74] to introduce regular ideals. A (right, two-
sided) ideal I is regular if there exists a (left, two-sided) unit modulo 
ƒ. In a Banach algebra all regular maximal ideals are closed. More 
generally this is true in any ring in which the right quasi-regular ele­
ments form an open set; such rings are called (?r-rings in [40]. If the 
quasi-regular elements are open (a formally stronger condition), the 
ring is called a Q-ring. 

We shall use the Perlis-Jacobson radical, defined in [38] to be the 
union of the right quasi-regular ideals; it may be shown to be the 
intersection of the right (or left) regular maximal ideals. Hence in a 
ôr-ring the radical is closed. The radical is also closed if the right 
quasi-regular elements form a closed set, which is true for example in 
a compact ring. But the radical is not always closed, as is shown by an 
example in [40 ]. In certain respects the following is a simpler 
example. Let P be the ring of £-adic integers and A the ring of all 
infinite matrices over P, with only a finite number of nonzero ele­
ments in each row. We topologize A with the "finite" topology: the 
general neighborhood of 0 consists of all matrices with first n rows 0. 
(The £-adic topology in P is ignored ; in fact any ring with a non-nil 
radical will do in place of P.) Then it is easily checked that the radical 
R of A contains all matrices with only a finite number of nonzero 
entries, and these all divisible by p. The matrix £(£12+023+034+ ' ' #) 
therefore lies in the closure of R, but it is not itself in P, since it is not 
even quasi-regular. 

A useful concept in the study of topological rings is that of bound-
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edness, first introduced by Shafarevich [72], and presumably in­
spired by the analogous concept for topological linear spaces. A set 
5 in a topological ring is right bounded if for any neighborhood U of 
0 there exists a neighborhood F of 0 such that SVC. U. Left bounded-
ness is analogously defined, and a set is bounded if it is both right and 
left bounded. Compact sets are bounded, and for algebraic purposes 
bounded sets may often be regarded as the appropriate generaliza­
tion of compact sets. For example, a polynomial is uniformly con­
tinuous on any bounded set; and if the quasi-inverse is continuous, 
then it is uniformly continuous on any bounded set. 

II. TOPOLOGICAL DIVISION RINGS 

3. Normed division algebras. Mazur announced in [58] the 
theorem that the only (complex) normed division algebra is the field 
of complex numbers itself. Gelfand proved this in [22], asserting that 
his proof was different from Mazur's. Gelfand's proof rests on an 
application of Liouville's theorem and, as Lorch has remarked, sub­
stantially the same result had been given earlier by Taylor [77]; the 
same sort of argument occurs in many older references. 

We present this Taylor-Gelfand argument in a somewhat general­
ized form substantially due to Arens [7]. Let A be a topological 
algebra over the complex numbers. We assume that A has a unit, 
that the inverse in A is continuous, and that A admits a total set of 
f unctionals (the latter is true for example if A, as a topological linear 
space, is convex). The spectrum of x is the set of scalarsX such that 
(x — X)""1 does not exist. We assert that every element of A has a non-
void spectrum. For if not, we form for an arbitrary functional ƒ the 
function g(X) =ƒ[(#— X)""1], and verify that g(X) is entire and ap­
proaches 0 as X—»oo. By Liouville's theorem, g = 0, whence (# —X)"*1 

= 0, a contradiction. If we specialize A to be a division algebra, we 
deduce the Gelfand-M azur theorem: every element of A is a scalar 
multiple of the unit. By a standard embedding device one obtains a 
corresponding theorem in the real case; here the reals, complexes or 
quaternions may arise. 

While the above argument appears to have squeezed everything 
possible out of Liouville's theorem, it seems probable that stronger 
theorems are true, and perhaps even that no nontrivial topological 
division algebras over the complexes exist at all. The question may be 
rephrased thus: is it possible to convert the field of rational functions 
f(z) of a complex vaiiable z into a topological algebra? An easily 
proved result in this connection is that it cannot be done if f(z) is to 
be continuous jointly in ƒ and z. 
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Returning to normed algebras, we mention two generalizations of 
the Gelfand-Mazur theorem which are given in [46] and [45] respec­
tively. (1) Call x a topological divisor of 0 if there exists a non-null 
sequence yn such that xyn or ynx—»0. The following theorem is a re­
finement of results in [73], [7] and [68]: a normed algebra without 
any nonzero topological divisors of 0 is the reals, complexes, or qua­
ternions. It is to be observed that neither a unit element nor com­
pleteness is assumed. (2) A Banach algebra which is regular in the 
sense of von Neumann (for any a there exists an x such that axa = a) 
is finite-dimensional. Here completeness is indispensable. 

Topological linear spaces are of course necessarily connected, and it 
is perhaps natural, in connection with the above results, to ask what 
connected fields exist. In a somewhat different context, much the 
same question was raised by Baer and Hasse [9]. Some light has been 
thrown on this question recently, by Dieudonné [17] who con­
structed a connected subfield of the complex numbers, and Kapuano 
[47] who constructed a one-dimensional subfield of the complex 
numbers (in both cases a field other than the reals, of course). 

4. Valuations. Kürschak [54] defined a valuation of a division ring 
to be a real-valued function satisfying \a\ ^ 0 , ja| =0 if and only if 
a = 0, \ab\ = | a | \b\t \a+b\ û\a\ + \b\. He was inspired by two out­
standing examples: complex numbers and £-adic numbers. Ostrow-
ski [61 ] showed that these two examples are typical. A field with a 
valuation is either (archimedean case) a subfield of the complex num­
bers with essentially its ordinary absolute value, or (nonarchimedean 
case) it satisfies with the p-adic numbers the strong triangle inequalty 

(2) \a + b\ ^ m a x ( | a\ , \b\). 

Thus structure theory is of interest only in the non-archimedean case, 
although in applications (notably algebraic number theory) it re­
mains important to consider all valuations. Krull [53] took the next 
step of observing that in (2), addition of real numbers has disap­
peared; only the multiplicative group of positive real numbers is 
relevant, and one may generalize by replacing it by an arbitrary 
ordered abelian group T. The classification of fields with valuations 
was successfully studied in case T is the additive group of integers; cf. 
Teichmüller [79] and MacLane [56]. For an arbitrary group I\ 
definite but more complicated results were obtained in [39]. A similar 
study has been made for local rings by Cohen [12]. 

Examination of some of the proofs in valuation theory reveals that 
full use is not made of the existence of a valuation. In many cases 
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one can get by with a topological field having the following property: 
if a set 5 is bounded away from 0, then S"1 is bounded (in the sense of 
§2). In [41 ], division rings with this property are said to be of "type 
V." The same class of division rings is briefly studied in an exercise 
in Bourbaki [10, p. 57, Ex. 13]. 

The following are examples of theorems which carry over to the 
case of type V. (1) A finite-dimensional topological linear space over a 
complete division ring of type V necessarily carries the Cartesian 
product topology. (2) The completion of an algebraically closed field 
of type V is algebraically closed. It has yet to be determined whether 
a finite algebraic extension of a field of type V can be topologized so 
as to be of type V. This is proved for quadratic extensions in [41 ]. 

Fields with an (ordinary real-valued) valuation can be char­
acterized as being of type V and having a neighborhood of 0 consist­
ing of topologically nilpotent elements [41, Theorem 3]. Zelinsky [83] 
has similarly characterized fields with a non-archimedean valuation. 
As a test problem for further progress, one may propose the following 
question: how can the field of rational numbers be topologized so as 
to be of type V? Are there any such topologies other than those given 
by valuations? 

We mention finally [42], in which there is presented a topological 
discussion of polynomials in fields of type V. In particular a recent 
theorem of Habicht [3l] on real closed fields is generalized. (It is to 
be observed that any ordered field in its order topology is of type V.) 

5. Locally compact division rings. With the examples of the real 
numbers and £-acid numbers before one, it is natural to ask what 
locally compact fields exist, and in particular if any exist essentially 
different from these two examples. Such an investigation was under­
taken independently by van Dantzig [13] and Pontrjagin [64]. The 
latter showed that the only locally compact connected division rings 
are the reals, complexes, and quaternions. (In his book [65, pp. 171-
178] he assumes the second axiom of countability, but no countability 
assumption is made in the paper.) Van Dantzig confined himself to 
the commutative case and assumed the second axiom of countability. 
In the connected case he obtained the result cited above (excluding of 
course the quaternions). He also treated the totally disconnected 
case, obtaining either a finite extension of the £-adic numbers (a 
'V-adic field") or the field of formal power series over a finite field 
(a "s-adic field"). Jacobson [36] completed the problem by treating 
the non-commutative totally disconnected case, showing that one gets 
an algebra of finite order over a £-adic or s-adic field; known struc-


