
ON THE RELIABILITY OF THE MEMBRANE THEORY 
OF SHELLS OF REVOLUTION 

C. TRUESDELL1 

1. Introduction. The reliability of the membrane theory of shells is 
a somewhat controversial subject.2 In my previous study of shells of 
revolution [MT] I have attempted to clarify the nature of the mem­
brane theory as an approximate theory of elastic shells by deducing 
its differential equations as consequences of the three-dimensional 
infinitesimal theory of elasticity and of certain further assumptions, 
by discussing the type of boundary conditions to be used in problems 
concerning closed shells, and by proving the existence and unique­
ness of solutions of the differential equations satisfying these bound­
ary conditions. I developed also apparatus for quickly and efficiently 
finding the general solutions of the differential equations of the 
membrane theory for any given specific shell of revolution. Using 
this apparatus, in the present paper I shall show that: 

1. In an open shell, or in a closed shell with a flat, sphere-like apex, 
the stress-resultants computed from the equations of the membrane 
theory will not exhibit a critical response to slight perturbations in 
the meridian curve, provided the curvature of the meridian curve is 
not changed very much. 

2. In a closed shell with a pointed apex, a very slight change in 
the meridian curve in a very small region near the apex may entail 
very large changes in the stress resultants at all points of the shell, as 
computed from the membrane theory. 

Both these results presuppose that the boundary condition at the 
apex is the "ring limit condition" stated at the end of §2. For a dis­
cussion of other possible boundary conditions, see §7. 

These results and my previous treatment of the membrane theory 
show that in open shells or in closed shells with a flat, sphere-like 
apex, the stress resultants computed from the membrane theory 
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1 1 wish to thank Dr. Neményi for patient and helpful advice and discussion, and 
Mr. M. S. Raff and Miss Charlotte Brudno for the calculation of various examples. 

2 The inadequacy of the membrane theory in non-uniform problems for cones was 
noticed by Neményi, Beitrdge zur Berechnung der Schalen unter unsymmetrischer und 
unstetiger Belastungy Bygningsstatske Meddelelser (Denmark) 1936. See also the 
example in C. Truesdell, The membrane theory of shells of revolution. Trans. Amer. 
Math. Soc. vol. 58 (1945) pp. 96-1G6, see pp. 117-118. This latter paper will be de­
noted henceforth by the letters MT. 
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with the ring limit condition at the apex may be expected to be good 
approximations to the correct stress resultants, provided the support 
of the shell is consistent with a membrane state of stress,8 but they 
cast doubt upon the reliability of the membrane theory in problems 
concerned with pointed shells. 

2. Fundamental apparatus for the subsequent discussion. Let the 
meridian curve of the shell be r=f(z)f where the 2-axis is the axis of 
revolution. Let N^ and N$ be the membrane stress resultants at a 
point in the directions of the meridian and the parallel curve respec­
tively, and let Ne<t> be the shear resultant. Let X, F, Z be the com­
ponents of load per unit area in the directions of the parallel curve, 
meridian curve, and inward normal respectively. Let subscript n's 
denote coefficients in complex Fourier series in the azimuth angle 0. 
Then, as Neményi and I have shown,4 the quantities N^, Nen, and 
Ne^n may be derived from the formulas 

(1 +ƒ'*)!/« ƒ" 

* * - i U»> * * - ( 1 + > u / , U» - & + ^1 / 2 Z»' 
(1) J K J } 

in NHn = jzÇj) + f(fZ% - Fn), 

where the stress functions VLn(z) satisfy the differential equation 
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+ f —- + 3ff'Yn + inf (1 + f")"*X%. 
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Terms in which w = 0 o r w = ± l are more conveniently treated with 
the aid of special explicit formulas [MT, pp. 128-129, 130-131] 
which avoid using the differential equation (2) ; in this investigation 
we shall limit our analysis to the terms in which \n\ ^ 2 , and our 

8 The normal stress only is prescribed at supports, it being supposed the support 
be such that the concomitant shearing stress is counterbalanced. 

4 P. Neményi and C. Truesdell, A stress function for the membrane theory of shells 
of revolution, Proc. Nat. Acad. Sci. U.S.A. vol. 29 (1943) pp. 159-162; [MT, pp. 126-
127]. 
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conclusions are therefore restricted to problems involving nonuni­
form load or support. 

Let the base of the shell be at z = 0 and the apex at z = Zo. The most 
common boundary value problems involve given loads and a given 
mode of support. Then N^O), and hence Un(0), will be a prescribed 
quantity. If the shell has an open apex, then also i\^n(so), and hence 
Un(so), will be a prescribed quantity. In the case of a shell with a 
closed apex, Flügge5 has suggested that a proper boundary condition 
may be obtained by writing the equations of equilibrium of an an­
nular section of the shell subtending a colatitude angle A<£, letting 
A0 approach zero, and then letting the annular section approach the 
apex. This boundary condition we shall call the "ring limit condi­
tion." Let the apex of the shell be representable in the form 

(4) ƒ(*) = (s - Zoyg(z), M = 1/2 or 1. 

Then the ring limit condition may be shown [MT, pp. 131-137] to 
take the form VLn(zo) = 0, and solutions satisfying this condition will 
always exist. To follow the arguments of §5 it is essential to realize 
that the boundary conditions to be imposed on the solution of (2) 
must involve both the points 2 = 0 and z = So, rather than a single point. 

3. Preliminary observations. Suppose we have two shells of revolu­
tion of nearly the same meridian curve loaded with the same load 
system and supported in the same way. From the differential equa­
tion (2) it is apparent that the difference between the two stress re­
sultant systems will depend essentially on the difference between the 
two different ratios ƒ"/ƒ. In an open shell, or in portions of a closed 
shell which are far distant from its apex, we may study the effect of 
changing curvature very much while changing the shell radius very 
slightly. With this end in mind in §4 we shall show actually that an 
arbitrarily large change in the stress resultant distribution of any 
shell can be produced by introducing a sufficiently large change in 
the curvature of the meridian curve, at the same time keeping the 
shell radius arbitrarily close to its original value. This result is pre­
sented as of interest in itself, and is not offered as evidence of unreli­
ability of the theory. Supposing, however, that both the change in 
curvature and the change in shell radius are kept small, so that the 
two meridian curves would seem hardly distinguishable, from the 
differential equation (2) we are led to expect singularities in the 
"complete" stress functions [MT, p. 128] Unc at the apex of a closed 
dome, where ƒ" /ƒ usually [MT, p. 132] becomes infinite. In §5 we 

* W. Flügge, Statik und Dynamik der Schalen, Berlin, 1934, p. 40. 
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shall show that if the two apexes are representable in the form (4) 
with exponent 1/2 (flat-topped shell), a reasonably good fit of the 
meridian curves will insure an excellent fit of the two values of 
ƒ" /ƒ at the apex, but that if the exponent is 1 (pointed shell) the 
two meridian curves may appear to fit very closely with each other 
and yet the two values of ƒ" /ƒ at the apex may be of entirely dif­
ferent orders of magnitude. We shall show also that a large differ­
ence in the two values of ƒ" /ƒ in a very small region near the apex 
necessarily produces a large difference in the two stress resultant sys­
tems throughout the shells, casting doubt on the validity of the re­
sults of the membrane theory with the ring limit condition when it is 
applied to problems concerning pointed shells supported or loaded 
nonuniformly. 

Before beginning the detailed analysis, however, let us mention 
the effect of three other types of special points in the meridian curve. 
First, a point of inflection in the meridian curve, while it produces an 
inflection in the complete stress functions Unc, does not appear either 
from the equations (1), (2), and (3) or from two special cases treated 
in detail [MT, pp. 161-163] to cause any sort of singularity or notice­
able variation in the stress-resultant system. A point where the 
tangent to the meridian curve is vertical, jf/==0, seems to be equally 
neutral in its effect on the stress-resultant system. A point of hori­
zontal tangency, where ƒ ' = oo, will in general produce infinite stress-
resultants according to the formulas (1), (2), and (3) unless ƒ = 0 at 
the same point. There appears to be no reason to doubt the validity of 
the membrane theory for shells whose meridian curves possess singu­
larities of these types. The singularity at an apex, however, requires 
special analysis. 

4. The influence of curvature differences. Preparatory to dis­
cussing the critical response of the membrane stress resultants to 
small changes in the curvature of the meridian curve, let us intro­
duce a general superposition principle in the membrane theory of 
shells of revolution. 

Suppose we have two shells whose meridian curves are r = xf(z) and 
r = 2f (z). Let us superpose these two shells and their loads and obtain 
a third shell, r = 1f(z)+2f(z)t loaded with the sum of the two original 
loadings. We shall compare the resulting membrane stress resultants 
with the sum of the two original stress resultants. We use left super­
scripts cy 1, and 2 to distinguish quantities associated with the com­
bined, first, and second shells respectively. In particular, eS{z)^1f{z) 
+2 / (s) . We define the excess stress functions 
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(5) & « «u„ - m. - nu. 
Then from (2) and a straightforward calculation it can be shown that 

(6) * n" + («2 - 1) («ƒ"/<ƒ) *„ = *.. 

where 

(7) *„ « („. _ i) ̂  _ j (__ _ __ j + cgn _ lgn _ *gw. 

The stress resultant distribution derivable from the excess stress func­
tions Hn may be pictured as resulting from a fictitious load on the 
combined shell. The fictitious load is of two types: The first part of 
formula (7) represents the geometric change alone, and is inde­
pendent of the original load systems, while the second part represents 
the different geometric resolution of the original load systems. In fact 

(8) K B - n* *f(l + °f*yi*Pn + °gn - *gn -
 2gn, 

where 

(9) Pn m - cpyi2 \lf 2f) 
n2 _ 1 y * / - lf2j" 

~~~n2 ( c /02(i + CP)112 V v 2/< 

Pn is a fictitious load distribution in the direction perpendicular to 
the axis of revolution. 

Suppose, for example, we have a shell with meridian r=*lf{z) sub­
ject to axially symmetric loading but nonuniformly supported: 
xgn = 0. Let us superpose on it a small waviness, still keeping the apex 
of the shell closed : 

(10) 

Then 

ai) 

2 / = 

'gn=0 and [MT, 

mn-
hence by formula (9), 

% n2- 1 
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(T+k"f)e sin k(z-z0) 

[V + ek sin k(z - z0)]2(l + t1/' + «*cos *(s - Zo)]2)1'2 

/Kn sh (w2 - l ) 1 ' 2 ^ - zo) 

« sin k(z — zo) *ƒ 
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1Un(^) and lf(z) are fixed functions, so that it is possible to choose k 
sufficiently larger than their maximum values6 so that 

n2- 1 

n2 

(13) 
k2Kn V sh (n2 - \yi2k(z - 0o) 

' [y + € sin «(s - s0)]2(l + [V + €* cos £(2 ~ *o)]2)1/2 ' 

We may now choose e sufficiently small so that ek is much smaller 
than the other magnitudes in formula (13), so that 

n2 - 1 k2Kn sh {n2 - l)l'2k(z - *0) 
(14) P n « 

Since initially we chose k as large as we pleased it follows that Pn may 
be made arbitrarily large even when e is arbitrarily small, and that 
hence the membrane stress resultants derivable from the excess stress 
function will become arbitrarily large. This result is physically obvi­
ous, but has not been proved mathematically until now, so far as I 
know. 

5. Small perturbations of the meridian curve. In §4 we set up 
apparatus by which we could discover large differences in stress re­
sultant distributions due to a generally poor approximation of one 
shell by another, but those formulas are not convenient either for 
showing the absence of large differences when the approximation is 
close or for demonstrating large differences due to poor fit in the 
neighborhood of the apex alone. We now outline a method of estimat­
ing the difference in the stress resultant systems of two shells, ap­
proximately alike and loaded and supported in the same way. 

We use the prefix A to indicate the difference between a quantity 
associated with the second shell with meridian curve r=f(z)+Af(z) 
and the corresponding quantity associated with the first one with 
meridian curve r=f(z). Suppose that the two shells are of the same 
height So, and that if the apex is closed, each has the same exponent 
JJL in the form (4). The same load distribution in the same geometric 
resolution is applied to each shell: 

(15) AX = 0, AY = 0, AZ = 0, 

and the boundary conditions are the same for each: 

(AN<t,n(zo) = 0 for an open shell, 
(16) ANUO) - 0, ] * * \ 

I. AUw(3o) = 0 f or a closed shell. 
6 That finite maxima exist for these quantities follows from [MT, pp. 98, 132]. 


