AN INITIAL VALUE PROBLEM FOR HYPERBOLIC
DIFFERENTIAL EQUATIONS

BENHAM M. INGERSOLL

We consider the normal form of the linear partial differential equa-
tion of hyperbolic type

(1) Llu] = thoy + av, + bu, + cu = d.

It is well known that if the coefficients of (1) satisfy certain con-
tinuity conditions, a unique solution U(x,y) of (1) can be determined
over any rectangle with sides parallel to the coordinate axes which
lies entirely within the domain of continuity of the coefficients of (1)
by prescribing the solution along any two adjacent sides of the
rectangle.! No generality will be lost by assuming that the adjacent
segments lie on the coordinate axes, so that a vertex of the rectangle
is on the origin.

It will be shown here that for a certain sub-class of equations of
this type a unique solution is obtainable by prescribing merely two
partial derivatives of #(x, y), one along each of two adjacent
sides of the rectangle, that is, by prescribing 8*u(x, ¥)/3x*| ;o and
d™u(x, ¥)/0y™|4=0 where k and m are any non-negative integers,
instead of #(x, 0) and #(0, y). This result is obtained by reducing the
new problem to the classic one (k=m =0).

It should also be noted that the result to be proved complements,
in a certain sense, results of Bergman? on elliptic differential equa-
tions. If @ = D ma@ma®™" D=8, €= D mnCmnX™Y"™, Cmn="Cam, are entire
functions of two complex variables x and y where ¥ is conjugate to x,
and we write x=X+414V, y=X—¢Y; then (1) becomes an equation of
elliptic type in the X, Y plane. It has been shown, by means of
Bergman's operator method, that in order to determine the regularity
domain of a solution U= DY maUm&™", Umn=Unm, from a given
subsequence { U,,.k}, k fixed, m=0, 1, 2, - - -, it is sufficient to know
the subsequences {@ms}, {@m}, {cw},»=0,1,2, - -, k, m=0,1,2,
3, + - -, of the coefficients in the power series expansion of ¢ and ¢ in
(1). If, by the same change of variables, the result of the present paper
is formulated as a theorem for equations of elliptic type, it becomes
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apparent that our results belong to somewhat the same range of ideas.
We first treat a simple example which will indicate the method of
proof in the general case.
We wish to determine a solution #(x, ¥) of the partial differential
equation

(A) oy + the + 44y +u =0
which satisfies the initial conditions
(B) Uy (%, 0) = x, #44(0, ¥) = ¥.

Differentiating (A) with respect to y, then setting y=0 and em-
ploying the first of the conditions (B), there results the system of
ordinary linear differential equations for the functions u(x, 0),
“u(x» 0)
(%, 0) + o'(x, 0) + w,(x, 0) + u(x, 0) = 0,
(%, 0) + u,(x, 0) =—zx-1,
where primes denote derivatives with respect to x.

The complete integral of the system (C) is given by

(D) u(xi 0) = K1e"" + X, u,,(x, O) =K2e—z - X.

©)

If each equation of the system (C) is differentiated once, upon ad-
joining to (C) the new equations and setting x=0 in the resulting
system, we obtain by employing the initial conditions (B),

uy(0, 0) + %0, 0) + %,(0, 0) + (0, 0) = 0,

®) u.,,(O; 0) ’ + %,(0, 0) = -1,
1y(0, 0) + #'(0, 0) = -1,
(0, 0) = -2

Hence #,(0, 0) =1, %(0, 0) =0; thus K;=0, K,=1, and «(x, 0) =x,
uy(x, 0) =e—2—x.

By symmetry, (0, y) =y, #.(0, y) =ev—y.

The original problem has now been reduced to one of the classical
type, namely, the determination of a solution %(x, ¥) of (A) satisfying
the boundary conditions

F) u(x, 0) = 2,  u(0, y) = y.

Riemann’s integration method yields

) z
u(e, 3) = 0+ [ “emut 4 i+ [ et + pa
0
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that is, u(x, y) =ye~*+xev.
The following work follows the above lines.
We shall use the notation
dif(x) dtiu(x, y) 9L [u]

= fi(®); ———— = wi(%,y); ——— = Li;(w).
dn fi(x) axidy (2, ) axidyi i(u)

By aijs=aujs(x, y) we shall mean the coefficient of ug(x, y) in
Li;[u]. The letters £ and m will be thought of as fixed integers
throughout the paper. If in an equation containing x and y such as
(1), we wish, for example, to change (x, ¥) to (3, 4), we shall refer to
it as the equation (1; 3, 4).

Form the system of equations

2 Lii[u] = di; (=0, k—1;7=0,-++,m—1)
and the matrix of the ug occurring in (2)
Yoo U1 * * Uom
Wio Ui+ - Uim

3)

Uro Ur1* * * Urm

In the equations (2) when the terms containing #xs and ugs
B=0,:::,m;E=0, - - -, k) are transposed to the right-hand side,
there results a system of km equations in km functions u;; (=0, - - -,
k—1;7=0, - - -, m—1). We shall refer to these as the (2)* equations.
Since the reordering of a system of equations cannot affect the ab-
solute value of their determinant, we shall call

(4) A(x, y)

the absolute value of the determinant of the system (2)* in the vari-
ables wu;, (6=0,---,k—1; j=0,---,m—1). The elements of
A(x, y) are a, b, ¢ and their derivatives.

The subsets Loj[u]=do; (=0, --,m—1) and Liu]=di
(=0, - - -, k—1) of the system (2)* are fundamental in this paper,
and we write them in the forms

Z a1t -+ Z Qoi0thor = doi
[} ¢

0=js=m—2;¢0=0,---,74+1)
(5) =d0i_'“1m""b'u'0m

G=m—1;t=0,-++,m—1),
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> aiether + D diosrotheo = dio
14 4

= djo — Ur1 — GUxo

=k—1,£=0,:--,k—1).

The determinant lao,-;u[ of the terms u;; in (5) will be denoted by

(7) B(xy y) =‘a01iltl (j1t=01" cam = 1)1
and the corresponding determinant of (6) by
(® Cx, 3) = | e | (i, £=0,--+, k= 1).

We may now state our principal result.

THEOREM 1. In the equation L[u]=d let a, b, c, d, be of class C*
in x and C™ in y and let f(x), g(v) be preassigned functions of classes
C¥! and Cm+1 respectively, with fi(0) =g.,(0). Let

9 A4(0, 0) 0,
(10) B(xz, 0) # 0 (0= x<sy),
(11) C(0,9) #0 0=y <sy).

Under these conditions there exists a unique solution u(x, y) of L{u]=d
(0=x=s1, 0=Sy<s9), such that

(12) uom(%, 0) = f(x) 0=2x<s),
(13) uo(0, y) = g(y) 0=y <ss).

The following proof holds for mk 0. The slight changes necessary
for the case when m or & is zero will be indicated.

We shall first prove a series of lemmas. The first three of the lemmas
will show that all the terms in the matrix (3; 0, 0) are determined
by the assignment of its first row and last column, or its first column
and first row, or its last row and last column.

LemMmA 1. Under the conditions of Theorem 1 the assignment of the
values of the first row and last column of (3; 0, 0), namely

#0(0, 0) = ty; G=0-,m—1),
uim(oy 0) = fz(o) (i = 0) ) k)

together with the equations (2; 0, 0) uniquely determine all the terms in
the matrix (3; 0, 0).

In using the values (14) in (5; 0, 0), we note that only the terms

(14)
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in %1,(0, 0) (¢(=0, : + -+, m—1) remain to be found, but since B(0, 0)
#0, we can solve uniquely for these values. On differentiating the
equations (5) once with respect to x, the only way terms in ua.(x, )
(¢=0, - - -, m—1) can occur is from differentiating the #; in the
terms ooty This shows that the determinant [al,-;u| =B(x, ¥).
Hence we may find the u,,(0, 0) (¢=0, - -, m—1) after having
determined the #;:(0, 0). Owing to our continuity conditions on
a, b, ¢, d, we may differentiate (5) at least £ —1 times with respect to
x. Hence the lemma is seen to hold.

Using the equations (6) as we did the equations (5), we may prove
the following lemma.

LeEMMA 2. Under the conditions of Theorem 1 the assignment of the
Jfirst column and last row of (3; 0, 0), namely

u¢o(0,0)=ufo ((6=0,---,k—1),
u1;(0, 0) = £;(0) (G=0,--,m)

together with the equations (2; 0, 0) uniquely determine all the terms in
the matrix (3; 0, 0).

(15)

LeMMA 3. If the conditions of Theorem 1 hold the assignment of values
to the last row and last column

(0, 0) = g;(0) G=0,--+,m—1),
(16) uim(oi 0) = f1.(0) (7: =0,---,k— 1)’
#rm(0, 0) = fr(0) = gm(0)
together with the system (2; 0, 0) uniquely determine all members of the
matrix (3; 0, 0).

This follows from the facts that (16) determine all the right mem-
bers of the system (2; 0, 0)* and the absolute value 4(0, 0) of the
determinant of this system of algebraic equations is not zero.

Since the functions f(x) and g(y) are assumed to be known, we
may assign the values in (16); the resulting values to the elements of
the matrix (3; 0, 0) will be denoted by

(17) ut’i(O’ O) = Fii(fr g)‘

In the equations (5; x, 0) write
d
(18) uoi(%, 0) = 2%(x), wu(x, 0) = d—zi(x) 0=is=m-—1),
x

(18,) uOM(xr 0) = f(x)v ulm(x, 0) = fl(x).
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This gives us the system of ordinary differential equations

dzt
2 aojine(x, 0) . + 2 avjio(x, 0)zt = doj(#, 0)
t t

(5 OSjsm—2,¢=0---,j+1)
= doi(%, 0) — fi(x) — b(x, 0)f(x)
G=m—-1;¢=0,--+,m— 1),

We assign as initial values to 29, « - -, 271,
(19) zi(o) = FOi(f’ g) (1' = 0’ rer,m — 1)‘

Since |aoja¢ (%, 0)| =B(x, 0)50 for 0=x<s;, and because of the
continuity conditions satisfied by the coefficients of (1), the system
(5") is seen to have a unique solution? of class C*. Since the system
(2; 0, 0) can be formed as follows

d d
oz Lot leal} = {5z s ) bl
dxt 2=0 dxt Z=20
we see on adding to the system (5’) all equations obtained by dif-
ferentiating it 1, 2, - - -+, B—1 times with respect to x, and then
putting x=0, we have the system (2; 0, 0). In this system (18')
assures

(20) #im(0, 0) = £3(0) (1=0,---,k).
Thus from (17), (19), (20), and Lemma 1 we have:
LeMMA 4. Under the conditions of Theorem 1 the unique solution of
equations (5') with initial conditions (19) satisfies the conditions

dizgi(x
(21) d(') = Fi(f, 2 =0+, k7i=0--m — 1).
xl

2==0

In the equations (6; 0, ¥) we make the replacements

(22) u:0(0, ) = w(y), (0, y) = %—i 0<isk—1),
(229 uw(0, ) = g(3),  wn(0, ¥) = gu(y).

Calling the resulting system of ordinary differential equations (6°),
we assign initial values

(23) ‘wl(o) = Fio(f: g) (i = O’ tt k— 1)'
We may treat (6”) as we treated (5’) and get the lemma.

8 See E. L. Ince, Ordinary differential equations, p. 72.
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LeMMA 5. Assuming conditions of Theorem 1 hold, the unique solu-
tion of system (6') with initial conditions (23) satisfies the conditions

(24) diwi(y)

=F,'i(f,g) (i=0,~--,m;j=0,--',k—1).
y=0

We now return to equation (1) and solve it by the classical theory
for the unique solution with initial conditions

(25) u(zx, 0) = 2%(x), 0= x < sy,
(26) #(0, ) = w’(y), 0=y <s,

The solution of L[u]=d for 0=Sx<s;, 0Sy<s; so obtained we
shall denote by U(x, y). Theorem 1 will be complete if we can show

(27) Uom(%, 0) = f(x),  Ux(0, 3) = (),

and U is the only such solution of L[u]=d.

U(x, ) is unique, for Lemma 3 implies that f(x) and g(y), where
f+(0) =g (0), together with (1) determine uniquely (3: 0, 0). Accord-
ingly the other lemmas guarantee the uniqueness of the z/(x) and
wi(y) (j=0, .-, m—1;4=0, - - -, k—1), in particular that of 2°(x)
and w°(y), and thus that of U.

If from the equations (5’), say, we wish to consider a single one,
for example, the one obtained by setting j=7, we shall designate it
by (5’) (j=7), and shall use corresponding notation for other equa-
tions picked from sets.

In equations (5’) make the replacements

dzitt  dpitt

28 gl = pitl =
(28) ? dx dx ’
; apr
(28) f(x) = p™, fi(x) = ——-
dx
This yields » differential equations
dpi+l
aoji1,i+1(%, 0) " + aojio,ir1(x, 0)pit!
(5") dz*(x) .
= doi(%, 0) — 2 aosii(%, 0) el 2 oo, 0)z4(x)
t t
O=sj=m—1;t=0,---,7)

[(5"") (j=m—1) need not be written separately since ao;q1,j+1(x, 0) =1
and aoj;o,j+1(x, 0) =b(x, 0)].
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Now by (5; %, 0) (j=0) and (25), Un(x, 0) is a solution of (5'')
(j=0). By (5") (j=0), 2!(x) is also a solution of (5") (j=0). (26) and
Lemma 5 imply that Up(x, 0)=dw°(y)/dy[,,..o=Fm(f, g). But by
(19), 21(0) =Fu(f, g). Hence Un(x, 0) =21(x). If we use in natural
order the remaining equations of the set (5'’), a similar argument
will establish that U,y;(x, 0) =2/(x), j=1, - - -, m—1, the only dif-
ference in the discussion being that the identities Un(x, 0) =2"(x),
h=1,...,j—1, must be used together with (25). (§') (j=m—1)
shows that f(x) is a solution of (5’') (j=m—1), and (5;%,0) (j=m—1)
together with Ug;(x, 0) =2/(x), j=0, - - -, m—1, show that Upn(x, 0)
is also a solution. However, from (26), Uo.(0, 0) =d”‘w°(y)/dy'”],,.o.
But by prescription, that is, by (18’), f(0) = Fo.(f, g), and hence, by
Lemma 5, f(0) =d™w’(y) /dy"‘l,,_o. Therefore Ugn(x, 0) =f(x). It can
be shown in a similar way that Uo(0, ¥) =g(¥).

The slight change necessary in the case mk=0 is as follows. Say,
for example, that £2=0. An entity arising in much the same way
and playing the same role as an entity (») in the previous work will
be denoted by (7).

Form the system

(5) Loi[‘u]"-—"doj (j=0,"'1m— 1)
and the matrix of the ug occurring in (2)
~ Uoo o1 * - Uom
) ( )
U0 %11 Uim
(Z)* will be formed by transposing to the right-hand side in the system
(2) those terms containing %1, and #gm. (5) will then be the same as
(5). The zi(x), =0, - - -, m—1, will be obtainable as before, (3)
playing the roles of both (2)* and (5). Lemmas 2, 3, and 5 will not be

used. Solving (1) by the classical theory for the unique solution with
initial conditions

(25) u(z, 0) = 3°%(x),
(26) %(0, 3) = g(y),

the rest of the proof will go through as before with Lemma 1 leading
to uniqueness and g(y) taking the place of w'(y).
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