
ON THE EUCLIDEAN ALGORITHM IN QUADRATIC 
NUMBER FIELDS 

H. CHATLAND 

1. Introduction. Let m be a square-free rational integer. The field 
R(m112) is said to be Euclidean or that the Euclidean algorithm exists 
in R(m112) if for integers a, f3?£0C.R(ni112) there exists an integer 
yCZRim112) such that 

\N(a-py)\ <\N(P)\. 

The problem of determining in what fields R(m112) the algorithm 
exists has been worked out except for m equal to a prime of the form 
24w + l and greater than 97. In this paper it is shown that the 
Euclidean algorithm does not exist for m = 24:n + l>97 except 
possibly for m = 193, 241, 313, 337, 457, and 601. The problem is not 
settled in these six cases. 

2. Previous results. In order that a field be Euclidean the class 
number must be 1. However, this condition is not sufficient for, as 
Dedekind pointed out [l j 1 , the field R( —191/2) has class number 1 but 
is not Euclidean. L. E. Dickson [2] showed that for m negative the 
Euclidean algorithm exists only if m = — 1, —2, —3, —7, and —11. 
For m positive, the algorithm has been shown to exist for the follow­
ing values of m : 

(1) 2, 3, 5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73, 97. 

Except for the last two values in (1) the proofs have been obtained by 
O. Perron [3], A. Oppenheim [4], R. Remak [S], N. Hofreiter [6], 
and A. Berg [7]. I t was pointed out by I. Schur [4, p. 351] that the 
algorithm does not exist for m = 47» A. Oppenheim [4] proved that 
for m = 23 and m = 53 the algorithm does not exist. N. Hofreiter [8] 
proved non-existence for ms=14 (mod 24) and [ó] for m = 77 and 
m ^21 (mod 24), tn> 21. E. Berg [7] and J. F. Keston [9] proved non­
existence for m^l (mod 4) except for the values listed in (1). Also, 
apart from (1) H. Behrbohm and L. Rédei [lO] showed that the 
algorithm can exist only in the following three cases. 

L m = p s 13 (mod 24), 
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1 Numbers in brackets refer to the bibliography at the end of the paper. 
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IL m = p = 1 (mod 8), 

III. m = pq with p = q ss 3 (mod 8) or £ SE q == 7 (mod 8) 

where £ and g are primes. 

For sufficiently large m, P. Erdös and Ch. Ko [ i l ] proved that the 
algorithm cannot exist in cases I and II. H. Heilbronn [12] proved a 
similar result for case III. L. Schuster [13] showed that except for 
m = 33 and 57 in case III the algorithm exists at most for m^\ 
(mod 24). A. Brauer [14] proved that the algorithm cannot exist 
in case I for £>109 . There remained then in case I only the values 
w = 61 and w = 109. L. Rédei [15] proved the non-existence of the 
algorithm for these two values. By an entirely different method L. 
K. Hua and W. T. Sheh [17] proved that the algorithm does not exist 
for m = 61. L. Rédei [18] obtained the result in case III that if the 
algorithm exists then m = 3q. This result coupled with that of 
Schuster [13] completes case III in which the algorithm exists only 
for m = 21, 33, 57. There remain those values of m = £ = l (mod 8). 
For £ = 73, 97, L. Rédei [15] proved the existence of the algorithm 
and for p of the form 24w + 17 and greater than 41 the non-existence 
of the algorithm. The case p = 24^ + 17 and £ > 4 1 was also treated 
by L. Hua and S. Min [ lô] who left in doubt however £ = 89,113, and 
137. 

3. Present results. Recently H. Danveport [19] proved that the 
Euclidean algorithm does not exist for quadratic fields whose dis­
criminants exceed (128)2. In their paper, mentioned above, Erdös and 
Ko prove the following theorem: 

THEOREM. For a prime p of the form 4 ^ + 1 , the Euclidean algorithm 
cannot exist in R(plf2), if p can be written in the form 

(2) p = qiMi + q2m2f 

where Wi, mi, q\, qi are all positive and quadratic non-residues (mod p), 
and where the qi are odd primes which divide qm* to an odd power for 
i = l, 2. 

In this paper a representation of the form (2) is given for each prime 
of the form 24n+l greater than 97 and less than (128)2 except for 
£ = 193, 241, 313, 337, 457, and 601. In the case of these last six it 
can be shown that no such representation exists. Hence for them no 
conclusion can be drawn, concerning the existence of the algorithm, 
by this method. 
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12577= 5X 126 + 13 X 919 14593 = 
12601 = 29X 132+31 X 283 14713 = 
12721 = 17X 52 + 19X 623 14737 = 
12841= 23 X 86+17 X 639 14929 = 
12889 = 11X 195 + 17X 632 15073 = 
13009= 7X 23 + 11X1168 15121 = 
13033= 5X 102+ 7X1789 15193 = 
13177= 7X 80 + 11X1147 15217 = 
13249= 7X 13 + 17 X 774 15241 = 
13297= 5X 153 + 13X 964 15289 = 
13417 = 11X 40 + 19X 683 15313 = 
13441 =29X 110+17X 603 15361 = 
13513= 5X 126 + 13X 991 15601 = 
13537= 5X 63+11X1202 15649 = 
13633= 5X 569+31X 348 15817 = 
13681 = 11X 69+13 X 994 15889 = 
13729 = 17X 328+31X 263 15913 = 
13873 = 11X 78+19 X 685 15937 = 
13921 = 11X 118 + 13 X 971 16033. 
14281 = 13 X 124+41X 309 16057' 
14401 = 11X 145 +19 X 674 1 6 2 4 9 •• 
14449 = 11X 62+13X1059 16273= 

= 11X1123+ 5X 448 
= 11X 399+29X 356 
= 11X 80+31X 447 
= 11X 42 + 17X 851 
= 5X 366+41X 323 
= 11X 129+31X 442 
= 17X 250+31X 353 
= 7X 117+23X 626 
= 11X 78 + 19X 757 
= 17X 469+31X 236 
= 5X 281 + 19X 732 
= 7X 305 + 17 X 778 
= 17X 56+19X 771 
= 11X 492+29X 353 
= 5X 577+53 X 244 
= 7X 374+23X 577 
=•11X 70+19X 797 
= 7X 165 + 19X 778 
- 7X 15 + 11X1448 
= 7X 60+19 X 823 
= 11X 680+37 X 237 
= 5X 322+31X 473 
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