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1. Introduction. Pseudoanalytic functions are, roughly speaking, 
solutions of generalized Cauchy-Riemann equations. Such functions 
were considered by Picard [67; 68] and by Beltrami [3; 4] , but the 
first significant result was obtained by Carleman [28] in 1933, and 
a systematic theory was formulated only recently. No comprehensive 
account is available in print and the main results have been an­
nounced only episodically and, in most cases, under unnecessarily 
restrictive hypotheses. In this paper we shall outline the main features 
of this theory. 

The theory of analytic functions of a complex variable occupies a 
central place in analysis and it is not surprising that mathematical 
literature abounds in generalizations. In some generalizations one 
extends the domain of the functions considered, or their range, or 
both (functions- of several complex variables, analytic functions with 
values in a vector space or an algebra, analytic functions of hyper-
complex variables, analytic operators, etc.). If we restrict ourselves 
to functions from plane domains to plane domains, or, more gener­
ally, from Riemann surfaces to Riemann surfaces, we encounter two 
well known and very useful generalizations of analytic functions: 
interior functions and quasi-conformal functions. Interior functions 
[47; 60; 61 ; 62; 63; 78; 86] have all topological properties of analytic 
functions and no others. As a matter of fact, they may be defined as 
functions which can be made analytic by a homeomorphism of the 
domain of definition. Quasi-conformal functions [2 ; 27 ; 46 ; 66 ; 75 ; 79 ] 
are interior functions subject to an additional metric condition.2 If 
the functions are assumed to be continuously differentiable mappings, 
this additional condition requires that infinitesimal circles be taken 
into infinitesimal ellipses of uniformly bounded eccentricity. 
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The class of quasi-conformal functions contains all analytic func­
tions as well as many others. For this very reason the theory of quasi-
conformal functions can not have the inner rigidity and harmony of 
classical function theory. For example, quasi-conformal functions 
do not have the unique continuation property which Riemann con­
sidered to be the most characteristic feature of analytic functions. 
Pseudoanalytic functions, on the other hand, do possess the unique 
continuation property, and each class of pseudoanalytic functions has 
almost as much structure as the class of analytic functions. In par­
ticular, the operations of complex differentiation and complex integra­
tion have meaningful counterparts in the theory of pseudoanalytic 
functions, and this theory generalizes not only the Cauchy-Riemann 
approach to function theory but also that of Weierstrass. 

The theory of pseudoanalytic functions was developed from the 
point of view of partial differential equations, much of the motivation 
being provided by problems in mechanics of continua. But in this 
paper we present pseudoanalytic functions axiomatically, as a gen­
eralization of classical function theory. 

We hope to show that this generalization is not empty (that is, 
that it preserves essential features of the original theory), not trivial 
(that is, not a direct consequence of the original theory) and not 
isolated (that is, that it has applications which are of independent 
interest). 

REMARK. Analogues of complex differentiation and integration for 
an elliptic partial differential equation were used by Beltrami [3; 4] 
in the special case of axially symmetric potentials. In a systematic 
way these concepts, as well as formal powers and power series, have 
been introduced in 1943 by Gelbart and the author [21; 22; 23] for 
equations of a special form (cf. §13). Markusevitch [65] observed 
that this formalism can be extended to general equations. The au­
thor's original version of a general theory of pseudoanalytic functions 
[ l l ; 12] was influenced by the work of Polozii [69; 70; 71; 72] and 
made essential use of Carleman's unique continuation theorem [28]. 
This theory applied to equations with Holder continuously differ-
entiable coefficients. I t contained, in particular, a description of zeros 
and singularities of solutions. In this direction similar and somewhat 
stronger results have been obtained by Vekua [81; 82; 84], whose 
work contains also many other important results, by Hartman and 
Wintner [39; 40; 41 ; 42] and, in connection with mapping problems, 
by Gergen and Dressel [36 ; 37; 38]. Two gaps in the theory were filled 
by Agmon and the author [ l ] and by Protter [73]. A more general 
theory, applicable to equations with merely Holder continuous coeffi-
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cients was formulated in [18]. The proofs of some of the results de­
scribed below are not yet published. A monograph on pseudoanalytic 
functions is in preparation. 

I. DEFINITION AND LOCAL PROPERTIES OF 

PSEUDOANALYTIC FUNCTIONS 

2. Definition of pseudoanalytic functions. The class AD of func­
tions w{z) which are analytic in a fixed domain D can be character­
ized by four properties. (1) AD is a real vector space. (2) If w{z) be­
longs to AD and W(ZQ) = 0 for some zo in D, then the quotient 

w{z)/{z - zo) 

is continuous at Zo. (3) The functions 1 and i belong to AD- (4) AD is 
maximal with respect to properties (1), (2), (3). 

In fact, the first three properties imply that the existence of the 
complex derivative w'(z) a t every point of D is necessary in order 
that a function w should belong to AD, and property (4) implies that 
this condition is sufficient. 

Pseudoanalytic functions are obtained by a modification of the 
preceding definition [ l l ; 12; 18]. 

Let F(z), G{z) be two continuous functions defined in a domain Do 
and satisfying the inequality 

(2.1) Im [F^)G(z)} > 0. 

(We write functions of (x, y) as functions of z = x+iy, without imply­
ing analyticity. The bar over a complex number denotes the complex 
conjugate.) Let AD(F, G) be the maximal class of functions (defined 
in a domain DCZDo) such that properties (1) and (2) hold, and the 
"generators" F and G belong to AD{F, G). If w{z) belongs to AD(F, G) 
we call w an (F, G) pseudoanalytic function of the first kind. It is clear 
that pseudoanalyticity of w in D implies its pseudoanalyticity in 
every subdomain of D. Pseudoanalyticity at a point is defined as 
pseudoanalyticity in some neighborhood of the point. 

I t follows from (2.1) that every function w(z) defined in a sub-
domain of £>, whether or not it belongs to AD{F, G), admits the unique 
representation 

(2.2) w(z) = <t>{z)F{z) + 4<(z)G(z) 

where the functions 0, \f/ are real-valued. It is convenient to associate 
with the function w the function 

(2.3) w(z) = #(z) + #(z). 
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The correspondence between w and co is one-to-one. We denote it by 
writing 

(2.4) co = *w, w = co* (mod F, G). 

H w \s (F, G) pseudoanalytic of the first kind, we call co pseudo-
analytic of the second kind. In this case w and co should be considered 
as two representations of the same mathematical entity. 

In general, pseudoanalytic functions do not form a multiplicative 
semi-group. Neither is a pseudoanalytic function of a pseudoanalytic 
function in general pseudoanalytic. As a matter of fact, there exists 
no nontrivial generalization of the analyticity concept for complex-
valued functions of a complex variable in which unique continuation 
is preserved and the property of closure under multiplication and 
substitution is not lost. On the other hand, the definition of pseudo-
analyticity is conformally covariant? If f =/(0), 2 = g(f) is a conformai 
mapping of the domain D onto A, then a function w(z) is (JF, G) 
pseudoanalytic if and only if the function w[g(f)] is (JP, G) pseudo-
analytic, where ^(f ) , ö(f) are the transplanted generators: 
- F ^ k C O ] » ö = G[g(f)]. This fact leads to a natural definition of 
pseudoanalyticity on a Riemann surface. In particular, w(z) is 
(F, G) pseudoanalytic a t z = <x> if and only if w(Ç) = w ( l / f ) is (jF(l/f), 
G(l /f)) pseudoanalytic a t the origin. 

Two pairs of generators, (F, G) and (F9 G), will be called equivalent 
if F and G are linear combinations, with real constant coefficients, 
of F and G. The two pairs will be called equipotent if F and G are 
(F, G) pseudoanalytic of the first kind. Equivalent generating pairs 
are always equipotent, and two equipotent pairs determine the same 
class of pseudoanalytic functions of the first kind. On the other hand, 
if (Fy G) is replaced by an equivalent (equipotent) pair, the functions 
of the second class undergo a fixed affine transformation with real 
constant (variable) coefficients. If there exists a function H(z) such 
that f=HFt G = HG, (F, G) and (? , G) are called similar. In this 
case the (F, G) pseudoanalytic functions of the first kind are trans­
formed into (F, G) pseudoanalytic functions by multiplication by 
the fixed function H; the class of pseudoanalytic functions of the 
second kind, however, is insensitive to a replacement of the generat­
ing pair by a similar one. 

3. Differentiation and integration. [10; 11; 18]. The (F, G) deriva­
tive of a function (2.2) is defined by the relation 

8 This shows that the use of complex numbers is here natural. Cf. however the 
comments of Kriszten [48]. 
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(3.1) w(z) = 
dz 

provided that the limit to the right exists and is finite. It is easy to 
see that a function w(z) is (F, G) pseudoanalytic of the first kind in a 
domain D if and only if it possesses an (F, G) derivative at every point 
ofD. The generators, which play the role of constants, have, of course, 
identically vanishing (F, G) derivatives. I t is clear that (F, G) 
differentiability implies continuity. By letting h in (3.1) approach 
zero first through real and then through purely imaginary values, 
one obtains the existence of the partial derivatives of <t> and ^, and 
the relations 

(3.2) *iF + i « ? « 0 , 

(3.3) 4>zF + ^zG^w 

where the formal differential operators d/dz, d/dz are defined by the 
relations 

dz 2 \dx by) dz 2 \dx by) 

Those familiar with the theory of elliptic partial differential equa­
tions will not be surprised to learn that continuity of the generators 
is not sufficient to insure the continuity of the (F, G) derivatives. We 
shall therefore assume from now on that the generators F and G are 
Holder continuous (that is, that they satisfy a uniform Holder condi­
tion4 on every compact subset of their domain of definition). Under 
this hypothesis it can be shown that the (F, G) derivative of an (F, G) 
pseudoanalytic function is continuous. Thus the class of (F, G) pseudo-
analytic functions of the second kind is the class of solutions (0, if/) 
of the (elliptic) system (3.2). I t might be worthwhile to state ex­
plicitly that equation (3.2) can not be transformed, by a change of 
dependent and independent variables, into the Cauchy-Riemann sys­
tem. 

The proof of the continuity of the (F, G) derivative is rather long 
and involves some delicate results from the theory of differential 
equations. A comparatively simpler proof can be given under the 

4 The function f(z) is said to satisfy a uniform Holder condition if |ffa) —f{zi) \ 
£K\ZI-~22K for some a > 0 and K. 


