A PARTITION CALCULUS IN SET THEORY
P. ERDOS AND R. RADO

1. Introduction. Dedekind’s pigeon-hole principle, also known as
the box argument or the chest of drawers argument (Schubfach-
prinzip) can be described, rather vaguely, as follows. If sufficiently
many objects are distributed over not too many classes, then at least one
class contains many of these objects. In 1930 F. P. Ramsey [12] dis-
covered a remarkable extension of this principle which, in its simplest
form, can be stated as follows. Let S be the set of all positive integers
and suppose that all unordered pairs of distinct elements of S are dis-
tributed over two classes. Then there exists an infinite subset A of S such
that all pairs of elements of A belong to the same class. As is well known,
Dedekind’s principle is the central step in many investigations. Simi-
larly, Ramsey’s theorem has proved itself a useful and versatile tool
in mathematical arguments of most diverse character. The object
of the present paper is to investigate a number of analogues and ex-
tensions of Ramsey’s theorem. We shall replace the sets S and 4 by
sets of a more general kind and the unordered pairs, as is the case al-
ready in the theorem proved by Ramsey, by systems of any fixed
number 7 of elements of S. Instead of an unordered set .S we consider
an ordered set of a given order type, and we stipulate that the set 4
is to be of a prescribed order type. Instead of two classes we admit
any finite or infinite number of classes. Further extension will be ex-
plained in §§2, 8 and 9.

The investigation centres round what we call partition relations
connecting given cardinal numbers or order types and in each given
case the problem arises of deciding whether a particular partition
relation is true or false. It appears that a large number of seemingly
unrelated arguments in set theory are, in fact, concerned with just
such a problem. It might therefore be of interest to study such rela-
tions for their own sake and to build up a partition calculus which
might serve as a new and unifying principle in set theory.

In some cases we have been able to find best possible partition
relations, in one sense or another. In other cases the methods avail-
able to the authors do not seem to lead anywhere near the ultimate
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truth. The actual description of results must be deferred until the
notation and terminology have been given in detail. The most con-
crete results are perhaps those given in Theorems 25, 31, 39 and 43.
Of the unsolved problems in this field we only mention the following
question. Is the relation N—(wo2, wo2)? true or false? Here, N denotes
the order type of the linear continuum.

The classical, Cantorian, set theory will be employed throughout.
In some arguments it will be advantageous to assume the continuum
hypothesis 2% =N, or to make some even more general assumption.
In every such case these assumptions will be stated explicitly.

The authors wish to thank the referee for many valuable sugges-
tions and for having pointed out some inaccuracies.

2. Notation and definitions. Capital letters, except A, denote sets,
small Greek letters, except possibly w, order types, briefly: types,
and &, I, m, n, k, \, u, v denote ordinal numbers (ordinals). The letters
7, s denote non-negative integers, and @, b, d cardinal numbers
(cardinals). No distinction will be made between finite ordinals and
the corresponding finite cardinals. Union and intersection of 4 and
B are A+B and AB respectively, and A CB denotes inclusion, in
the wide sense. For any 4 and B, 4 —B is the set of all x&4 such
that x&B. No confusion will arise from our using 0 to denote both
zero and the empty set. If p(x) is a proposition involving the general
element x of a set 4 then {x:p(x)} is the set of all x€4 such that
p(x) is true.

n and N are the types, under order by magnitude, of the set of all
rational and of all real numbers respectively. A will also be used freely
as a variable ordinal in places where no confusion can arise. The rela-
tion @ =8 means that every set, ordered according to 8, contains a
subset of type a, and a £ is the negation of o 8. To every type «
there belongs the converse type a* obtained from « by replacing every
order relation x <y by the corresponding relation x>y. We put

[m, n] = {vim < » < n} for m < n.
The symbol
{@o, 21, - -+ }<
denotes the set {xo, X1, ¢ ¢ } and, at the same time, expresses the
fact that xo<x; < - - - . Brackets { } are only used in order to define

sets by means of a list of their elements. For typographical con-
venience we write

2 [x € 4]f()
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instead of E,e 4f(x), and we proceed similarly in the case of products
etc. or when the condition x &4 is replaced by some other type of
condition.

The cardinal of S is | S|, and the cardinal of & is |a|. For every
cardinal @, the symbol a* denotes the next larger cardinal. If a =5%
for some b, then we put a—=b, and if a is not of the form bt, i.e. if
a is zero or a limit cardinal, then we put ¢~=ga. Similarly, we put
k—=l, if k=141, and k~=k, if k=0 or if k is a limit ordinal. If .S
is ordered by means of the order relation x <y, then the type of S
is denoted by S< and, if no confusion can arise, by S. For any a>1
we denote by a’ the least cardinal |#| such that a can be represented
in the form Y [v <n]a, where a, <a for all »<#. This cardinal a’, the
cofinality cardinal belonging to a, is closely related to the cofinality
ordinal ¢f(8) of an ordinal 8 introduced by Tarski [17]. A regular
cardinal is a cardinal a such that a’ =a. The least ordinal of a given
cardinal @ is the initial ordinal belonging to a. Initial ordinals are
the finite ordinals and the infinite ordinals w, of cardinal N,. We put

[S]e = {x:XCS; | X| = o}.
In particular, [S]*=0 if | S| <a. The relation
A=2"lry<kldy=Ao+"'dr+"---
means, by definition, that 4 = Z [v<k]A4, and, also,
A4,4,=0 (v <v<k).
Fundamental throughout this paper is the partition relation
a— (b, d)?

introduced in [6]. More generally, for any a, b,, k, 7 the relation

(1) a— (b01 bly t e )’I;

is said to hold if, and only if, the following statement is true. The
cardinals b, are defined for v <k. Whenever

|sl=a;i [s} =X <K,
then there are BC.S; v <k such that
| Bl =b; [BFCK.
For k <w, we also write (1) in the form

a— (bo, by, + - -, bp—1)",
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and if k is arbitrary, and b, =0 for all » <k, then we may write (1) in
the form

a— (b);:

We also introduce partition relations between types. By definition,
the relation

(2 a— (Bo, By, - -+ )

holds if, and only if, 8, is defined for v <k and if, whenever a set S is
ordered and

S=a; [SI =2 <klK,
there are BC.S; v <k such that
B =28 [B] C K..

If 2 <wo, or if all B, are equal to each other, we use an alternative
notation for (2) analogous to that relating to (1). The negation of (1),
and similarly in the case of (2), is denoted by

a- (bo, by, -+ + )i

We mention in passing that the gulf between (1) and (2) can be
bridged by the introduction of more general partition relations re-
ferring to partial orders. These will, however, not be considered here.

If a =N then, clearly, @’ is the least cardinal 8, such that a-+(a).,.
Also, N, is regular if, and only if, Na—Nn)s, for all # <m. Finally,
the relation a— (b, b7, - - - )} is equivalent to Y, [v<k]b, <a.

We now introduce some abbreviations. Let .S be ordered. Then, for
xES,

L) = {y:{y, 2}<CS}; R@) = {y:{s, y}< C S}
If, in addition, [S] = D_[v<k]K,, then, for BCS; » <k,
F(B) = {4:4 C B; [A] C K.},
[K.] = F.(S).

In the special case r =2, we put, for xES; v <k, L,(x) = {y: {y, x}<
€K,}; R(x)={y:{x, v}<EK,}; U,=L,+R,. U, is independent of
the order of S. If 024 CS, and if W(x) is any one of the functions
L, R, L,, R, U, then we put

w(4) = I1lx € 41w ().

Also, W(0) =S. If #n <wo, then we write W(xo, + + + , X,—1) instead of



1956) A PARTITION CALCULUS IN SET THEORY 431

W({xo, cee, x,._l}). It will always be clear from the context to
which ordered set S and to which partition of [S]" these functions
refer. We shall occasionally make use of the notation and the calculus
of partitions (distributions) summarized in [5, p. 419]. The meaning
of canonical partition relations

a— +(8)"
and that of polarized partition relations

ao bOO bOI o e e Yot T

1788} be1,0 tt ok

will be given in §§8 and 9 respectively. The relation a—(8); will be
defined in §4.

3. Previous results.
THEOREM 1. If k<wo then No—N0); [12, Theorem A].
THEOREM 2. If k, n<wy, then, for some f=f(k, n, 7) <Ny,

f— ()
[12, Theorem B].

THEOREM 3. (i) If a =Ny, then a— Ny, a)?.
(i) Ro, N, Ro,)2

(i) is proved in [2, 5.22]. This formula will be restated and proved
as Theorem 44.
(i) is in [3, p. 366] and will follow from Theorem 36 (iv).

THEOREM 4. (i) If a 2Ny, then (a®)*—(a™)i.
(i) If a =Wy, then a®+(3)2.
(i) If 2% =Ry, then Roya— Masr, Rago)®.

(i) is given in [3] and will be deduced as a corollary of Theorem 39.
(ii) is in [3, p. 364], and (iii) is [3, Theorem II] and follows from
Theorem 7(i).!

THEOREM 5. If ¢ S\; ]¢] >V, then, for a <we2; B<wy; v <wi,
() ¢—(wo, 1)
(i) ¢— (e, B)2

1 The partition relations occurring in (i) and (ii) are to be interpreted in the ob-
vious way. Their formal definition is given in §4.
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(i) is [5, Theorem 5], and (ii) is [5, Theorem 7]. Both results will
follow from Theorem 31.
THEOREM 6. 17—, 1)2.

This relation, a cross between (1) and (2), has, by definition, the
following meaning. If S=17; [S]?=K,+ K, then there is 4 CS such
that either

| 4] =No; [4]* C Ko
or
A= [A]2C K.
This result is [5, Theorem 4].

THEOREM 7. If a =N, and if b is minimal such that a®>a, then
(i) at—(b, at)?
(i) b+, a*)e.

These results are contained in [6, p. 437]. (i) will follow from
Theorem 34.2

THEOREM 8. If 2% =N, for all v, and if a is a regular limit number®
then, for every b<a, a—(b, a)2.

This result is [6, Lemma 3], and will follow from Theorem 34.
THEOREM 9. If ¢ SX; |@| =|\|, then A(¢, P)L.

This result is due to Sierpifiski who kindly communicated it to
one of us. It will follow from Theorem 29. Our proof of Theorem 29
uses some of Sierpifiski’s ideas.

TuEOREM 10. For any a, a0, No)™o.

This is in [5, p. 434]. The last result justifies our restriction to the
case of finite “exponents” 7.

4. Simple properties of partition relations.

THEOREM 11. The two relations

r

() a— Bo, By, - -+ )i (i) o — (8o, B+ + + n

are equivalent.

2 By methods similar to those used in [17] one can show that (i) b<a’ for all
a>1, (ii) b=a’ for those a>1 for which d <a implies 2¢<a.
81t is not known if regular limit numbers >N, exist or not. Cf. [13, p. 224].






