AXIOMATIC APPROACH TO THE HOMOTOPY GROUPS
SZE-TSEN HU

1. Introduction. The history of homotopy groups traces back to the
fundamental groups of Poincaré [9; 10; 14].! For a given topological
space X and a given point x in X, the funnamental group m(X, %)
is defined by considering the loops in X with x, as basic point, i.e.,
the continuous maps A: S'—X of the circle S! into X with a given
point so of S mapped into x,.

Replacing the circle S! by a higher dimensional sphere S*, Hure-
wicz [7] introduced the homotopy groups m.(X, %) in 1935 which
turned out to be very useful and prolific. In 1941, relative homotopy
groups m.(X, 4, x¢), n =2, of a topological space X modulo a subspace
A at a given point xy were introduced by a joint paper of Hurewicz
and Steenrod [4] and also independently by J. H. C. Whitehead [16].
These groups are defined by considering the continuous maps of an
n-dimensional cell E* into X with the boundary sphere S*~! mapped
into 4 and a given point so of S*~! mapped into x,.

For each »=2, a boundary homomorphism

6:1r,.(X, A, xo) bad Wn—l(A’ xo)

is defined by taking restrictions of the maps on the boundary sphere
S»=1 of the cell E".

For any continuous map f: (X, 4, x¢)—(Y, B, %), an induced
homomorphism

f*:ﬂ'n(X, A, xo) b d 7r,.(Y, B, yo)

is defined by means of composition.

These are the entities of the so-called homotopy theory [5]. One
observes that the homotopy theory looks quite like a homology
theory.

Since Eilenberg and Steenrod [2] established their celebrated
axiomatic approach to homology theory in 1945, it has been a natural
problem to ask whether a similar approach is possible for homotopy
theory.
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! Numbers in brackets refer to the bibliography at the end of the paper.

490



AXIOMATIC APPROACH TO THE HOMOTOPY GROUPS 491

Because of the obvious similarity between homotopy theory and
homology theory, one would naturally first ask whether the axioms
of Eilenberg and Steenrod hold in homotopy theory. A check of the
axioms shows that all but one of the axioms are satisfied. The excep-
tion is the excision axiom. Simple examples can be constructed where
the excision axiom is violated. See [13, p. 83].

Steenrod, in his book [13], suggested that a candidate to replace
the excision axiom might be the fibering theorem in the theory of
fiber bundles [13, p. 90, Theorem 17.1]. His conjecture is almost
completely correct except that the notion of fiber bundles is too
strong to include the spaces needed in the various constructions con-
tained in the uniqueness proof unless the category of spaces is re-
stricted to consist of all CW-complexes only.

If, in Steenrod’s conjecture, one replaces fiber bundles by fiber
spaces in the generalized sense of Serre [11, p. 443], then a complete
axiomatic approach may be established. In the present address, such
an axiomatic approach will be sketched.? In fact, only a very special
kind of fiber space will be used, namely, the space of paths.

2. Preliminaries. By a #riplet (X, A, x,), we mean a topological
space X, a nonvacuous subspace 4 of X, and a point xo in 4. If
A =x,, then the triplet (X, 4, x,) will be simply denoted by (X, xo)
and may be considered as a pair consisting of a topological space X
and a point xp in X.

Let (X, 4, x0) be a given triplet. Consider the set P(X) of all path-
components of X. The path-components of X containing points of
A form a subset O of P(X). If we identify O to be a single point, we
obtain a quotient set P(X, 4) which will be called the set of path-
components of X modulo A. If A =x,, then P(X, 4)=P(X).

Next, let U denote the space of all paths in X issuing from x,;
that is to say, U consists of the continuous maps ¢: [—X with
o(0) =xo, where I=[0, 1] denotes the closed unit interval, and is
topologized by the compact-open topology. There is a natural map
p: U—X defined by p(s) =0(1). Let C=p~1(4) and %, denote the
degenerate path %o(I) =x. Thus we obtain a triplet (U, C, u,) called
the associated triplet of (X, A, o). The map p defines a continuous
map

P:(Uv C: uo) - (Xr A» xO)

called the associated projection.

2 The essential idea of this axiomatic approach was given independently by
J.-P. Serre and J. Milnor. See [17].
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Let (Y, B, v) be a second triplet and let f: (X, 4, x0)—(Y, B, y0)
be a given continuous map. Since f maps the path-components of X
into those of Y, it induces a natural induced transformation

fs:P(X, 4) — P(Y, B)

in an obvious way. fx maps the neutral element of P(X, 4) into that
of P(Y, B).

Let (V, D, vo) denote the associated triplet of (¥, B, yo) with the
associated projection

r:(V, D, v) — (¥, B, y).

Then f induces a continuous map ¢: (U, C, u,)—(V, D, v,) defined by
¢(0) =fo for each ¢ in U. Obviously, fp =¢r holds in the following
rectangle

(U, C, uo) <—b>(V, D, )

lp Lr
(X’ Av xo) '_)(Y: Br 3’0)

3. Homotopy theories. A homotopy theory
H = {1:', *, 6}

consists of three functions 7, * and 9 described as follows.

The first function 7 associates with each triplet (X, 4, x,) and each
integer m =0 an abstrat set . (X, 4, x¢); we require that (X, 4, x,)
be the set P(X, 4) of path-components of X modulo 4 and that
mm(X, 4, x0) be a group in each of the following cases:

(HG1) m=2.

(HG2) m=1 and A4 =x,.

(HG3) m=1and (X, 4, x,) is the associated triplet of some triplet
of the form (R, 7, 70).

Note. In the case (HG3), (4, x,) is a group with usual multiplica-
tion among classes of loops.

The second function * associates with each continuous map
(X, 4, %0)—(Y, B, v,) and each integer m =0 an induced transforma-
tion

f*:ﬂ'"‘(X! 4, xo) —)Wm(y) B, 3’0)-

We require that fx should be the natural induced transformation
defined in §2 in case m =0 and that fi should be a homomorphism in
each of the following cases:

(IT1) m=2.
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(IT2) m=1, A=x9 and B=y,.

(IT3) m=1, (X, 4, x,) is the associated triplet of some triplet
(R, 7o, 70), (Y, B, ¥,) is the associated triplet of some triplet (S, sq, o),
and f is induced by a continuous map ¢: (R, 7o) —(S, s0).

(IT4) m=1,B=y,, (X, 4, x,) is the associated triplet of (¥, B, y,),
and f is the associated projection.

Note. In the case (IT3), fi: mo(4, x0)—>mo(B, o) is also a homo-
morphism.

The third function @ associates with each triplet (X, 4, xo) and
each integer m >0 a boundary operation

0:7m (X, 4, %) = Tma (4, %0);
we require d to be a homomorphism in each of the following cases:

(BO1) m=2.

(BO2) m=1 and (X, A4, x,) is the associated triplet of some triplet
(R, 7o, fo).

Furthermore, the collection H= {7r, *, 6} must satisfy the follow-
ing seven axioms.

Axtom 1. If f is the identity map on a triplet (X, A, x,), then fx is
the identity on wn(X, 4, x0).

Axrtom II. If f: (X, 4, x0)—(Y, B, yo) and g: (Y, B, v0)—(Z, C, 20)
are continuous maps, then (gf)x = gafs.

Axiom III. If the continuous maps f: (X, 4, x0)—(Y, B, yo) and
g: (4, xo)—(B, yo) are related by g=f| (4, x0), then dfx=gsd.

The foregoing three axioms are called the algebraic axioms.

Axiom IV (Homotopy Axiom). If the continuous maps f, g:
(X, A, x0)—(Y, B, yo) are homotopic, then fx=gx.

Let (X, A, x,) be any given triplet. Then the inclusion maps
i: (4, x0)—(X, x0) and j: (X, x0)—(X, 4, x¢) together with the
boundary operations 9 give rise to a beginningless sequence

i 9 ix e 3
< S (X, 4, %0) = a4, 20) = (X, %0) = wa(X, 4, %0) — 0 0 -
Ja ad ix Jx
.. —-)7l'1(X, A, xo) d 1ro(A, xo) - Wo(X, xo) g 7ro(X, A, xo)

which will be called the homotopy sequence of the triplet (X, 4, xo)
in the homotopy theory H.

Axiom V (Exactness Axiom). The homotopy sequence of any triplet
(X, A, x0) is weakly exact.
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This means that, if 7,(X, x¢) =0 for all ® =0, then 9: 7.(X, 4, x0)
~mm(4, %) for every m >0. Here, S=0 denotes that the set S con-
sists of a single element and 7: M = M denotes that the transforma-
tion 7 maps M onto N in a one-to-one fashion.

Axiom VI (Fibering Axiom). If (U, C, u,) is the associated triplet
of (X, A, x0) and if p: (U, C, ug)—(X, A4, x0) is the associated projec-
tion, then

pximn(U, C, u) = mu(X, 4, x0), m > 0.

Axiom VII (Dimension Axiom). If X =x,, then w.(X, xo) =0 for
every m 2 0.

Let H= {m, *, 6} be a homotopy theory. The group m.(X, 4, %),
m =2, is called the mth relative homotopy group of X modulo A4 at the
basic point x, (in the homotopy theory H); and the group mn(X, %),
m =1, is called the mth (absolute) komotopy group of X at the basic
point xo. In particular, m(X, %) is usually called the fundamental
group or the Poincaré group of X at the basic point xo. For complete-
ness, we shall also call m,(X, 4, x,) the mth relative homotopy set of X
modulo 4 at xo and 7. (X, x0) the mth homotopy set of X at x, for
every m=0.

4. Properties. Most of the elementary results in homotopy theory
can be deduced right from the axioms. Precisely, for any given homot-
opy theory

H = {7r,*, 6},

we shall give in the present section a few properties of H as conse-
quences of its definition given in §3.

(4.1) For every triplet (X, A, xo) and every m=0, mn(X, 4, x0) s
nonempty and contains a special element O called the neutral element of
(X, A, %0).

In fact, 0 is the neutral element of P(X, 4) defined in §2 if m =0.
For m>0, 0 is the image under jx of the group-theoretic neutral ele-
ment of mu(X, %0).

(4.2) If f: (X, A4, x0)—(Y, B, yo) is ¢ homotopy equivalence, then
feimm(X, 4, x0) =7n(Y, B, yo) for every m =0.

As immediate consequences of (4.2), we obtain the following three
assertions:

(a) For every m=0, (X, 4, x0) is an invariant of the homotopy
type of the triplet (X, 4, xy).

(b) If 4 is a deformation retract of X, then is: 7 (4, x0) =mm(X, %)
for every m 0.






