POLYNOMIALS DEFINED BY A DIFFERENCE SYSTEM
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This note is concerned with orthogonal polynomials on the unit
circle and their use in probability theory.

Let f(t) =0 (not zero a.e.) be integrable on —w <¢{=m; then, ac-
cording to Szego [1], a system of polynomials {q&,,(z)} orthogonal
with respect to f(}) on —w <t=w are uniquely determined by

(i) ¢.(2) is a polynomial of degree # in which the coefficient of
1) 2" is real and positive,
(i) (1/27)[Z,bu(2)n(2)f (1)t =bum, (3=2").

Recent results [2; 3; 4] have shown the importance of the Szegs
polynomials in discussing fluctuations of sums S,=X;+ - - -
+X,, (n=0,1, - - ), of independent, identically distributed random
variables X;. The results derived directly from the theory of the
polynomials (1) were necessarily restricted to the case of symmetric,
integral-valued random variables. We consider here an alternative
definition of the polynomials (1) designed to allow a natural general-
ization of these results to nonsymmetric, not necessarily discrete-
valued random variables. This approach also seems to have connec-
tions with prediction theory.

Let {a.} and {B8,.} be given sequences of complex numbers with
anB,5%1 for all n, and let #o and v, be given constants. Then, the sys-
tem

Un(2) — Un—1(2) = @a2"v,(2),

9n(2) — a—1(2) = Baz™"u,(3)

2)

determines polynomials #,(2) and v.(2) of at most degree # in 2z and
1/2, respectively. The condition «,8,71 for all # is necessary and
sufficient for the existence of u,(z) and v,(z) for all #. Let k2
= H;‘,,_l (1 —amwBn)"1, and set

(3) ¢n(z) = z"v,,(z)/kn, ‘pn(z) = Z_”un(z)/km

where k, is one of the square roots of k2 (we allow some arbitrariness
here). We will connect ¢,(2) and ¢, (z) with the Szegd polynomials.

The following notation will be used consistently below. Let f(¢) be
integrable on —w <t <= with Fourier coefficients

1 This research was supported by the U. S. Air Force.
187



188 GLEN BAXTER [May

1 T
Ay = — f F)eiktas.
27 J —»

Let D, =det (4,-), (¢,j=0,1, - - -, n), and let E, and F, denote the
cofactors of 4_, and 4, respectively, in D,.

Implicit in definition (1) is the following generalization. Let f(¢) be
integrable on —7 =¢{=m, and let D,,40 for all #=0; then, the systems
of polynomials {qbn(z) } and {%(z) } are uniquely determined (to
within a plus or minus sign) by

(i") ¢.(2) and ¢, (z) are polynomials of degree # in z and 1/3,
4) respectively, with equal leading coefficients,

(") (1/2m) 2,00 (@¥m(2)f (1) dE = 8um, (z=¢").
The condition D, 0 for all # is necessary and sufficient for the exist-
ence of ¢,(2) and ¥,(2) for all .

LemMmA 1. Let f(t) be integrable on —w St=m, and let D,5#0 for all
n=0. Then, the sequences o, =E,/D, 1 and B, = Fn/D,_1 with ug=1v,
=1/AY? generate through (2) and (3) the same polynomials ¢,(2) and
VU (2) determined by (4). Moreover, k2= AD,_1/D,.

Lemma 1 shows the construction of a, and 8, given f(¢). How is
f(t) constructed given {an} and {Bn}? It can be shown using Lemma
1 that the 44’s (B=1) are unique if an f(¢) exists (4, arbitrary), and
we are led to the moment problem. We consider here only the case
> lan] < and 3°|B.| < . In this case there exist unique func-
tions ¢*(2) analytic in |z| <1 and ¢ () analytic in [z| >1 such that
lim #,(2) =¢*(z) uniformly in lzl =1 and lim v,(2) =¢—(2) uniformly
in |z| 2 1. For a special construction of f(¢) in terms of ¢*(2) and
¢~ (z) see (b3) and Theorem 1.

The following theorems show in part an equivalence between two
important classes of polynomial systems defined separately by (3)
and (4). These two classes are

(a) the polynomials determined by (4) in case

(a1) O = 3 At with 3| 4] < e,
(a2) D, ;é;) foralln = 0,

(a3) log /() = 3 B with 3 | By| < e,
and o

(b) the polynomials determined by (3) in case
(b1) Slan] <o and X 8] < o,  wo =10y
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(b2) anBn % 1 forallm = 1,
(b3) ¢*(z) > 0in | 3] <1 and ¢=(3) % 0in | 5| = L.

TaEOREM 1. Let {oz,,}, {Bn}, wo=vo satisfy conditions (b1)—(b3).
Then, k% =lim k2 exists, and ¢.(z) and Y.(2) from (3) satisfy (4) with
f@&) =k Jpt(eit)p(ei). Moreover, f(t) satisfies (al)—(a3).

TuEOREM 2. Let f(t)= D ™ _, Ajeiit satisfy conditions (al)—(a3).
Then, an=~E,/Dy_1 and B,=F,/D, (see Lemma 1) satisfy (bl) and
(b2), and ¢*+(2) and ¢—(3) satisfy (b3).

TueoREM 3. Let f(t) satisfy conditions (al)—(a3), and let a,
=E,/Dn1 and Bn=Fu/Du_ satisfy (b1). Then, o, and B, satisfy (b2),
and ¢t (2) and ¢~ (2) satisfy (b3).

Theorem 2 could be proved for general f(¢) satisfying (al)—(a3) if
the following conjecture were proved.

CoNJECTURE. Let f(¢) satisfy (al) and (a2). Then, f(¢) satisfies (a3)
if and only if | E./Da| < and 3| F./D.| < . In either case

lim D,/D,-; = exp {i fw log f(t)dt} .

n— 21l' —

Constructing orthogonal polynomials by system (2) leads naturally
to a method of constructing orthogonal families in the continuous
case. These orthogonal families are quite useful in solving fluctuation
problems of sums S, in the nondiscrete case. The simplest continuous
analogue of (2) is

iu(x, 1) = a(x)e®tv(x, 1)
dx
#(0, £) = v(0,¢) =1,

2 o, ) = Bl)e=tulx, 1
dx

in which a(x) and B(x) are given continuous functions of x on
0=<x< . Since u(x, £)—1 and »(x, ) —1 are Fourier transforms of
functions which vanish outside the intervals [0, x] and [—x, 0],
respectively, «#(x, ) and v(x, 2) are well-defined for all complex z. If
a(x) and B(x) are integrable on [0, «), then there are unique func-
tions ¢*(z) and ¢~ (2) analytic in the upper and lower half-planes,
respectively, such that lim u(x, 2)=¢*(2), (x— ), uniformly in
Im 220 and lim v(x, 2) =¢—(2), (x— «), uniformly in Im 2=<0. Let
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®(x,1) = f ev'u(y, t)dy, Y(x, 1) = f e~ tu(y, t)dy.
0 0

THEOREM 4. Let a(x) and B(x) be continuous and integrable on
0=x<x, and let ¢*(2)#0 for Im 220 and ¢—(2)#0 for Im 2=0.
Then,

1 4
lim — W (21, £) B (%2, £)f(£)dt = min (x4, x2),
A>w 21 —A

for all x1, x2 =0, where f(¢£) =1/¢+ () ().

The results stated here for the discrete case form the basis of a
recent technical report by the author. Included in this report is an
application to a fluctuation problem of a type first considered by
Spitzer and Stone [3].

REFERENCES

1. U. Grenander and G. Szegd, Toeplitz forms and their applications, California
Press, 1958.

2. M. Kac, Toeplitz matrices, translation kernels and a related problem in probability
theory, Duke Math. J. vol. 21 (1954) pp. 501-509.

3. M. Kac, W. L. Murdock and G. Szegd, On the eigen-values of certain Hermitian
forms, J. Rational Mech. Anal. vol. 2 (1935) pp. 767-800.

4. F. Spitzer and C. Stone, 4 class of Toeplitz forms and their application to proba-
bility theory, to appear in Illinois J. Math.

UNIVERSITY OF MINNESOTA



