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1. Let 0 be a set, G, a <r-algebra of subsets of 0, and P a probability 
measure defined on Cfc, i.e. P is a nonnegative completely additive set 
function defined on a, with P(ti) = 1. If p is a number with 1 ^p < oo 
we shall denote as is usual the Banach space of measurable functions 
ƒ for which 

f \f\*dP< oo by Zp(0, Ct, P) . 

Let r be a transformation mapping 12 onto 0 which is 1-1 and bi-
measurable, i.e. if ^LG® then 

TA = {y\ y = Tx for some x G ^ } G Ö, 

and 

r - M = {y| T y G ^4} G a. 

With these assumptions we have Tn defined for every integer n as a 
1-1, onto, bimeasurable transformation. Henceforth we shall assume 
that every set considered is measurable, i.e. an element of a. We 
shall say that P is invariant if P(A) =P(TA) for every set A, P is 
ergodic if P is invariant and if P(U^L_oo TnA) = 1 for every set A for 
which P(A) > 0 , and finally P is strongly mixing if P is invariant and 

lim P[(TnA) r\B] = P(A)P(B) 
n 

for every pair of sets A, B. It is a consequence of the individual 
ergodic theorem that if P is invariant then P is ergodic if and only if 

J n— 1 

lim — X) P [ ( r ' 4 ) C\ B] = P(A)P(B) 

for every pair of sets Ay B. Thus every strongly mixing measure is 
ergodic. 

I t is the object of this paper to show that the strong mixing condi
tion is equivalent to the validity of the mean ergodic theorem for 
every Lp space and every subsequence { Tkn) of the sequence { Tn}. 
More precisely let p be a number with 1 Sp < °°, l e t / G i p ( ^ , Œ, P) 
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and let {kn} be a sequence of distinct integers with limw kn — <*>. 
Then we shall show that if P is strongly mixing we have 

lim — è / ( Z * ' * ) = f fdP 
n ft i„i J G 

in Lp norm. Conversely it is also true that this conclusion implies 
that P is strongly mixing. 

The main interest of this result lies in the fact that in previous 
ergodic theorems, both of the individual and the mean type, it is as
sumed that the sequence of operators over which one averages forms 
a semigroup. This property can be dispensed with if one is willing 
to assume the strong mixing property. 

2. We shall need several lemmas before proving the main result. 

LEMMA 1. Let { dj; i, j ^ 1} be a bounded sequence of numbers such 
that lim^-yi^oo CVy = 0. Then 

E Citi = o. lim 
n n* ij^i 

PROOF. Let C = supij dj\ and let e be a positive number. Choose 
M so that | d,j\ ^ e for \i-j\ >M. Then for n>M we have 

o JLI dj 

and the lemma follows. 

n n* \i-j\>M 

LEMMA 2. Let P be strongly mixing and let JA{OO) be the set character
istic function of a set A. Then 

Hm f \—JbfA(T**x) - P(A) 
n J a I n i«i 

dP = 0 

for every strictly increasing sequence \kn} of integers. 

PROOF. Let {kn} be such a sequence. Then 

1 

ƒ, E / i ( ^ ) - PU) 
QI n »=! 

dP 

~9 È f UA(1**X) - P{A)][fA{T*ix) - P(A)]dP 
n2 ,-,y«i J Ü 

— Z {P[(T**A) r\ (T**A)] - P\A)} 
n2 »-,y-i 
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since P is invariant. The conclusion now follows from the hypothesis 
and Lemma 1 by letting Ci^P[{T^A)C\{T^A)]-P\A). Note 
that 

P[(T**A) n (i*A)] = P[(TI**-WA) r\ A]. 

LEMMA 3. Lemma 2 remains valid if we replace JA(X) by a simple 
function and P(A) by fùf(x)dP. 

PROOF. The proof is accomplished by simple algebraic manipula
tions and the application of Lemma 2. 

LEMMA 4. Lemma 3 remains valid if we replace L% convergence by Lp 

convergence where p is any number with l^p<&>. 

PROOF. For p = 1 the lemma follows from Lemma 3 and the Holder 
inequality. Let p>l and let g(x) be a bounded measurable function 
with bound if. Then 

f | g(x) \*>dP £ ( | g\ dP + M* f dP 
JQ J i\g\sl) J l\o\>l) 

g (1 + !ƒ*)ƒ \g\dP. 

The lemma now follows from the fact that it holds for p = 1, and if ƒ 
is a simple function then 

n i„i J Q 

is bounded uniformly in n. 

THEOREM. P is strongly mixing if and only if for every number p with 
l g £ < o o , every strictly increasing sequence of integers, and every 
fÇE.Lp(Q, a, P) we have 

lim f — J2f(Tk<x) - f fdP\HP = 0. 
» J a\ n i^x J Q 

PROOF. Assume that P is strongly mixing. Let/G£P(Q, Œ, P) for 
some p, and let {kn} be a strictly increasing sequence of integers. It 
is clearly sufficient to prove the conclusion when ƒ is nonnegative 
and we shall assume this is the case. Then there exists a nondecreas-
ing sequence {/m} of simple functions such that limw |/m — ƒ) =0 al
most everywhere. Let \\g\\P be the Lp norm of the function g. Then 
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— È/(r*<*) - ffdpl £ II— J2f(T*<x) - — £,MT**x)\\ 
n i~i J o lip l| n i**i n »„i || 

~ È,MT***) ~ f fmdp\\ + II f fmdP - ffdp\\ 
n i^i J Ü II» l i t / o J Q II 

+ 
and each of the last three terms can be made small by choosing m 
and n sufficiently large, from Lemma 4 and the monotone converg
ence theorem. 

Conversely suppose the second condition of the theorem holds. Let 
A and B be sets with set characteristic functions f A and fs and sup
pose P[(T-knA)r\B]~P(A)P(B)^e>0 for a sequence of integers 
\kn). (A similar argument applies if P[(T-h«A)r\B]-P{A)P(B) 
^ - e < 0 . ) Then 

1 n 

— Z P[(T-**A) H B] - P(A)P(B) à € 

for all w. But 

— X P[(2T-*'il) H JB] - P(A)P(B) 

= f ƒ*(*) [ - Ê ƒ*(!*'*) - P(ii)] <*P 
•/ o Ln w J 

— È / i ( î * ' * ) - P ( i i ) 

which approaches zero. The theorem is proved. 
I t is likely that the theorem may be generalized in the same direc

tion that the mean ergodic theorem has been generalized, i.e. by con
sidering more general operators. More interestingly, while the authors 
have partial results for the individual ergodic theorem, the question 
of whether the individual ergodic theorem holds for all subsequences 
in the case of strong mixing measures remains open. 
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