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CEf
ap, there exists a set of open sub-intervals {Ip}, in each of which 

Ea$ is void. Moreover, for any two different points P and P' of 
CE'ap, we have IP = IPt or IpCMp'—O. For, otherwise, there should 
be an interior point of Ip (or Ip>), which is also a point of the set 
E'ap. This contradicts the mode of construction for {ip}- Further, 
by the same reason, IP and Ip> can not be abutting. Therefore, the 
set of the open sub-intervals {Ip} corresponding to the set CE'ap is a 
countable set of nonoverlapping and nonabutting open sub-intervals 
{ii} in the space [a, b]. Let the complementary set of {/*} with 
respect to [a, b] be G. Then G is closed. And Ea$ is metrically dense 
everywhere in G, since, for any point Q<EG, ffl,(UQr\Eap) > 0 is satis
fied for any arbitrary neighborhood of Q. This proves the theorem. 
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Following a standard notation [ l ; 4; 5] we define the g-binomial 
coefficients by means of 

(1) U i l , , > 
L n J y=i q> - 1 

or sometimes more conveniently by the notation 

(2) [^] = M*/M!, 

where 

[*]» = [x][x — l ] • • • [x — n + 1], 

(3) [x] = (s- - l ) / ( j - 1), 

[*»]l =[»]», [ 0 ] l « M o - l , [ o ] = L 
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We also note the properties 

(4) [î]-[.!*]<•***•>• [ I ] - ° (n<k)-
and the fact that the ordinary binomial coefficients arise as a limiting 
case: 

(5) (*) = i imr*i 
\n/ ff-i L n J 

We define now what we shall call a q-Vandermonde transform: 
A rnira+bkl 

(6) F(n) = q^n-i)l2 ]T ( -1)* j * <*->ƒ(*). 
*=o L k J L n J 

The purpose of this paper is to give a brief formal proof of the 
following result. 

THEOREM. Let a and h he non-negative integers. In (6), let f{k) he 
independent of n, andf(0) = 1. Then 

(7) E(-l)"-PW«" = Z «*»-»/V/(i) II (l-«gO-

PROOF. We remark in the first place that if x is a non-negative 
integer, then 

Mi r * i = t*ji 
L n J [w] ! [# — n] I 

(8) 

from which we obtain 

JLHX-J-
In the second place, we note the known g-identity 

(10) E (~1)W \qn(n-l)l2un = J J (1 _ ^ ) . 

Now, from (6), we find 

t a-\- bn~\ 
U(n-i ) /y( n ) - (-1)»F(») 

*~o L & J L ^ J 
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where we have made use of the simple identity 

1 1 1 
— *(* - 1) + — (n - k)(n - k - 1) = — »(n - 1) + *(* - n). 

Multiplying each side by un and summing we next find 

* r « + hn 1 " 
n=oL n J We=o 

n-1 *=0 L * J L » J 

n=o &=o L k J L n + 1 J 

* fa + bkl 

= Z(-i)H ., U^'yw 
* r # + && - £ 1 

• ] T ) ( - - l ) n g(n-*)(n-A;+l)/2wn+l 

= S ( ~ 1)* qk«-»'2f(k) E ( - I)*4*"1 U»-l)%n+* 
*=o L £ J »-i L n J 

" T a + ô£l * r a + ô& - & 1 
= - E U*»""'̂ *)** E (-lH \qn(n-l)/2un 

fc=oL & J n=0 L W J 
A T a + bk 1 

+ E t h z * ( * - 1 ) / 2 / ( ^ . 
fc=o L # J 

Therefore we have 
00 

X) (-l)nF(n)u* 
(11) w~° 

* r<* + ô£"l ^ r <* + & £ - &1 
= X qk«-Vty(k)uk Z ( ~ 1)W

 qn(n-l)l2unt 
fc^oL & J n=0 L W J 

But now, by (4), and assuming a+bk — k to be a non-negative integer, 
we see that the inner summation is finite, and so by relation (10) 
the desired result follows. 

In the special case when q—>l we obtain 
COROLLARY. If 

A /n\/a + bk\ 

(i2) Ŵ = E(-i)^J( n )ƒ(*), 
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and f{k) is independent of n andf(0) = 1, then 

(13) Z ( . ) «*/(*) = «" Z (-!)"?(«)«", 

w&ere s = (x — l) /x 6 awd ^ = (x — l ) /# . 

From this corollary it is possible to deduce some interesting conse
quences, and these will be discussed in detail elsewhere. For example 
it is easy to prove the inversion 

THEOREM. If F(n) is defined by (12), then 

( a+bn\ » a + bk — k/a + bn — k\ 
)ƒ(») = Z( -D f c — A , )F(*). 

n / k=o a + bn — k \ n — k / 
Relation (13) also leads to the formula 

" w / a + bk\ " / a — w\/w/b + n\~l 

^ 1 5 ) ^-TTl( * V = *"Z(-D"( )( ) «»• 
=̂0 w + 0& \ & / n=o \ n / \ n / 

At the time of writing this paper it is not known whether a formula 
similar to (15) follows for the ^-series; however, we might expect to 
choose something like/(&) = [ze>]/[w+&fe] and apply (7) together with 
known finite formulas for g-series to evaluate (6). I t is hoped to dis
cuss this elsewhere. 

Finally we note that in analogy to the Vandermonde transform 
(12) we may define an Abel transform and we obtain the following 

THEOREM. If 

A /n\(a + bk)n 

(16) F(n) « £ ( - ! ) * ( ) - - ^ / ( i ) , 
k~o \k/ n\ 

where f (k) is independent of n andf(0) = 1, then 

(17) Z „ **ƒ(*) = «• Z (-DnF(n)u», 

where z = u/xb and u = log x. 

The corresponding inverse to (16) is slightly different from (14) 
and reads as follows: 

THEOREM. If F(n) is defined by (16), then 

(a + bn)n " (a + bn)n~k a + bk 
(18) ^ -Lf(n) = £ ( - 1 W A ) i

7 ^ — • 
n\ k~o (n — k)\ a + bn 
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In analogy to (15) we then find 

" w (a + bk)k " (a - w)n /w/b + n\~l 

fc=0w + ô^ &! „»o w! \ » / 

Proofs of these results will be given elsewhere together with applica
tions in finding convolution identities generalizing those discussed 
in [3]. 

REFERENCES 

1. L. Carlitz, q-Bernoulli numbers and polynomials, Duke Math. J. vol. 15 (1948) 
pp. 987-1000. 

2. H. W. Gould, Some generalizations of Vander monde' s convolution, Amer. Math. 
Monthly vol. 63 (1956) pp. 84-91. 

3. , Final analysis of Vander monde' s convolution, Amer. Math. Monthly 
vol. 64 (1957) pp. 409-415. 

4. F. H. Jackson, q-dijference equations, Amer. J. Math. vol. 32 (1910) pp. 305-314. 
5. N. E. Norlund, Differenzenrechnung, Berlin, 1924. 

WEST VIRGINIA UNIVERSITY 


