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1. In a recent manuscript K. Matsumoto has proved that there 
exists no general Picard theorem for functions meromorphic outside 
a set of logarithmic capacity zero. More precisely: given a closed set 
E of logarithmic capacity zero, then there exists another closed set F 
of capacity zero and a f unction ƒ (z), meromorphic in the complement 
of F and with essential singularities at all points of F, such that 
ƒ (z) omits the set E. This result indicates that there is no Picard theo
rem at all for any perfect set. We shall here show that there still is 
an essential problem left, by giving an example of a set F for which a 
strong Picard's theorem holds.1 

THEOREM. There exists a linear closed set of positive capacity such 
that every function j\z), meromorphic outside F and omitting 4 values is 
rational. 

2. We construct F as a Cantor set on (0, 1) where the successive 
ratios £F decrease and satisfy the condition 

log*, 
(2.1) l i m — — = - oo. 

!>»oo log V 

Since F is of positive capacity if and only if 

A log ft"1 

2^ —-— < °°> 
i 2" 

£„ can be chosen so that cap (F) > 0 . Let f(z) be meromorphic outside 
F and assume tha t / (z ) 9^aXy a2, aZi a4. Define ƒ„= (1 —fav) (j—av)~

l. 
For the functions ƒ„ the following lemmas hold. M denotes con

stants only depending on av. 

LEMMA 1. Iff, is holomorphic in p^\z—a\ ^2p and |/,(2o)| lèM, 
| * o - a | =3p/2 , then \f,(z)\ ^M for all z, 9p/S^\z-a\ g l S p / 8 . 

PROOF. This is Schottky's theorem. 

LEMMA 2. If f9(z) is holomorphic in p â | z — a | SKp> K^2, and 
\fv(z)\ is <M, then the circle \z — a\ =KlI2p is mapped on a set of 
diameter <MK~~112. 

1 This type of strong Picard theorem was used by O. Lehto, A generalization of 
Picard's theorem, Ark. Mat. vol. 3 (1958) p. 495. 
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PROOF. We consider g(z)=f(p(z—a)) in l ^ | s | ÛK and estimate 
g'(z) on l^l =K112 by means of the Cauchy integral. 

3. Let Jn-i be an interval in the (» — l)st subdivision of (0, 1). 
In the next construction, 7n-i is divided into J» and /» of lengths 
ln and a complementary interval o>n. With the midpoint of In as 
center, we construct the following circles: 

Cn with radius lny 

1 
Tn with radius — /n~i, 

7» with radius (T "-•)'"• 
Cn , Tn , 7n are the corresponding circles for /« . 

By Lemma 1 we have for, e.g., v=l9 2, 3, 

(3.1) | ƒ,(*) | < Jf, s G rn,rn' (F = l, 2,3) 

and for at least two indices 

| ƒ,(*)! < M, zGCn (e .g . ,v= 1,2) 

and 

| ƒ,(*)! <M, z e a (e.g., v = 1 , 3 ) . 

According to Lemma 2 there exist complex numbers b and 6', |&| 
< M , | ft'| < M , such that 

(3.2) | ƒx — &| <M/(Kn)112 onyn 

and 

(3.3) | fx - i ' | < M/(Kny* on 7» , 

where 

* - ( £ ) " - •1/2 

We now assume that 

I / i — a I < €„-i on Cn-i 

and consider the function 

g(s) = (/i - o)(A - «(ƒ» - ft'), 
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in the region R bounded by Cw-i, yn and yl. On the boundary of R, 

\g(z)\ <Men-1 + M/(Kny/* 

which, by the maximum principle implies 

(3.4) I ƒi — a I < Jf^i)1 '1 + M/(Kny» 

in the region R. The same inequality holds for b and 6'. 
One function, e.g., fi(z), is bounded on yn and the C-curves Cn+i 

and Cn+i inside 7«. I t follows from (3.2), (3.3) and (3.4) that there 
exists c so that 

(3.5) | / 2 - c\ <M/(Kny* on yn. 

If o)n(z) is harmonic between TnC+i and C»+i, con= 1 on yn and con = 0 
on Cn+i and C»+i, an explicit calculation shows that can>l/M on Cn 

since £„ decreases. I t follows from (3.5) that 

, , log Kn 
log I h ~ c I < rr~ on c»-

Hence it follows that for certain a, and a fixed rj > 0 

[ƒ„, a„] g 2 ^ " on Cn, 

where [,] denotes cordai distance. Further en<MK~v. Since ^K^* 
< oo for all y > 0, it follows that ƒ(z) is continuous as a function to 
the Riemann sphere. Hence ƒ(2) is rational, since F is removable for 
bounded holomorphic functions. 
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