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Let {X»}f {/*»} be two strictly increasing sequences of positive 
numbers, and {an}, {bn} be two sequences of complex numbers not 
identically zero, and 5 a complex variable with s=<r+it. Let 5 be a 
real number. The functions <£, yp, representable as <£(s) = ]CaAT*> 
\//(s) = XX/*"n* a r e s a îd to satisfy the functional equation 

(1) ( 2 T ) - T « * ( * ) = (2T)°-*T(Ô - sM6 - s), 

if there exists in the s-plane a domain D which is the exterior of a 
bounded, closed set S, and in D there exists a holomorphic function 
x(s) with the property 

e-€tx(<r + it) = 0(1), 0 < € < T / 2 , 

as | / | —>oo, uniformly in each strip (TI^(F^<72, — <*> <<ri<o-2< + <*>, 
and 

xW = (2ir)-*r(s)<t>(s), for <r > a, 

X(s) = (27r)-8r(5 - *)*(« - s), for <r < ft 

where a, /3 are some constants [l ]. 

THEOREM 1. (A) Functional equation (1) implies the identity 

— T Yll an(% ~ Xn)
P 

r(P + l) a, 
( l\P °° / # \ («+P>/2 

for x>0, and pà2/3 —5—1/2, where /3 is a number for which 
2 * | MMn^< °° » a w ^ ÖP W a "residual function" given by 

(3) öp(^) = I •— ds, 
2TiJe T(p+l + s) 

where G denotes any curve, or curves, encircling all of 5. 
Conversely, identity (2) implies functional equation (1). 
(B) Functional equation (1) implies the identity 

( « 

(_1£Y ri£fc«-.xi»] 

= 2 " + T (ô + p + — ) T1-U* £ —s + R, (s), 
ZÎ (*2 + 16irVn)s+p+1/2 
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where 

1 r x(*)(2») ' r(2*+2p+l)2- ' 

2wiJe r(z + p+i) 
for Re 5 > 0, p integral, p > - 5 - 1 / 2 , and p è 2/8- 5 - 1 / 2 . /ƒ /S > 0, Jften 
(4) ZtoWs/or p integral and p è j3 — 5—1/2, p è 0. 

Conversely, if identity (4) AÖWS /or some p which is integral, and such 
that ]Cn-i | M •jt£a"p~~1/2< °°, /Aen we have functional equation (1). 

A sharper form of identity (2) is proved by an appeal to a theorem 
of Zygmund [7] on the equi-convergence of trigonometric integrals. 

THEOREM 2. Suppose that 

(5) E1T1<-> 

I _ h „ I 
= 0 (1) , as *»—•«>, (6) sup E *" 

Ua<Alns(m+^), M S 1 / 2 

and that 

(7) functional equation (1) AoWs. 

Tftew /fee series of Bessel functions on the right hand side of (2) con­
verges for p^2j8 — 5 — 3/2, uniformly in any interval in x>0, in which 
the function on the left hand side of (2) is continuous, and boundedly in 
any interval 0 <Xi ^ x ^ x 2 < <*> if p = 0. 

Using Zygmund's extension [7] of his equi-convergence theorem 
into an equi-summability theorem, the following result is proved. 

THEOREM 3. Suppose in addition to conditions (5), (6) and (7) that 
fin<c-n,for some constant c>0. Then the series 

£ M — ) /*+p{47r(Mn*)1/2}, X > 0, 

is summable by Cesar o's means of order & = max(2j8 — 8 — 3/2— p, 0). 
77*e summability is uniform in every finite interval of continuity of 
(l/T(p + l))J^K<xan(x-\ny in x>0. And the sum is ( l / r ( p + l)) 
'^2\n<xdn(x—\ny^Qp(x) if p is not a negative integer, and —QP(x) if 
p is a negative integer, where Q-n(x) is the (m+n)th derivative of Qm(x) 
for m large. 

Theorems 1, 2 and 3 are used to obtain, in their sharpest form, 
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several identities involving arithmetical functions such as Rama-
nujan's r(n), or the function ru(n) giving the number of lattice points 
on a fe-dimensional sphere, or the function <Tk(n) giving the sum of 
the fcth powers of the divisors of n, where k is an odd integer, or 
JJL(S, t) which is Siegel's measure of representation of a number t by S, 
where S is an indefinite quadratic form in more than 4 variables, with 
rational coefficients and positive determinant, since such functions 
occur as the coefficients of Dirichlet series which satisfy functional 
equation (1). In particular, the identity of the form (2) obtained for 
r{n) is sharper than that of Wilton and Hardy [6; 2] . 

By generalizing identity (4) in an appropriate manner, and apply­
ing the methods of A. E. Ingham [3; 4] , we prove the following re­
sults on the error term in the average order of a class of arithmetical 
functions. 

THEOREM 4. Suppose that functional equation (1) holds, and that the 
sequence {An} contains a subset {An*} such that no number Xj/2 is repre-
sentable as a linear combination of the numbers X^2 with coefficients ± 1, 
unless X£/2 = ±\)!?for some r, in which case Xj/2 has no other representa­
tion. Suppose, in addition, that 

| Re ön 

Then 

\ = + 00 P à 0. 

Re[Bl(x) - Qp(x)] 
hm sup = + oo 

x->« tf«/2+p/2-l/4 

and 

. Re[Bfa) - Q.(*)l 
hm inf = — oo 

x-eo £*/2+p/2-l/4 
where 

u„£* 

THEOREM 5. If functional equation (1) holds, and Rean5^0 for at 
least one value of n> then 

/ c , ,. Re[Bfo) - &(*)] ^ n (8) hm sup • > 0, 
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and 

M m M " K w - f t W ] < 

whereas if I m an 7*0 for at least one value of n, we have 

Im[lfts) - &(«)] ^ ft 
lim sup > 0, 

* - • ^5/2+p/2-l/4 

and 

. Im[£j(*) - G,(*)j 
hm int < 0. 

*->co ^«/2+p/2-l /4 

TAe exponent of x in (8) and (9) w /Ae "ôes£ possible" for sufficiently 
large p, in the sense that for such p we have 

B'M - <?,(*) = 0(* î / 2 + ' / 2 - 1 / 4 ) . 

Theorems 4 and 5 apply, in particular, to the arithmetical functions 
mentioned above. Theorem 4, for instance, gives for p = 0 the results 
of Ingham [3] and Pennington [S] for r2(n) and r{ri). Full details and 
proofs will be published elsewhere. 
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