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1. Introduction. The purpose of this paper is to compute the co-
homology of certain spaces with two nonvanishing homotopy groups. 
Let P(x , n\ T, m, k){n<m) denote the space with homotopy groups 
7T and r in dimensions n and m, all other homotopy groups equal 
to zero, and (first) à-invariant equal to k(£Hm+1(K(w, n), r ) . Let u 
be the basic class in H^iKij, i), r ) . We shall then compute the mod 2 
cohomology of Pnth = P(Z2> n, Z2, 2hn—l, ef). 

Extending the methods of this paper, further computations can be 
carried out. This will be done in a subsequent paper. 

2. The Steenrod construction. In this section we are working in 
the category of ess-complexes. In the (non-normalized) chain complex 
C*(K) of a ess-complex K we can define a filtration. Let namely aq 

denote a g-simplex in K. We can then in a unique way write <rq in the 
form 

<Tq = S^Sis ' • • Siq_p<Tpj 0 ^ iq-p < ' • • < %\ < q, 

where ap is a nondegenerate ^-simplex in K and s* denotes a de
generacy operator in K. The generator <rq(E.Cq(K) is then said to be of 
filtration p 

<rQeFPC*(K). 

This defines a filtration in C*(K). 
Let ir be a permutation group on the n letters (0, 1, • • • , n — 1) 

and let V be an arbitrary 7r-free resolution of the integers. Let V be 
filtered by dimension. Let V® C* and C*0 (the n-îold tensor product 
of C*) be filtered by the usual tensor product filtration. Let TT operate 
trivially in C*, diagonally in F®C*, and by permutation of the 
factors in C*\ We then have the 

THEOREM. There exists a natural ir~equivariant filtration and augmen
tation preserving transformation 

(1) * ' : F 0 C * - - > C * n ) . 

If <f>' is another such transformation then <t>' and $' are homotopic by a 
natural ir-equivariant homotopy of degree ^ 1 {i.e. H(v®rj)Ç:Fp+i+i if 
dim v = i and t}Ç.Fp). 
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Let C denote the normalized cochain functor. Let ƒ : E—>B be an 
arbitrary ess-mapping. Then ƒ induces filtrations in C*(E) and 
C(E)(C*(E) is filtered by inverse images of skeletons in B. The filtra
tion in C(E) is (essentially) the dual of this filtration). The mapping 
(1) gives rise to a mapping 

(2) <I>:V ®rC(E)M->C(E) 

natural with respect to mappings 

E^Et 

ƒ ! . tfi 

B^BX 

with gf=fig. I t is easy to see that <t> has the property 
(3) dim v = i, u3- G Fpi => <t>(v ® uY ® • • • ® un) G Fp 

for p ^ l . i . g . ( m a x ( l / w ^ y ^ - , ^jpj — i)), where l.i.g.(a) denotes the 
least integer greater than or equal to a. Defining the filtration in 
V®xC

(n) according to (3) we have that <t> preserves filtration. 

3. Operations in spectral sequences. In the following we shall be 
working over the ground field Z2 instead of the integers as above. Let 
us choose a mapping <f> as in (2) and keep it fixed in the following. 

Let f:E-*B be a mapping of ess-complexes. Let xÇ.FpCp+q 

= FPCP+«(E). Then we define 

(4) sqlx = <j>(ep+q-i ® x2 + Vhz-i+i ® xdx). 

Then 

(5) dsq*x = sq*dx. 

Using standard notation we see that if # £ Z J then 

sqxÇz Z>r, for 0 ^ i ^ q — r + 1, 

(6) sq%x G Z2r-i+*-«, for g - r + 1 ^ i ^ £, 

s / a G Z2r~i , ior q ^ i < p + q, 

lî x represents a class û in £f,fl then we can examine when the class 
of sq*x is independent of the choice of representative of û. When this 
is the case we can define an operation in the spectral sequence. We 
get for 0 ^ i ^ q — r + i, 

Sqü = [sqx}l&^; 
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for q — r + 1 ^ i ^ <Z, 

Sqü = {sqx} £ -En-y \ for any/ , O ^ j ^ i - g + r - 1 , 

for g ^ i ^ ^ + q, 

Sqü = {5g #} G ^r+i , for any j , min(i ~ 5 , r - 2 ) ^ y ^ r - 1 . 

These operations are natural, additive, and they commute with 
the differentials in the spectral sequence. Further we shall mention 
that if « £ £ ? ' ' , drü = Ot and ü determines {*} G£?+i then 

{Sq*ü} = Sg*{«} 
p,q+t 

Er+i for 0 ^ i ^ q, 

-Er+l+min(t-«,r-l) ÎOX q ^ i ^ p + q. 

Let us suppose that ££'°® ££*—>££•* is an isomorphism then in E2 

we have (denoting the homomorphism a—>a2 by f) 

5 / = 1 <g> Sq \ E, , , ,-> E?**, for 0 g i g g, 

5g$' = s/~« <g> f : £*'* -* £r i _ f l , 2 f l , torq^i<p + q. 

If F is the fibre (relative to some base point in B) of the mapping 
ƒ : E—>Bt then we can consider cohomology operations in F, £ , and B. 
Since we can use the mapping 4> (2) to define these cohomology opera
tions, they are in an obvious way related to the spectral operations 
considered here. 

Operations in spectral sequences have also been constructed by 
S. Araki [ l ] and R. Vazquez [3]. The operations constructed in 
this paper coincide with or are related to the operations constructed 
in these papers. 

4. Some lemmas. The following lemmas are crucial in the com
putation of H*(Pn,h). 

REMARK. L e t / : E—*B be a map of ess-complexes and let {Er, dr} 
be the corresponding spectral sequence. Let a£-ES ,n_1, jSG-EJ0, and 
7 G £ o , 2 ( » - i ) ( n à 2 ) w i t h dnaz=pt dny = ap. Let E f - ' ^ - O , j = 2, 3, 

• • • , n — 1. Then there exist cochain representatives ut v, and x of 
a, |8, and y respectively with the property 

dx = uv + a 

with a£F ln~1C'2n~"1 (we shall say that a is in the base. In general we 
shall say that any cochain belonging to ]T),- F'C' is in the base.) 

LEMMA. Let aG£0
B

, n"\ /3G£J'°, and yEE°/(n-l) be elements in the 
spectral sequence {Er, dr\ associated with a ess-map f : E—>B. Let 11, v, 
and x be cochains representing a, ]8, and y respectively with the properties 
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du — v, dx = uv+a, where a is in the base. Then 

k 

r(2*+D = Sq™+iy + £ Sq*aSq2k+1-*a, 0 ^ k < n - 1, 
<r-0 

is transgressivef while 
k-i 

T<»> = Sq2ky + ] £ Sq"aSq2k-"a, 0 < k ^ « - 1, 
<r-0 

persists to En+k and has 

Furthermore there are cochains ui, vi, and X\ representing Sqha, SqkP, 
and r(2fc) respectively such that 

du\ = vi and d%\ = U\V\ + a\y 

where a\ is in the base. (The existence of ui, V\, xi, and a\ with this prop
erty clearly implies (2).) 

Also 

ydn(y) = 7<*/3G ^n 

is transgressive {i.e., persists till £3*1-2). 

LEMMA. Zrt a G ^ " 1 , /SG-EJ0, a » i yEE0^2 (n^2t h^2) be 
elements in the spectral sequence {Er, dr] associated with a ess-map 
ƒ : E—*B. Let u, v, and x be cochains representing a, j8, and y respectively 
with the properties du = vf dx = uv2 +a where a is in the base. Then 

Sqky, k ^ 2hn - 2, 

is transgressive if n is not divisible by 2h. If k = s*2h, then 

Sqky = Sq"2hy 

persists to E(2\_i)(n+«) and has 

d«>-inn+4Sq-*ky} = {Sq'a-iSq'py''-1}. 

Furthermore there are cochains u\, Vi, and x\ representing Sq'a, Sq*f3, 
and Sq8'2 y respectively such that 

dui = vi, dxi =» U1V1 + ai7 

with a\ in the base. Also 

ydi2*-l)n(y) = T^2*""1 G £(2*-l)n 

is transgressive (i.e. persists till £(2*+i)n-2). 



I 9 6 I ] ON THE COHOMOLOGY OF TWO-STAGE POSTNIKOV SYSTEMS 601 

5. Computations. Using the Moore comparison theorem for spec
tral sequences and the above mentioned results H*(Pn,h) can be de
rived. We shall use the usual notation and properties of sequences 
I=(ai, a2t - • - , ar) of non-negative integers (see e.g. Serre [2]). In 
particular we use the notation 

L(d,h) = (2*-y, 2»-% • • - ,<*) . 

THEOREM. Let Pn — P(Z2, n; Z2f 2n — l, el). For each admissible se-
quence 7, e(J) g 2{n — 1), containing odd components and each admissible 
sequence N, e(N) <n — 1, there are classes j8(7) and y(2N) in H*(Pn) of 
dimensions 2n — l +deg 7 and 2(2n — 1 + 2 deg N) respectively, satisfy
ing 

0(7) = Sq?((l((2j + 1)7!)) 

whenever 7 = 7 ( 2 / + l )7i with all components of 7i even. Let a be the 
nonzero class in H*(Pn), then 

H*(Pn) = Z2[{/3(7)}] <g> M{Sq'a}) ® Z2[{SqL^-^^^y(2N)}]9 

where ft = 0, 1, • • • and where 7, 7, and N run through all admissible 
sequences satisfying e(J) -£2{n— 1), e(I) ^n — 1, and e(N) <n—l; 
further it is required that 7 contains odd components. 

THEOREM. Let Pn,h = P(Z2, n\ Z2, 2 * n - l , ejf) ( n ^ 2 , ft^2). For each 
admissible sequence 7, e(7) ^2hn — 2, 7 ^ 0 (mod 2fc), and f or each ad-
missible sequence l> e{I)%n — \y there are classes j3(7) and y (I) in 
H*(Pnth) of dimensions 2hn — 1+deg 7 and 2h+l(n+deg ƒ) —2 respec
tively, satisfying 

0(7) = Sf(p((j)JÙ) 

whenever J=J(J)Ji withj^O (mod 2h) and 7i==0 (mod 2h). Let a be 
the nonzero class in Hn(Pnth) then 

H*(Pn,h) = Z,[{/9(7)}] ® Z2[{Sq*a), 2*] <g> Z2[{7( /)}] , 

wAere Z2 [{#»}» 2A] denotes the truncated polynomial algebra of height 
2h in the generators {Xi} {x2

t = 0), and where J and I run through all 
admissible sequences satisfying e(J)^2hn — 2, 7 ^ 0 (mod 2*), and 

I t is of some interest to get the complete action of the Steenrod 
algebra A* in H*(Pn,h). At the present, however, we only have scat
tered information about this action of A*. 

A detailed account will appear elsewhere. 
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