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CONJECTURE. Every special vector lattice of self-ad joint elements 
in the regular ring of a finite AW*-algebra is commutative. 
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I t has been pointed out to me that a result very similar to the one 
proved in my paper was obtained by O. Perron, Über mehrfach 
transzendente Erweiterungen des natu rlichen Rationalitatsbereiches, 
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INTEGRAL NORMS OF SUBADDITIVE FUNCTIONS 
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Communicated by A. Zygmund, November 14, 1962 

I t is known tha t certain integral norms for positive, measurable, 
subadditive functions of a single variable are comparable (cf. [ l ] ; 
also [3; 4] for less complete results). This fact was shown to have 

1 This research was supported by the Air Force Office of Scientific Research. 
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applications for Lipschitz classes and for fractional integrals. Anal
ogous results are true in higher dimensions as we show here. More
over, a new phenomenon appears: an integral norm taken over £ n , 
w-dimensional Euclidean space, is shown to be equivalent to one 
taken over certain one dimensional spaces. I t is by means of this last 
theorem, which we take to be the main result of the paper, that we 
obtain inequalities analogous to those for one dimension. Further 
applications, related to results of [2; 5] , as well as variants of the 
results given below, will be discussed elsewhere. 

In the matter of notation, x will stand for a point of £ n , r a real, 
£2 the unit sphere, and co a unit vector, i.e. a point of £2. For a measura
ble set G of En, \G\ will denote its Lebesgue measure and, for a 
measurable set T of 0, \v\8 will denote its spherical measure. Sub-
additivity of a function 0 over En means that for x and y in £ n , 
<K*+y) £4>(x) +0(y). 

THEOREM. Let <£ be positive, measurable, and subadditive on £ n , n> 1. 
Let coi, C02, • • • , o)n be linearly independent unit vectors, and let 0<p 
< oo and ap> — 1. There exist constants A and B depending only on 
a, p, and n such that 

J En\x w+2>a iw J sl \r\ 1+*a J E 
-dx. 

We may omit the restriction that ap > •— 1 for the second inequal
ity. A special case of the above theorem is known for <£ a certain 
integral norm [5]. The proof of the second inequality relies heavily 
on the following. 

LEMMA. There exist constants a, b, and c with 0<a<&<<*> and 
0 < c < l such that if T is a measurable subset of Q for which \T\B 

è c | Q| „ then for every œ of Ö there exist n and r2 with a^r^r^b and 
coi, C02 both in Y such that ü> = ficoi+r20>2. 

Fix a and j8 such that 0 <a </3< 1, and let c satisfy 
Qn _ an I _ c 

(1) - ~ > ; 0 < < ? < 1 . 
(1+0)" c 

Let the complement (in Q) of T be denoted by T'. Then j r x | » 
g ( l - c ) | Q | . and so | r | , è | r ' | . c / ( l - c ) . Now let G denote the set 
of x of the form rœ where œ belongs to T and a^r^fi. Fix coo on 0 
and let H—COQ — G, i.e. the set of points of the form coo—tf with x in G. 
Then 

fin — nn 

(2) |ff| = \G\ = | r U ^ — ^ - -
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Let A be the radial projection of H onto 0, and let À have outer spher
ical measure h. Let Ai be a measurable subset of Q containing A and 
such that | A I | , = Â. Let x(^w), ^(co), and ^i(co) be the characteristic 
functions of H, A, and Ai respectively. Now ^(o>) = 1 if and only if 
x(fco) = 1 for some rT^O. Thus 

x(rco) ^ *(«) g t^(co), r 5* 0. 

Since x O ^ — O if r > 1 +j3, integration of the extreme terms of the 
preceding inequality over the solid sphere of radius 1+/3 gives 

\H\ S I Ai | t . 
n 

(1) and (2) imply 

. ,. (1 + $)n 1 ~ c . . . . 
T ' . S S ^ ; ; A l f < A 1 # 

since obviously | Ai| ,5^0. This implies that A is not a subset of T', and 
so there exists a>i in IY\A. Hence ricoi belongs to JÏ for some r i > 0 , 
and coo —rio?i = r2W2 belongs to G. Thus C02 also belongs to I \ and since 
a ^ r 2 ^ j 3 , w e h a v e l - - i 3 é r i ^ l + j 3 . Thus, min (a, l - / 3 ) ^ r i , f2^1+/3, 
and the extreme terms of this inequality can be taken for a and 6 
respectively. 

For the second inequality of the theorem, it is enough to show the 
existence of a constant C such that for every co of £2 

(3) Jf («) g CM 

where 

j f — I _— j# = I <&o I if = I M(œ)dœ. 
J En I a;|n+»a </Q J O r1+pa Jü 

We may assume that M is finite and strictly positive. Let T be the set 
of o) such that M(œ) ^ Jkf/(1 — c) \ Q\ 8 where c is defined in the lemma. 
T is a measurable set of 0, and | r | «g£c| Q|,. Thus the lemma applies 
and we may assert tha t for each co of Ö, there exist r», a ^r»-gift, and 
o)i in T, i= 1, 2, such that co = ricoi+r2C02. I t follows from the subaddi-
tivity property and from Minkowski's inequality (modified if p < 1) 
tha t 

<l>p(rœ) g C{<Hrrio>i) + ^ ( " W } . 

Integration gives 

M(a>) ;g C{r7M(cox) + r î P Jf («0}. 
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I f a â 0 , ^ ^ & ^ , i = l , 2 ; i f a < 0 , r 7 g a ^ , i - 1 , 2 . Since M(m)^CM, 
the proof of the second inequality is complete. 

Now given #7*0, let # = no. We write w= X)?-i c&i where the w» 
are as given by the theorem and Ci^d(o)). By subadditivity and 
Minkowski's inequality 

n 

Dividing by r1+p0! and integrating, we obtain 

I dr^C22 a((a) \pa I j — . dr. 

An integration with respect to œ over £2 then shows that if the finite-
ness of the integrals fçt\ci(œ)\pdœ, i—1, 2, • • • , n, is proved, then 
the theorem is proved. For this last step, we fix i. By a rotation, co» 
may be made to coincide with the positive direction of the first co
ordinate axis of En. Then c*(co) equals the first coordinate of <o, and 
in terms of spherical coordinates, this is cos \{/, say. The integrability 
of | Ci(w) | p a over 0 is then equivalent to that of | cos \p\pa sin71""2 \p over 
(0, w). 

COROLLARY. Let <f> be positive, measurable, and subadditive on En. 
Let a be real, and léP<qS °°. There exists a constant A—A(a,p,q,n) 
such that 

(f *(*> dx\"*A(f - ^ - * r Y " . 
\J B* | # | n + * a / \J B

n \%\n+pa ) 

Let Mllp denote the integral on the right. I t may be assumed finite 
and strictly positive. Using the notation of (3), we have M(oo) ^ CM 
for every co of Q. Assume q < QO , and let 

dr. 
o r1+Qa 

Since <£(ra>) is subadditive in r over (0, <*>), by the one dimensional 
result, Ml/a(œ)SCMllp(œ). (Cf. [ l ] where the result was stated only 
for £ = 1. The proof remains valid in this case.) Thus by (3), Mi(co) 
^CMqlp~~1M(o)). Integration over ti of this inequality completes the 
proof for the case q < oo. For q = <*>, the left integral of the corollary 
is to be interpreted as sup <t>(x)/\ x\ a. Again the one dimensional re
sult along with (3) suffice for the proof. 
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ON RAISING FLOWS AND MAPPINGS 
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Communicated by E. E. Moise, October 18, 1962 

I t is assumed tha t all spaces with which we are concerned are 
separable metric. Let (G, X) be a transformation group with G = I, R 
where I is the additive group of integers and R the reals. (I, X) is 
called a discrete flow and (R, X) a continuous flow. The orbit 0X of a 
point xÇ:X under a flow (G, -X") is the set of all gx for gGG. A flow 
(G, F) is imbedded in a flow (G, F') if YQY' and (G, Y) is (G, F') 
cut down to F. We say that (G, X) is raised to (G, F) provided there 
is a mapping <j> of F onto X such that for each y G F and gGG, 
<i>g(y) = g<t>(y). In this paper we establish that any discrete flow can 
be raised to a discrete flow on a zero-dimensional space and any con
tinuous flow to a continuous flow on a 1-dimensional space. We shall 
note that these newly produced flows can be considered as imbedded 
in a discrete flow on the disc on the one hand and in a continuous flow 
on the solid torus in Euclidean 3-space on the other. Thus all con
tinuous flows on compact metric spaces can be produced from con
tinuous flows on the solid torus. We include some remarks about 
minimal flows in §3. 

1. Discrete flows. Any homeomorphism g of X onto X generates 
a discrete flow on X and in turn any discrete flow is generated by the 
unit of the group G. Let gx denote the unit of the group or the gener
ating homeomorphism. 

We wish to establish 

1 Alfred P. Sloan Research Fellow. 


