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Let T be the real numbers modulo 1 and do the algebra of complex 
continuous functions /(0) on T which have absolutely convergent 
Fourier series. For ƒ (0) G ®o we set 

ii/iio = i i /(*) i 
—•00 

where 

f(k) = f f(d)e~2«ike dd. 

For ƒ G fto we define 

E+(n)f- (0) = £ f(k)eirM, 

E-(n)f-($) = S^)«2 , , M . 

DEFINITION. Let (% be a Banach algebra of complex continuous 
functions ƒ(0) on T with norm || -||. a will be said to be of type 2JJ if 
the following conditions are satisfied : 

1. a 0 D a, 11/11 o^H/ll for all ƒ G a ; 
2. e2vikeÇz(& for & = 0, ± 1 , ± 2 , • • • , and the trigonometric poly

nomials are dense in Ct ; 
3. there exists a constant M independent of n such that 

\\E+(n)f\\ £ M\\f\\, \\E-{n)j\\ g M\\f\\, a l l / G e . 

For £G® we define the finite-section Wiener-Hopf operators 

W+(n)f = E+(0)E-(n)cE+(0)E~(n)f, 

Wï(n)f= E-(0)E+(-n)cEr(0)E+(-n)f. 

Here n ̂  0. Our principal result is the identities below. These identi
ties are algebraic in character and can be seen to hold in a much 
more general (even in a noncommutative) setting than that considered 
here. We have preferred to present them in a context requiring as few 
definitions and as little machinery as possible. 

1 This research was supported in part by the United States Air Force through the 
Air Force Office of Scientific Research and Development Command under Contract 
No. AF-AFOSR 63-381. 
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THEOREM 1. Let a £ 2ft, and let c(d) = u(d)-lv(6)~l, where 
ueE+(0)E~(tn)a, u-iEE+Ofya, vEEr(0)E+(-m)a, ^GEr^a. 
We set 

Yt(n)f = vErin^uE+Wvf, 

Yr(n)f = uE+(-~n)u~lvE-{$)uf. 

Then for n^m we have 

Y+(n)W+(n) = Wt(n)Y+(n) = E+(0)E-(n), 

Y7(n)Wr(n) = Wr(n)Y7(n) = E- (0 )E*( -n ) . 

PROOF. We first assert that 

(2) öl[F.+W] C E+(0)E-(n)a, 

where <R[F+(»)] is the range of Yt(n). Since (R[»£-(»)]C-E""(»)ö, 
we have <&[Yt(n)]C.Er(n)a. On the other hand, 

Y+(n) = *[ƒ - E+(n + l)]uv-lE+(G)v 

= uE+(0)v - vE+(n + l^îr^E+fO)». 

Clearly <R[wE+(0)] CE+(0)a and, since n ^ m, &[vE+(n + l ) ] 
C ^ + ( l ) a C £ + ( 0 ) a , etc. 

We have 

F+(^)TFc+(^) = vErMv^uE+iO^E+^E-in^rh^E+^E-in) 

= vE-(«)v-1«£+-(0)»[/ - ^ ( - ^ E - W r ^ - ^ + ^ E - W 

= vErin^uE+WvE-Wu-h-iE+WE-in), 

since E+(0)=0 on Gi[vE~(-l)]. Consequently, 

Yt{n)Wt{n) = ^ ( « J i r 1 * £+(()>[ƒ - E+(n + \)}u~h~lE+{0)R-{n). 

Consider 

J2 = vE~(n)v-luE+{$)vE+(n + l)«rHr^E+(0)E-(») 

= vE~{n)v~luvE+{n + l)u-lv-lE+($)E-(n) 

= vE-(n)uE+(n + l ^ - V ^ E + ^ E - ^ ) = 0. 

Here we have used E + ( 0 ) = I on (&[vE+(n + l)] and E~(w)=0on 
(R [«£+(»+ 1)]. Similarly, 

Ji = v£-(»)t>-1«JS+(0)»«r1»-1JE+(0)E-(») 

= i>^(»)ir%J^(0)fr^E+(0)^(») 

= vE-Mv^uu^E+^E-in) 

= vEr{n)v-lE+($)E-(n), 
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since E+(0) ~ I on (ft[^~lE+(0)]. We now have 

Ix = v[l - E+(n + \)]v~m+(Ö)E-(n) 

= w~lE+($)E-(n) - vE+(n + l )^1£-(^)E+(0) = E+(0) £-(»), 

since £ + ( ^ + l) = 0 on CR [v~xJE"~(w) ]. Combining these results we have 
shown that 

(3) Yf(n)Wt(n) = E+(fi)E~(n). 

On the other hand2 we find using (2) that 

Wt{n)Yt(n) = J^(0)J^(»)«r1w-1^(0)J&-(»)»£-(»)w--1£+(0)T» 

= E+(0)Er(n)u'-1v~'1vE-(n)uv-1E+(0)v 

= E+{Q)E~{n)u~m~{n)uv~lE+{Q)v 

= E+CO)^-^)^- 1 ^ - £ + 0 + l)]wri£+(0)z> 

= E+(Q)Er(n)u~luv-lE+(())v 

= £+(0)£-(n)zr-i£+(0K 

since £ - ( » ) = 0 on ( R ^ E + ^ + l ) ] . Thus 

Wt(n)7t(n) = E - W E + ^ r 1 ! / - JS^( —1)]© 

= E - ( « ) £ + ( 0 ) r ^ = JB+(0)E-(»). 

Here we have used £+ (0) = 0 on ( R ^ E - C - l ) ] . 
The second relation in (1) can be proved in exactly the same way. 
These identities have many applications. They can be used to give 

a new proof of the norm inequality for the finite-section Wiener-Hopf 
operator of [3], and a new and much simpler proof of the "#" inequal
ity for the finite-section Wiener-Hopf operators defined on compact 
groups with ordered duals of [5] and [ó]. We will content ourselves 
with one application. We assume the reader is familiar with the 
theory developed in [ l ] - [3] and [4]. 

Let c(ö)Gd. We define the infinite Wiener-Hopf operators W£ and 
W7 hy 

Wtf = E+(0)cE+(0)f, 

WTJ = E-(0)cE-(0)f. 

We say that c £ W H ( a ) if Wt restricted to £+(0) a and WT restricted 
to £~(0)<$ have (bounded) inverses. A necessary and sufficient condi
tion that c ( 0 ) £ W H ( a ) is that 

2 Since E+{Q)E~(n)d is finite dimensional, (2) and (3) together imply (4). How
ever, in more general situations (4) must be verified independently. 



i964] FINITE-SECTION WIENER-HOPF OPERATORS 823 

c(d) = d*u(o)-lv(e)-\ 

where U, U^EE+^a, V, V^EEr^a, and 

f U{6) dd= f V(0) de = d*. 
V rp %J rp 

THEOREM 2. If c (0 )£WH(a ) , /^/z tóere exists an integer N such 
that, ifn^N, 

(5) 

where 

Wt{n)Xtin) = Xt{n)Wt(n) = E+(Q)Er(n), 

Wr(n)Xr(n) = -rr(»)ïFr(») = £~(o)£+(-*o, 

X+(/*) = d{n)~H{n)E-{n)v{n)-lu{n)E+{0)v{n), 

X7(n) = d(n)~2u(n)E+(--n)u(n)-1v(n)E-(0)u(n). 

Here u(n, 6) and v(n, 6) are defined by 

u(n, 6) G E+(0)E~(n)a, W+(n)u(n) = 1, 

T;(?Z, 0) G E- (0 )E+( -^ )a , Wr(»M») = 1, 

and 

d(n)2 = I w(^, 0) d0 = I v(n, 0) dO. 

The simple proof of this result is omitted. 
We have not offered any indication of the origin of (1). It is possible 

to derive (1) from known results but to do so obscures its usefulness 
which lies in the fact it can be proved directly. However, we will point 
out that it is related to the identities of [4, §5] and [6, §8]. 
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