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Let A be a densely defined linear operator in a Banach space X.
Wolf [4] defines the essential spectrum of A as the complement of ®,
the set of those complex A for which 4 —\ is closed and

(a) a(4 —N\), the multiplicity of N, is finite,

(b) R(4A —N\), the range of 4 —N, is closed,

(c) B(4 —N), the codimension of R(4A —N\), is finite.

This set, which we denote by ¢.,(4), has the desirable property of
being invariant under arbitrary compact perturbations. The largest
subset of the spectrum having this property will be denoted by ¢.n(4).
It is obtained by adding to o..(4) those points of &, for which
(4 —N)=a(d —N) —B(4 —N) #0.

Browder [2] has given a different definition. It is equivalent to
adding to o.n(4) those spectral points which are not isolated. We
denote the essential spectrum according to this definition by ¢4(4).
It has the advantage of excluding only isolated points of the spectrum,
but is more delicate with respect to perturbations.

In this paper we give sufficient conditions for the invariance of
each of the sets 0.w(4), oen(4), 7a(4) under perturbations.

Let B be a linear operator in X with D(4)CD(B). It is called
A-bounded if || Bx|| <const.(||x|| +||4#]||) for all xED(4). It is called
A-compact if ||%.| +||4x.|| Sconst. for {x.} SD(4) implies that
{Bx.} has a convergent subsequence. We shall call B A-closed if
x,—%, Ax,—7y, Bx,—z implies that x&€D(B) and Bx=2z. It will be
called A-closable if x,—0, Ax,—0, Bx,—z implies 2=0.

THEOREM 1. If B is A-compact, then
(1) O'ew(A- + B) .g a'sw(A)’
() oem(4 + B) © oom(4).
If, in addition, one of the following holds

(a) A is closable,

(b) B is (A +B)-closable,

(c) B is A-closed,
then

1 This paper represents results obtained at the Courant Institute of Mathematical
Sciences, New York University, with the support of the U. S. Atomic Energy Com-
mission, Contract No. AT(30-1)1480.
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3) ow(4 + B) = oeu(4),
(0] oem(4A + B) = oen(4).

COROLLARY 1. If B is A-compact and P4 is not empty, then (3) and
(4) hold.
CoROLLARY 2. If B is compact, then (3) and (4) hold.

The operator B will be called A-pseudo-compact if
©) |lall + || Aal| + || B2a]| < comst., {x.} € D(4),

implies that {Bx,} has a convergent subsequence. It will be called
A2-pseudo-compact if

llall + [l 4| + || Baal| + | 4%a]] + [| BAZ|| < const.
for {x,.} CD(A4? implies the same.
THEOREM 2. If B is A-closable and A-pseudo-compact, then (1)
and (2) hold. If, in addition, it is A-closed, then (3) and (4) hold.

THEOREM 3. If B is A-pseudo-compact and neither B4 nor Payp
is empty, then (3) and (4) hold.

THEOREM 4. Assume that NEp(A)N\P4sip. If (5) implies that
{4 -)\)‘IBx,.} has a convergent subsequence, then (3) holds. If, in
addition, 1(A+B—N)=0, then (4) holds. The same is true when
(4 —N)"1B is replaced by B(4A —N)"L

CoroLLARY 3. If NCp(A)NDyrp, 1(A+B—N)=0 and either
(A—=N)"1B or B(A—N\)"11is A-compact, then (3) and (4) hold.

COROLLARY 4. If NEp(4)Np(A+B) and (A —N)"1—(4A+B—-N)"!
is a compact operator, then (3) and (4) hold.

Corollary 4 exhibits a device employed by Birman [1] and Wolf
[4].

THEOREM 5. Assume that \EP NP4y 5. If B is A%-pseudo-compact,
then (3) holds. If, in addition, i(4A —\) =i(A+B—N\), then (4) holds
as well.

THEOREM 6. Suppose that B is A-pseudo-compact and that the com-
plement Coem(A) of gem(A) is connected. If neither p(A) nor p(A+B)
is empty, then

(6) oa(4d + B) = aa(4).
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THEOREM 7. Assume that NEp(A)N\Payp, that Com(d) is
connected, and that p(A-+B) is not empty. If (5) implies that
{(A —M\)~1Bx,} has a convergent subsequence, then (6) holds. The same
is true if (A —N)"1B is replaced by B(4 —N)~L

COROLLARY 5. If Coem(A) is connected, NEp(A)Np(4+B), and
the operator (A —N)"1— (4 +B—N)"1 is compact, then (6) holds.

THEOREM 8. Assume that N\EP4MNP 445, 1(4 —N) =1(4A +B—N\), and
that p(A) and p(A + B) are not empty. If Coem(A) is connected and B is
A2-pseudo-compact, then (6) holds.

THEOREM 9. Let Q be an open connected set containing no points of
oa(A). There is an >0 such that

[1Ball = elall + [ 44l), =€ D(a),
implies for B A-pseudo-compact that oa(A+B)NQ is empty.

THEOREM 10. If 0(A4) =0em(A4) and B is both A-compact and A-
closed, then there is at most a denumerable set S of complex numbers p
for which

oe(4 4+ uB) = oa(4)

fails to hold. If Cos(A) has only a finite number of components, then S
s discrete.

The following generalization of a result of Taylor [3] is useful in
the proofs.

LEMMA. If &4 is not empty, then for any polynomial p(n), p(4) is a
closed operator.
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