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1. In this note we state three new results (Theorems 1, 4 and 5) 
about the completely 0-simple and homogeneous n regular semi
groups. 

We follow the notation and terminology of [l] unless stated other
wise. Throughout, S denotes a semigroup with zero. Leta£S\0. De
note by V(a) the set of all inverses of a in S, that is, V(a) = (*£S: 
axa=a, xax — x). A semigroup S with zero is said to be homogeneous 
n regular if the cardinal number of the set V(a) of all inverses of a 
is n for every nonzero element a in 5, where n is a fixed positive inte
ger. Let T be a subset of 5. We denote by E(T) the set of all idem-
potents of 5 in T. 

2. The next theorem is a generalization of R. McFadden and 
Hans Schneider's theorem [3]. 

THEOREM 1. Let S be a 0-simple semigroup and let n be a fixed posi
tive integer. Then the following are equivalent. 

(i) S is a homogeneous n regular and completely 0-simple semigroup. 
(ii) For every a 9*0 in S there exist precisely n distinct nonzero ele

ments (*•)?„! such that aXia=afor i = 1, 2, • • • , n and for all c, d in S 
cdc = C5*0 implies dcd = d. 

(iii) For every a 7*0 in S there exist precisely n distinct nonzero idem-
potents (ei)i^1 = Ea and k distinct nonzero idempotents (ƒ,)ƒ-1 = Fa such 
that da=a = afj for i = l, 2, • • • , h,j = l, 2, • • • , fe, hk = n, Ea con
tains every nonzero idempotent which is a left unit of a, Fa contains every 
nonzero idempotent which is a right unit of a and EaC\Fa contains at 
most one element. 

(iv) For every aj*0 in S there exist precisely k nonzero principal 
right ideals (2?»)Jli and h nonzero principal left ideals (£y)*»i such that 
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Ri and Lj contain h and k inverses of a, respectively, every inverse of a 
is contained in a suitable set RiC\L$ for i = l, • • • , k, j = l, • • • , h, 
and RiC\Lj contains at most one nonzero idempotent, where hk = n. 

(v) Every nonzero principal right ideal R contains precisely h non-
zero idempotents and every nonzero principal left ideal L contains pre
cisely k nonzero idempotents such that hk = n, and RC\L contains at 
most one nonzero idempotent. 

(vi) 5 is completely 0-simple. For every O-minimal right ideal R there 
exist precisely h O-minimal left ideals (Lrfl^i and f or every O-minimal 
left ideal L there exist precisely k O-minimal right ideals (Rj)5-i such 
that LRj = LiR = S, for every i = l, • • • , h,j — 1, • • • , k, wherehk = n. 

(vii) S is completely 0-simple, Every O-minimal right ideal RofS 
is the union of a right group with zero G°, a union of h disjoint groups 
except zero, and a zero subsemigroup Z which annihilates the right ideal 
R on the left and every O-minimal left ideal L of S is the union of a left 
group with zero G'°, a union of k disjoint groups except zero, and a zero 
subsemigroup Z' which annihilates the left ideal L on the right and 
hk=n. 

(viii) S contains at least n nonzero distinct idempotents, and for every 
nonzero idempotent e there exists a set E of n distinct nonzero idempotents 
of S such that eE is a right zero subsemigroup of S containing precisely 
h nonzero idempotents, Ee is a left zero subsemigroup of S containing 
precisely k nonzero idempotents of S, e(E(S)\E) = (0) = (E(S)\E)e, and 
eEC\Ee = {e), where hk = n. 

If n = l, then the theorem above takes the same form as R. Mc-
Fadden and Hans Schneider's theorem [3], except (iv). 

3. The following lemmas and Theorem 2 contain main ideas to 
prove the theorem above. 

LEMMA 1. For alla,b in a Rees matrix semigroup 5 = M°(G; I, À; P), 
aba—a^O implies bab = b. Every completely 0-simple semigroup has 
this property by Theorem 3.5 [l] . 

LEMMA 2. In a completely 0-simple semigroup S,for a nonzero idem-
potent e and a nonzero element a in S such that ea — a (ae = a) the equa
tion ax = e (xa = e) has a solution x in Se(eS). If we denote by xQ a 
solution of the equation above, then x0 is an inverse of a, that is, axoa =a 
and xQax0 = Xo. 

LEMMA 3. Let S be a completely 0-simple semigroup. Let a £ S \ 0 . 
If E« = (ef)?.1 and -F0 = (/i)*-i are sets of all nonzero idempotents o f S 
such that efr—a^afj for every i = l, 2, • • • , h, j = l, 2, • • • , k, \Ea\ 
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= ft, and I F*\ =k. Then \ V(a)\ = hk. 

THEOREM 2. A nonzero element a in a completely 0-simple semigroup 
S has precisely n inverses if and only if the 0-minimal right and left 
ideals of S containing a contain respectively h and k nonzero idempotents 
of S such that hk = n. 

REMARK. Theorem 2 is a corollary of the following theorem. 

THEOREM. A nonzero element a = (g)ij in a Rees matrix semigroup 
S = M°(G\ I, A; P) has precisely h inverses if and only if Ri = ((a)ij: 
a (EG, j G A) and Lj= ((a)#: a£G, i £ I ) contain precisely h and k non
zero idempotents of S, respectively, with hk — n, where i£i", j £ A , 
O^gGG. 

Notice that there is no condition of regularity in the theorem. 

4. S is said to be A — k type if every nonzero principal left ideal of 
5 contains precisely k nonzero idempotents and every nonzero prin
cipal right ideal of S contains precisely h nonzero idempotents of 5. A 
regular semigroup 5 is said to be h — k regular if S is h — k type. A 
generalization of P. S. Venkatesan's theorem [5] follows. 

THEOREM 3. (1) A regular semigroup S with zero is 1—n type in 
which every nonzero idempotent is primitive if and only if S is the union 
of its 0-minimal ideals each of which is a l—n type homogeneous n 
regular and completely 0-simple semigroup. 

(2) The following statements on a semigroup S with zero are equiva
lent. 

(i) S is regular and for any nonzero idempotent e in S the equation 
exe = e has precisely n distinct idempotent solutions U(e) ~ (et-: 
i = 1, 2, • • • , n) including e such that e is a right unit of U(e) and e is 
the left zero of U(e). 

(ii) Every nonzero principal right ideal of S is 0-minimal and is 
generated by just one idempotent. Every nonzero principal left ideal of S 
is 0-minimal and is generated by a nonzero idempotent containing pre
cisely n distinct nonzero idempotents. 

(iii) For each nonzero a in S there exists a unique set U(a) 
= (at- : aaia=a, i = 1, • • • , n) such that there exist a nonzero principal left 
ideal containing U(a) and n distinct nonzero principal right ideals each 
of which contains just one element of U(a). Every set (Sbr\cS) contains 
at most one nonzero idempotent, for b, cin S. 

(iv) For every nonzero element a in S there exist a unique idempotent 
e and a set (ƒ»•: i = 1, 2, • • • , n) of nonzero idempotents such that 
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ea=a=afi (i = l, 2, • • • , n). Every nonzero principal right ideal con
tains just one nonzero idempotent and every nonzero principal left ideal 
contains precisely n nonzero idempotents. 

(v) S is a l—n type regular semigroup and if f is a nonzero idem
potent such that f$E(Se\0) then fE(Se)=E(Se)f=(0). 

(vi) Sis a l—n type regular semigroup and for any a, b and c in 5\0, 
09£ab = cb implies a = c. 

5. W. D. Munn defined the Brandt congruence [4]. A congruence 
p on a semigroup S with zero is called a Brandt congruence if S/p 
is a Brandt semigroup. If 5 is a 1 — n (or n — 1) type homogeneous n 
regular and completely 0-simple semigroup, then there is a Brandt 
congruence. 

THEOREM 4. Let S be a l—n type homogeneous n regular and com
pletely 0-simple semigroup. Define a relation p on S in such a way that 
a pb if and only if there exists a set (e^i of n distinct nonzero idem
potents such that da —ej)9^0, for every i = l, 2, • • • , n. Then p is an 
equivalence on S\0. If we extend p on S by defining (0) to be a p-class on 
St then p is a proper Brandt congruence on S. Furthermore, if a is any 
proper Brandt congruence on S, then pQor. 

THEOREM 5. Let S be a l—n regular semigroup in which every non
zero idempotent is primitive. If we define a relation p on S by the rule 
that a pb if and only if there exists a set (ei)"=i of n nonzero idempotents 
in S such that da^db^O (i = 1, 2, • • • , n). Then p is an equivalence 
on S\0. If we extend p to S by defining (0) to be a p-class, then p is a 
proper congruence on S such that S/p is an inverse semigroup. Further
more, p is the finest such congruence. 

We list more theorems. 

THEOREM 6. If S is a h — k type semigroup with zero and if every 
nonzero idempotent of S is primiive, then SeS (eE£(S\0)) is a com
pletely 0-simple and h — k type homogeneous hk regular semigroup. 

THEOREM 7. Let n, hn and kn be positive integers with hnkn — n. A 
regular semigroup S with zero is hn—kn type in which every nonzero 
idempotent is primitive if and only if S is a union of its minimal ideals, 
each of which is a hn—kn type homogeneous n regular and completely 
0-simple semigroup. 

THEOREM 8. The following statements on a semigroup S with zero are 
equivalent (see [2, Theorem 3] and [S]). 

(i) 5 is hn—kn regular. For all a,xin S axa-a9*0 implies xax=*x. 
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(ii) S is hn—kn regular. For a, b, x and y in S xa = sb^Q and ay 
= by9*0 implies a = b. 

(iii) S is hn—kn regular. For every e in E(S\0) there exists a set I 
of n nonzero idempotents such that el and Ie are right and left zero sub-
semigroups of S, respectively, el C\ Ie = (e) and e(E(S\I)) = (0) 
=£(S\J)e. 

(iv) Every nonzero principal right (left) ideal of S is 0-minimal and 
is generated by a nonzero idempotent containing precisely hn (kn) non-
zero idempotents. (aUa5)H(&U5&) contains at most one nonzero idem-
potent, for a, b in S, where hnkn = n. 

REFERENCES 

1. A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, Math. 
Surveys No. 7, Amer. Math. Soc., Providence, R. I., 1961. 

2. G. Lallement and M. Petrich, Some results concerning completely 0-simple 
semigroups, Bull. Amer. Math. Soc. 70 (1964), 777-778. 

3. R. McFadden and Hans Schneider, Completely simple and inverse semigroups, 
Proc. Cambridge Philos. Soc. 57 (1961), 234-236. 

4. W. D. Munn, Brandt congruences on inverse semigroups, Proc. London Math. 
Soc. 14(1964), 154-164. 

5. P. S. Venkatesan, On a class of inverse semigroups, Amer. J. Math. 84 (1962), 
578-582. 

VIRGINIA POLYTECHNIC INSTITUTE 


