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Introduction. This note will present a new method for the construc-
tion of solutions to the Wiener-Hopf equation

A
8

1) Lx(s) = fowk(s — Hx@)dt = Ex(s), 0=s

However, in addition to presenting an alternate to the Wiener-
Hopf factorization method, we will construct results not obtainable
by that method; namely a complete spectral representation of self-
adjoint operators of the given form. That is, we will construct a direct
integral Hilbert space 3¢* which will be characterized in terms of an
integer-valued Lebesgue measurable multiplicity function, m(£),
which we will exhibit explicitly, and an isometric mapping of the
basic Hilbert space onto 3¢* given explicitly by a sequence of m(£)
integral operators whose kernels are generalized eigenfunctions of L;
furthermore we will exhibit the transformation inverse to $ explicitly
as a sum of integral operators acting on the components of 3¢*.

These results will be obtained through a simple reduction to the
author’s previous work on Barrier Related Spectral Problems [1],
[2], [3], and we will not require, as it is customary in the standard
Wiener-Hopf procedure that k(t) =0(e~**l) for some a>0 or that
k(f) is real and continuous except for a finite number of jumps [4].2

Finally, after exhibiting our method, we will show for a particular
standard example how the textbook solutions can be recovered from
our formulation.

Assumptions and basic definition. We will require Hermiticity
throughout; namely, k(f) =k(—£)—, and, in addition, we require that
k() and |k(t) |2 be absolutely integrable. For simplicity, we also re-
quire that £Z(Q\), the Fourier transform of k(f), be nonnegative.

Reduction to canonical form. Let P be the orthogonal projection
from Ly(— o, ) onto Ly(0, «) such that

1 This work was performed under the auspices of the U. S. Atomic Energy Com-
mission.
2 See [5] however.
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x(), 0=t< o,
Px(t) = { ®
0, —0 <t=0.
Let us consider the Fourier Transform, {, of the expression Lx(s)
=P [ k(s—Dx(t)dt.
LEMMA.
® y(w)

o M — A

1 1
FPE YN = — () +—P dp.

2 271

Proor. By the Paley-Wiener theorem §Px is the limit in mean and
almost everywhere of an analytic function &(z) such that
f°_°,°]<I>(x+y)l2dx <constant, 0<y< «. Furthermore, we may ex-
press ®(z) in terms of its boundary values as:
1 [~ Px(w)

®(2) = —
@ 2t _o u— 2

dpu.

But the Plemelj [1] formulae tell us that
S\ 4+ 70) — (A — 10) = FPx(N),

B\ + i0) — ®(\ — i0) = _1_ p” TP (w)

T —0 M

dﬂ:

from which the desired conclusion follows.
It is now clear that

LEMMA. )
2 1 1 ® b
Ly = SLF ) = — FOy0) + — P f_ _ﬁﬂ_)_y_(:l du.

L is now in the form of a special example out of a class of operators
for which the author was able to develop a complete spectral theory

(2], [3].

Let H be the Hilbert space which arises by completion out of the
continuous functions on (— «, ) with respect to the norm derived
from the scalar product

(fs &)=/ kW TF (W) (Few)~du=RC)Ff(), Fe(-)).

LeMMA. The operator L on H defined by seiting Lx(s)
=P [ k(s—t)x(t)dt is self-adjoint on H.

PRrOOF. {y, Lx)= (kFy, FLF'Fx) = (£Fy, LTx) =(Ly, x).

LEMMA. Let H denote the completion in H of the linear manifold of
functions that vanish in (— «, 0). H is annihilated by L.



884 J. D. PINCUS [September

ProoF. Let xEHA. (Lx, y)=(x, Ly)=0, Wy, because the range of
Lis A.

LEMMA. L restricted to H has an absolutely continuous spectral mea-
sure.

OUTLINE OF PROOF. Analyze L on the completion of FLy(0, ) in
Ly(— o, «; E(u)du) through the approximation method given in (2)
for the “splitting kernel” of singular integral operators. Specifically,
consider the sequence of operators on Ly(— «, ©; k™ (u)du) defined
by setting

w L)
(”))\ %(u) du,

- 1
Lwg() = 3™ N2 + —— P
271 . M —

where
EQN), —nmEX=n

0, otherwise.

EW)) = {

ReEMARK. This construction shows that the only change which
arises when the more general integral operators of (2) are studied on
(— 0, o) rather than on a set of finite measure is that in the infinite
case a trivial eigenmanifold of infinite multiplicity may exist. The
absolutely continuous part of these operators is still given by the
formulae developed in (2).

We turn to a construction of the generalized eigenfunctions of L.

Let
E(z,z)=exp{ f f g, w) :lu—z}

where

1 E(u) — v — i0
gy w) = —arg ——7 -
™ -V — 10
LEMMA. There exists a one-parameter family of positive purely singu-
lar measures of finite total mass, AM¢( ), defined on the Borel sets of the
real line and a positive function A(E) such that

(1-eo{- [Teew-2d) - [T 20 s

—0

Define {P;® (u)} to be a complete orthonormal set in Ly(dM¢(u)).
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Then let F(, 2) = E(£+10, 3) —E(E—1i0, 2)
Fl(sy Z) = (E(‘E + 1:0, z) - E(E - 1:0, Z))(A(E))”Z)

® G aM
rn =r6 [ PP T

, 1<j=m®
L— 3z
where m(£) is the spectral multiplicity of L and is computed as fol-
lows:

For each £ consider the set of u’s for which g(§, u) is different from
zero. If this set is a union of # disjoint intervals, then m(§¢) =n;
otherwise, it is infinite. Let

1 Fl(f, A+ ’LO) - Fl(f, A — 10)

mEN =05 10N ’
1 Fi(§ N+ i0) — Fi(§, N + io) .
. = — ’ =

and define a family of vector valued distributions mapping H into
Ly(s(L)) by setting x:(§, \) =F (£, N); i.e.

(s xs(& ) = (RS, #:(&, -))® for f € La(— o, ).

THEOREM. The distributions x:(&, ) form a complete orthonormal set
of generalized eigenfunctions for L on H. Thus, if we set*

8f = (g1()), - - -, gm(®)) = &()) with gi() = (f,x:(§, -)), then

SLf = £4(%),
m(£)
f(>\) = - Z Xi(gy X)g.(i‘) dE, and
9 m(E)
G === > | a® |2de.

o(L) =1

AN ExampLE. Consider the eigenvalue problem for the Lalesco
Equation (4), (6)

2m)r/2

1209 = 2 [ " exp(= | 1 = A |)2) du = £V,

3 The proof that this definition defines a continuous transformation is contained in
the results of (1) and (2). In addition, an alternate characterization of these distribu-
tions as continuous linear functionals on a space of infinitely differentiable functions of
rapid decrease at infinity is also discussed in (2).

4 This correspondence is first defined for f& Ly(— , ®). Then it is extended to H,
using the boundedness implied by the isometry statement of the theorem.
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EQ\)

® 1
exp(— (x| 4 2a)) dx = .
J et Lol iy ar = ——
The standard Wiener-Hopf theory proceeds by factoring

1—(2m)2E(\) (7). Let us apply our formulae instead. After an inte-
gration by parts we may write

EQ, ) = exP{E%J‘f_:[u + (1/11 YT (1/1 — 1)
— 1 — ! ]ln(u—z) du}.

u-t+1i1 w—1

_ 1
VZORK

Now taking 0 <Re /=1 and Im ] sufficiently small we can evaluate
the above integral by residues, obtaining:

—i—3
E(l, 3 = Imz>0, ImI>0
Ny T ’
—i— 3
E(l ) =— Imz>0, Im!l<0,
(/i —1)12 — 3
(1/1= )2~
E(s) = ———— Imz<0, Iml>0,
i— 3
—(1/1— )2 — g
E(l, 2) = - ) Imz2<0, ImI<O,
i — 3

from which we obtain in turn:

2(1/& — 112 2(1/¢ — 1)1

or

E(N) £

F(E,A+io)—F(£,>\—io)_2<1 )1/2 A+
£ 1

—_— 1 — A2

3
which is, except for the normalization, the standard result for the
(generalized) Fourier Transform of the eigendistribution of L corre-
sponding to the spectral point £ (The spectral multiplicity is of
course identically equal to one in this example.)

Final remarks. The rather cumbersome proof given by the author
in (2) can now be very much simplified by means of a new theory
of singular-Riemann-Hilbert boundary value problems [3].
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