
METRIC ENTROPY AND APPROXIMATION1 

BY G. G. LORENTZ 

1. Introduction. The notion of metric entropy (called also e-
entropy) has been invented by Kolmogorov [16], [19] in order to 
classify compact metric sets according to their massivity. The basic 
definitions are as follows. 

Let A be a subset of a metric space X, and let e > 0 be given. A 
family C/i, • • • , Un of subsets of X is an e-covering of A if the diam­
eter of each Uk does not exceed 2e and if the sets Uk cover A. For a 
given €>0 , the number n depends upon the covering family, but 
Nt(A) =min n is an invariant of the set A. The logarithm 

(1) H.(A) = log N.(A) 

is the entropy of A. (Sometimes this definition is modified by assum­
ing that the sets Uk are balls of radius e.) 

Points yx, • • • , ym of A are called e-distinguishable if the distance 
between each two of them exceeds e. The number Me(A) =max m 
is an invariant of the set A, and 

(2) C.(A) = log M.(A) 

is called the capacity of A. The main general fact about C€(A) and 
H€(A) is the simple set of inequalities 

(3) CUA) g H.(A) £ C.(A). 

In general, Ct(A) and He(A) increase rapidly to + °° as e—>0; their 
asymptotic behavior serves to describe the compact set A. 

For the computation of the entropy of concrete sets of functions, 
Kolmogorov [16], [19], Vituskin [37] and others, have used different 
special devices. The results obtained were mainly valid for the uni­
form metric, and for sets A, whose approximation properties by poly­
nomials, or by arbitrary linear combinations of fixed functions were 
well known. More precisely, the sets A under consideration were sets 
A (A, <ï>) described below, or at least approximable by such sets. 

Let <!>= {<£i, • • • , <j>ni - • • } be a fundamental sequence of points in 
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a Banach space X, that is, a sequence of points whose linear combina­
tions are dense in X. 

Let A = {So, • • • , S», • • • } be a sequence of numbers for which 
S n>0, So^Si^ • • • , Sw—»0. The wth degree of approximation of an 
element ƒ £ X by the system $ is given by 

- n 

(4) En(f) = min ||/ - J2 «***||, w = 0, 1, • • • . 

The set A (A, <ï>) consists of all elements ƒ £ X which satisfy the in­
equalities £$(ƒ) ^ S n , n = 0, 1, • • • . A set -4 (A, <£) is sufficiently rich, 
because by a theorem of S. Bernstein (Davis [8, p. 332]), for each A 
there is an / E X for which E*(/) =S n , n = 0} 1, • • • . We shall call the 
sets A (A, <ï>) the jfoZZ approximation sets. 

Is it possible to develop a method for the evaluation of the entropy 
of each set A (A, <£)? We shall give a positive answer to this question. 
I t is remarkable that neither the structure of the sequence $, nor the 
properties of the norm of the space X are important for the final 
results. In this way we obtain a uniform derivation of known estimates 
(Kolmogorov's for the classes Af,«, Vituskin's for analytic functions) 
as well as new ones (for example, classes A?t« in the Lp-norm). 

As forerunners of our results we mention the computation of en­
tropies of ellipses by Kolmogorov and Tihomirov [19, p. 40] and 
Mitjagin [25], and papers of Brudnyï and Timan [5] and of Helem-
skiï and Henkin [14], which deal with arbitrary compacts in Hilbert 
and Banach spaces. 

For a general theory of entropy, the reader can consult the article 
[19] and the books of Vituskin [37] and Lorentz [24, Chapter 10]. 

The plan of this paper is as follows. In §2, we study some geometric 
properties of compacts in finitely and infinitely dimensional Banach 
spaces. In §3, our main results (Theorems 2 and 3) are established; 
they concern the entropy of full approximation sets. Their usefulness 
for the computation of entropies of concrete sets is illustrated in §5. 
Another application, in §4.2, is to the "stability" of the approximation 
of full approximation sets. The estimate E * ( / ) â ô n will not be 
essentially improved for most ƒ £ 4 (A, <E>) if $ is replaced by some 
other sequence SF, and even if one is allowed to select for each ƒ the 
most favorable from a countable set of sequences ^ i , ^ 2 , • • • . 

Another application of ideas of §3 is to theorems of Vituskin's type 
in Banach spaces: in §4.1 for linear approximation, in §7 to (piecewise) 
polynomial approximation. A very simple proof of Vituskin's theo­
rem for rational approximation in uniform norm is offered in §6. 
Finally, §5 contains a review of recent results on entropy. 
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2. Properties of ellipsoids and of full approximation sets. In this 
section we shall study the geometric and the measure-theoretic prop­
erties of certain sets. Let X be a Banach space, <3>= {<£i, $2, • • • } a 
fundamental sequence in X. Let Xn be the w-dimensional subspace of 
X spanned by <j>i, • • • , <£„. To certain subsets B of X we assign their 
"euclidean volume" | B | , by identifying it with the volume of the 
image of B in Rn under the map ai<£i+ • • • +#»<£*—>(&i, • • • , an). 
For k ^ n, the volume in the subspace Xk of Xw (and in subspaces of 
Xn parallel to Xk) will be denoted by | B | fc. 

In X n we consider the unit ball £/, balls C/r with center origin and 
radius r > 0 , and "ellipsoids" E = E(So, • • • , 8n_i), which consist of 
all points ai<£i+ • • • +an<j>n for which 

ai an 

— * 1 + • • • + * « G U. 
do dn-i 

If I U\ =XW, then | Ur\ =Xwrn, and 

(1) I E(ôo, • • • , 5n-i) I = Xn5o, • • • , 8»_i. 

A set A =A (So, • • • , 8»_i) is the set of all points / £ X n for which 
£? ( / )gS* , fc = 0, 1, • • - , n - l . 

LEMMA 1. .For /fee 6a// Ur of Xni and 0 < e ^ r , 

1 / r\n / r\n 

(2) - ( - ) ^ W r ) ^ 3 . ( - ) . 

PROOF. Let yu • • • , 3>m, m = Me(Ur) be a maximal set of e-distin-
guishable points of £/r. The closed balls with centers ji and radii e 
cover Ur. Comparing the euclidean volumes, we see that \ne

nMi{Ur) 

On the other hand, balls with centers yt and radii e/2 are disjoint, 
and contained in the ball Ur+e/2<ZUzr/2- I t follows \n(e/2)nM€(Ur) 
gX»(3r/2)». Thus, 

/ r\n / r\n 

(3) (—J £M.(Ur) ^*n{-) • 
Relation (2) follows from this and the inequalities M^M) ^Ne(A) 

£ MM). 

LEMMA 2. Let E be the ellipsoid £(S0 , • • • , 8n-i) 8 0 ^ • • • ^ 8 n _ i > 0 
m XM, Ze£ Ea®....4 &e ^ (fe —1)-dimensional section of E, g i^n fry Jfee 
relations ai = a%, i = k, • • • , n. If |X| ^ 1 cmd a/ =XaJ, i = fe, • • • , w, 
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(4) E ' ' I > I 77 ° ° 

PROOF. We put 

F - E a k , . . . t l 
0 

^—aJc • ' , - O n j 

t — Eak,--,ani 
„ 1 + X 1 - X 

The set F- is obtained from F by the mapping x—» — x and X n onto 
itself, hence | F_| = | F | . If x = (ai, • • • , an) GF", then 

1 + X o 1 — X o o / 
n. 

Moreover, since E is convex, F"CE. I t follows that F"CEa'k,...%dn 

= F'. 
By the theorem of Brun-Minkowski about mixed volumes [3, 

p. 88], 

. . 1 + X , , 1 - X , , . . 
\F"\> \F\+ \F\= \F\. 

Hence \F'\ ^\F\. 

THEOREM 1. Let E = E(ô0, • • • , ô„_i) and A=A(ô0, • • • , ôn-i) be 
subsets of Xn. Then their Euclidean volumes satisfy the relation 

(5) | £(ôo, • • • , ôn_x) | ^ | ,4(ôo, • • • , ôn_i) |. 

PROOF. The set A consists of all points x = aicj>i+ • • • +a n #» 
= (ai, • • • , an) £Xn for which 

mm Xi<l>i + • • • + Xn-i(j)n-.i + 
Ôn-1 

<\>n ^ 1 , 

(6) 
mm 

XI 

«2 an 

Xi<i>i H 02 + • * • H <t>n è 1 , 

ai an —- fa + • • • H <j>n 
OQ ÔQ 

while £ is given by one single inequality 

(7) — <t>l + * • • + <i>n 
00 On-1 

£U 

<: l . 
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We introduce intermediate sets Ak> k = 1, • • • , n — 1 in Xn. A point 
(#i, • • - , an) belongs to A & if and only if 

mm 
Xlt"-,Xn-l 

%l<t>l + + Xw_i#w_i + 
àn-l 

<t>n S 1 

(8) 
m m Xi<l>i + * • ' + Xk<l)k + <t>k+l + 

, On 
< 1 

ai 

So 
<t>i + 

dk~i dk 
H <Pk~l H <fe + + 

0»n 
<t>n ^ 1 . 

Conditions (8) contain n — k + l inequalities. All but the last one dis­
appear if k = n. Therefore, Ai = A> An=E. Hence all that we have 
to show is that \Ak\ S |-4*-i| for fe = 2, • • • , w. Let Gk, k~2> • • • , n 
be the n — ^-dimensional region of the change of a,k+i, • • • , an, given 
by the first n~k inequalities (8). Then 

Ak ~ I I -S**a*+ l /** - l . - " . *n - l«n /** - l l *^ fc+ l ' ' ' ddn 
J Gk 

= I dak+\ • • • dan I | Et 
J Gk J 

^k^kak+l/h-lf ,8n-ian/8k-i \k-V dak, 

where the last integral is extended over all ak for which 

m m Xi<l>i + + %k-l<t>k-l + 
dk 

•4>h + + Ôk-1 
<l>n < 1 . 

Applying Lemma 2, we obtain 

I -4*1 ^ I I •Ea*-iafc/*Jbf...,8n-1an/ai|*-irfa* d#w i fc- l 
ö * - i 

We now return to the full approximation sets A = 4̂ (A, 3>) in sepa­
rable Banach spaces X. I t is easy to see tha t each set A is compact. 
Their widths ([22], [33], [24]) can also be determined: 

(9) dn(A) = ôn » = 0, 1, 

Indeed, from the definition of A and the widths, dn(A) ^ôn. On the 
other hand, 4̂W = ^4(50, • • • , ô^-i) C.Xn contains the ball Uin_x of Xn. 
By Tihomirov's theorem [33, p. 84], [24, p. 137], in the space X, 
dn-i( Utn_J = ôn_i. Hence 
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dn-i(A) ^ dn-i(An) à ôn-i, n = 1, 2, • • • . 

LEMMA 3. Let A (A, <i>) be a full approximation set in the Banach space 
X, let A' ==A(ôo+2ôm • • • , ôn_i+2ôw) be a subset of Xn. Let B be the 
full approximation set of the factor space Y = X/Xn, which corresponds 
to the sequences dm §„+1, • • • and \//n, i/wi, • • • , where \[/it i = n, 
n + 1, • • • is the factor class which contains <£t-. If e = ei+e2, e i>0, 
€2>0, then 

(10) H€(A(A, *)) £ Hn(A') + H.%(B). 

PROOF. Let BQ be the set of all T / G ^ for which rfr\A(At <E>)F*0. 

Then 

(11) Bo C B. 

Indeed, let x G î / n 4 ( A ) ^ 0 . Since xÇzA(A)t there exists for each 
m ^ n a linear combination ai<j>i + • • • + dm(/>m for which 
\\x — (ai0i + • • • + am<t>m)\\ Û Sm. This implies 

\\v — (an^n + • • '+am\l/m)\\Y^Smi m^n. 

Hence rjÇEB. 
Assume now that A0 is the subset of X that consists of all points 

x with the property Ek(x) ^ 5& , k = 0, • • • , n — 1. Then for each class 
77 G F, the set 7/P\^40 has an e-net containing at most Ne(A(8ó +8n , 

• • * , Ôn- i+Ôn ' ) ) p o i n t s . 

For the proof, let rçH^o^O. If x G ^ ^ ^ o , we have p(x, Xn)fg5n ' . 
This implies that there exists a point #oG*7 with ||tfo|| ë=Sn'. Then 
rf = Xo+Xn. The sets r}r\Ao and C = 77n^4o — Xo are isometric, and it is 
sufficient to construct a required €-net for C in Xn. However, if yÇzC, 
then y = x — x0, xG-<4o, and £&(:y) ^ 8 / + | | x o | | ^ S / + S W ' , &<w. There­
fore, C(ZA(ÔQ + ô n , • • * , Sn'_i+Sn'), and the statement follows. 

We can now prove (10). Let e2<5w, let 771, • • • , rçm, m = N€2(Bo) be 
an e2-net for 2?0. For each i, let Xij,j=\, • • • , Nei(rjif^Ao) be an €i-net 
for the set rç/\4o, where ^40, with S/ =5fc + ôw, fe = 0, • • • , n — \, has 
been described above. Then the Xi$ form an e-net for A (A). In fact, 
let 3>G-<4(A), and let 77 be the class to which y belongs. Then for some 
i> \\v—Vi\\ =€2> and we can find a yiEiVi f ° r which ||y — y*|| ^e 2 (<8 n ) . 
Then Ek(yi)^dk+8n = 8k , fe = 0, • • • , n — 1; hence y»Grç/"Y40. Then 
for some j , ||y—##11 ^€-

The number of points %u does not exceed 

Nei(AW+*n> • ' - ,ô n Li+ô n ' ) )m, 

and we obtain (10). 
The case e 2 ^8 n is simpler. Here JB0 is contained in the ball U€2 of 
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the space Y, and the set 171, • • • , rjm can be replaced by the zero ele­
ment of Y. 

REMARK. The spaces X and Xn have been real Banach spaces. 
Similar considerations hold for complex Banach spaces. In this case, 
Xn is the set of all linear combinations a i $ i + • • • +an<f>n with com­
plex au or of all real linear combinations of In elements <£&, ^ , 
k = 1, • • • , n. In this case, n should be replaced by 2n in the formula 
(2), while instead of (1) we have |E(Si, • • • , 5„)| =XnSi, • • • , S .̂ No 
changes are necessary in Lemmas 2, 3 and Theorem 1. 

3. The main results. Let A = A (A, $) be a full approximation set 
in a Banach space X. Let C> 1 be a fixed constant. We define 

(1) No = 0, Nt = min {k: ôk S C- '} , i = 1, 2, • • • . 

The sequence iV* increases to + co, and 

(2) C-<*+1> < h £ C-< if Ni^k < Ni+h i = 1, 2, • • • . 

Let ANi = Ni+i-Nh i = 0, 1, • • • . 

THEOREM 2. .For a gwew e>0, €^\,let j be defined by 

(3) c -a -D < € g c- ( ' ' -2) . 

(4) ( # ! + • • • + tfy-s) log C â fl.U) ; 
(5) ff . (4) ^ (iVi+ • • • + iVy) log C + 

tfy log + J2 Ni log — — + Ni log do. 
C — 1 t'=o ANi 

PROOF. We begin with (4). Let n be arbitrary, and let An = AC\Xn. 
Let 3/1, • • • , ymj m — Mç(An), be a maximal set of e-distinguishable 
points in An. The closed balls of Xn with centers yi and radii € cover 
An. Therefore m\ne

n^ \An\. By Theorem 1 and 2(1) we obtain 

ôo • • • ôn-i ï ^ & 
M.{A) ^ M€(i4») è > CU) è E l o g - • 

We take n = Nj-%. By (2) and (3), 

CU) è E S log-

^ E Atf< log (C-^ 1 C'~2) = ï ) ( i - i - 3) ANi log C 

= (iVi + tf j + • • • + tfy_») log C. 


