SOME CLASSICAL THEOREMS ON OPEN
RIEMANN SURFACES!

BY ROBERT D. M. ACCOLA?

There are many approaches to the study of open Riemann sur-
faces. I shall mention only three of these. First, one can ask how to
generalize the classical theory of compact Riemann surfaces; that is,
the theory of algebraic curves over the complex numbers. My talk
will be concerned with this approach. Secondly, one can ask how
much of the classical theory of meromorphic functions in the plane or
unit disk carries over to more general domains. I shall not be con-
cerned with this problem today although perhaps this is a more rea-
sonable approach than the first, since open surfaces do not really
seem a proper object for algebraic investigation. (This, however, will
not prevent me from speaking on the subject.) Thirdly, one can deal
with the problem of classification of surfaces. This topic is, I think,
almost unavoidable in any discussion of open surfaces since it is
difficult to make general statements which do not trivialize for some
important class of surfaces. This will be particularly true for theo-
rems with algebraic origins, although there are notable exceptions.
Theorems concerning periods of differentials will make little sense in
the context, say, of the unit disk. Consequently, I shall have to dis-
cuss to some extent the classification problem in order that you under-
stand the types of surfaces where one can reasonably hope for ana-
logues of theorems from classical algebraic geometry.

The classical theorems I want to discuss are the following: Abel’s
theorem, the Riemann-Roch theorem, and the theorem of Torelli.
Let me remind you of the classical theorems in a form that seems most
easily generalized. The classical theory may be said to start with the
observation that the only functions meromorphic on the Riemann
sphere are the rational functions. On the Riemann sphere we may
prescribe the zeros and poles of a rational function subject only to
the restriction that the numbers of zeros and poles be the same if we
adopt the usual conventions when counting multiple values.

If one considers the field of meromorphic functions on a compact
Riemann surface, then, algebraically, this field is a finite (algebraic)
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extension of the field of rational functions. Each nonconstant mero-
morphic function on a compact surface takes each value the same
number of times, and, in fact, represents the sutface as a finite sheeted
branched covering of the Riemann sphere. However, when we ask
about the possibility of prescribing zeros and poles on a nonsimply
connected compact surface, we discover that we have lost some free-
dom. Already, in the case of elliptic functions, which are meromorphic
functions on a torus, we know that the difference between the zeros
and poles in a fundamental parallelogram must be some period of the
elliptic function. This first case of Abel’s theorem indicates that to
understand the problem of prescribing zeros and poles, one must
consider objects other than the functions; one must consider differ-
entials, or if you like what amounts to the same thing, one must con-
sider multi-valued functions. Abel’s theorem concerns three types of
mathematical objects: meromorphic functions, abelian differentials,
and divisors. Let me talk a little bit about differentials and divisors.

By an abelian (or meromorphic) differential one means a differen-
tial that is locally the differential of a meromorphic function. (I am
really talking about abelian differentials of the first and second kind.)
The integrals of such abelian differentials can be thought of as multi-
valued functions. While it makes no sense to talk about the value of
a differential at a point of a Riemann surface, it does make sense to
talk about the zeros and poles of an abelian differential. If an abelian
differential has no poles, it is said to be of the first kind, or regular.
On a compact Riemann surface, there are no regular single-valued
nonconstant analytic functions; however, if the genus is greater than
zero, there are everywhere regular multi-valued functions whose dif-
ferentials, the single-valued mathematical objects, form the vector
space of abelian differentials of the first kind. This vector space has
dimension g, the genus of the surface involved. Denote this space by
T's Let me remark here, that a very convenient way of forming mero-
morphic functions is to take the quotient of two linearly independent
abelian differentials, since this will be a single-valued function.

By a divisor on a surface we mean nothing more than a zero chain;
that is, a finite set of points with an integer associated with each
point. For a meromorphic function its zeros and poles form a divisor
where the associated integer is positive or negative depending on
whether the point is a zero or a pole, and the value of the integer is
the multiplicity. For an arbitrary divisor, the sum of the associated
integers is said to be its degree. Clearly, the degree of the divisor of
a meromorphic function is zero, since the numbers of zeros and poles
are equal.
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Before stating Abel’s theorem let me talk a little more about com-
pact surfaces. Topologically, a compact surface of genus g is a sphere
with g handles.? One can form a basis for the first homology group by
taking a pair of curves associated with each handle. If we label the
handles 1, 2, - - -, g, then we have cycles 4; and By for the kth
handle. They intersect each other but no other curves in the ho-
mology basis. A basis of this kind, of which there are many, will be
called a canonical homology basis. An abelian differential (of the first
or second kind) will have well-defined periods around any cycle.

For a torus, the genus is one. If we consider a torus as a period
parallelogram of an elliptic function with opposite sides identified,
the one abelian differential of the first kind is d2. The periods are
precisely the integrals of dz over the sides of the period parallelo-
gram. These sides form an 4 and a B cycle.

Abel’s theorem answers the following question. On a compact
Riemann surface, when is a given divisor of degree zero the zeros
and poles of a meromorphic function; that is, the divisor of a mero-
morphic function? The answer is roughly as follows. Since the given
divisor D has degree zero, we can join the points with positive coeffi-
cients to those with negative coefficients with curves to form a one-
chain v. The boundary, of this one-chain, dv, is D in the sense of
singular homology. Abel's theorem says that given v so that dy =D,
then there must be a one-cycle, ¢, that is; a one-chain whose boundary
is zero, so that to integrate any abelian differential of the first kind
a over 7y gives the same result as integrating « over ¢. Thus, over the
one-chain vy —c¢, any abelian differential of the first kind must have
zero period. Let me state this precisely now.

ABEL'S THEOREM. Let W be a compact Riemann surface. Let D be
a divisor of degree zero. D is the divisor of a meromorphic function if
and only if there is a one-chain v so that dy=D and [,a=0 for all
abelian differentials of the first kind, c.

Since the second condition is vacuous in case W is the Riemann
sphere, the theorem reduces to the fact that any divisor of degree
zero is the divisor of a rational function.

If one is perverse enough to refuse to form meromorphic functions
by taking quotients of differentials, one can still use Abel’s theorem
and the fact that the dimension of T', is finite to prove the existence
or meromorphic functions on compact surfaces. This remark is silly
when made in the classical context, but it does have some relevance
to the open case when the genus is infinite.

? | assume the surface is oriented.
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I shall not explain the Riemann-Roch theorem in detai . Its state-
ment is more complicated. Let me say that it involves abelian differ-
entials (even of the third kind), meromorphic functions, divisors, and
the finite genus, g, of the surface. It is definitely not silly to remark
that the theorem provides existence theorems for meromorphic func-
tions with prescribed singularities. These existence theorems do, how-
ever, depend on the genus being a finite number. Since the usual
statement of the Riemann-Roch theorem involves explicitly the genus
of the surface, one might wonder how one can hope to generalize this
to a surface of infinite genus. However, you will recall that in some
proofs of the theorem, the final formula is a consequence of the equal-
ity of dimension of two spaces of differentials. Since the genus does
not enter explicitly into the definition of these vector spaces, one can
hope to find a generalization at this point.

Now we wish to generalize Abel’s theorem to open Riemann sur-
faces. My remarks will have most pertinence to the situation of in-
finite genus. A sphere with a countable infinity of handles, which
become very small, or the surface of an infinite ladder furnish exam-
ples of such surfaces.

Another instructive example is the following. Let {a,.} be a se-
quence of distinct complex numbers converging to the origin. Join
the pairs ass-1, a2, by disjoint slits. Now cut the Riemann sphere along
each of these slits. Join two copies of such a multiple slit sphere by
cross-identifying across corresponding slits in the usual way. In this
way we obtain a two-sheeted branched covering of the Riemann
sphere minus the origin, with branch points of order two above each
of the a@,'s. Had we chosen but 2g+42 such points, a., the resulting
branched covering of the whole Riemann sphere would have been a
compact hyperelliptic surface of genus g. Since the branch points
converge to the origin in the case of an infinity of the a's, there are no
manifold points on the surface corresponding to the origin. The re-
sulting surface is of infinite genus and is called a transcendental
hyperelliptic surface.

In dealing with one-cycles on an open surface, it is necessary to
distinguish between dividing and nondividing cycles. A simple closed
curve on a surface is said to be a dividing cycle if, when we cut the
surface along the curve, the surface is, indeed, divided into two pieces.
Otherwise, a simple closed curve will be called a nondividing cycle.

At first glance, the project of generalizing any theorem concerning
meromorphic functions to open surfaces might seem futile because
of the work of Behnke and Stein [3]. They showed that on an open
Riemann surface one can have an everywhere regular analytic func-






