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1. Let gi, 22, • • • f ffn be positive numbers with 2^*-i 2& — 1- F ° r 

every sequence (xi, x2, • • • , #») with all x*>0 and for every real r, 
consider the mean of order r, Mr(xi, ), defined as 
( 2 * - i 2 ^ t ) 1 / r if r?*0, and as XI^-i xlk if r = 0. For given positive 
xi, X2, • • • , xw, it is known (see, e.g. [3, p. 17], or [11, p. 26]) that 
Mr(xi, X2, • • • , #w) is strictly increasing with r (except when x\ 
= X2 - - • = xn), and consequently if r < s , then 

(1) 1 ^ Mfi(xi, X2, • • • , Xn)/Mr(Xl, *2, ' ' ' , #n), 

(2) 0 ^ Afa(#i, «2, ' ' ' , O») — M r(#i ,#2, * ' ' , *»)• 

2. A natural question to ask is, whether one can give upper bounds 
for the right hand sides of (1) and (2) under, say, the hypothesis that 
A ^Xj^B,j=l, 2, • • • , n, where A and B are constants (0<A <B). 
Such an upper bound for the ratio in (1) was given by Cargo and 
Shisha in [4], a paper which served as a motivation and starting 
point of a considerable amount of further work by various authors. 

3. The main purpose of the present note is to give an upper bound 
for the difference in (2) under the restriction on the Xj stated in §2. 
As applications, we shall obtain a number of inequalities, including 
"complements" to the classical inequalities of Cauchy and Holder. 
Full proofs omitted here are to be found in [15]. 

4. In this section, 2i, 22» • ' • » 2« a r e fixed (though arbitrary) posi
tive numbers with 2 * - i 2*— I» a n d for every sequence (xi, #2, • • • ,xn) 
with all Xk>0 and every real r, Mr(pci, x2, • • • , xn) is as in §1. 

THEOREM 1. Let r, s, A, B be given reals (0<A<B, r<s), and 
let I denote the n-dimensional cube {(xi, ) : A^xk^B, 
& = 1, 2, • • • , n}. Then throughout 7, 

(3) M8(xh X29 • • • , Xn) — Mr(xh X2, • • • , X») ^ A, 

where A is 

(4) [OB8 + (1 - 6)A*]1i* - [OB' + (1 ~ e)Ar]^r ifrs 7* 0, 

[0£s + (1 - 0) A9]1'9 - &A1-* ifr = 0, 

<m<2 
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B8Al-9 _ [dBr + (1 - 0)Ar]1'r if S = 0. 

8 is defined as follows. Let 

Br - Ar 

h(x) = x118 — (ax + b)l,r with a = ; 
B8- A8 

B8Ar — BrA* 
j — ; if rs 7e 0, 

*(*) s *!/• - i4(JB/i4)<*-*>'<*--*> if r = 0, 

and 

*(*) s - * v + A(B/A)<*-Arwr-Ar> ifs^O. 

Let J denote the open interval joining A8 to B* if s 5^0, and let J= (Br, Ar) 
if s = 0. There is an x*(EJ such that h(x) <h(x*) for every x ( £ J", ^x*). 
(Observe that if rs^O, then ax+b>0 at the end points of J and, there-

fore, throughout J.) We set 

0 = (a* - A8)/(B8 - A8) if s 7*0, 
and 

0 = (s* - Ar)/(Br - il ') ifs^O. 

Equality in (3) /or a £öiw£ (#i, ) G i" AÖWS if and only if there 
exists a subsequence (ki, k%, • • • , kp) of (1, 2, • • • , n) such that 
2 X a â > w = 0, xkm

=sS (ra = l, 2, • • • , ƒ>), awd X/b = 4̂ for every k dis
tinct from all km. Finally, ifs^l, then x* is the unique solution ofh'{x) = 0 
in J. 

5. Here is an outline of a proof of Theorem 1. Suppose rs^Q. Then 
[12] throughout (A, B), 

r(xr — ax8 — b) > 0. 

Let (xi, x2, • • • , a:») be a point of / . Then 

f ( S ?*** ) — a ( X #*% j - i ^ 0, 

and so, 
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One shows that there is a unique point in the closure of J" where h(x) 
attains its maximum there, and this point, #*, belongs to / . Thus, 

M3(xh %27 • • • , Xn) — Mr(xh X2, • * * , Xn) 

= h(dB* + (1 -0)A') 

= [OB* + (1 - 6)A*]1i* - [dBr + (1 - e)Ar\u* = A. 

In case s^l, one can also prove the theorem by the method used 
in [4] to obtain an upper bound for the right hand side of (1). Namely, 
suppose n>ly r ^ O , and set F(xi, x2y • • • , xn)^Ma(xi, x%> • • • , xn) 
— Mr(xu 

X2y > Xn ) ; one shows that a point of I where F attains its 
maximum in I must be a vertex of ƒ. Thus, the last difference is 
bounded in I by max{ [xB6+(l—x)A9]118— [xBr+(l—x)Ar]llr: 
O ^ x g l } which equals A. 

REMARK. If r^O, $*zl, then 0 of Theorem 1 is the unique solution 
in (0, 1) of 
Y ~~ [x(y* - 1) + lYl^~l - 7 [%(Y - 1) + l ] ' 1 ' 1 *- 1 = 0 

5 Y 

(7 = B/A). 

6. Here are two examples. 
EXAMPLE 1. Let gi,g2, • • * , qn be positive numbers with 2)2-1 â> = 1> 

let 0 < ^ 4 < 5 , and set y-B/A. Let ^ 1 ^ ^ ^ 5 , jfe-l, 2, • • • , n. By 
Theorem 1 and by the preceding Remark, 

( n \ 1/2 n 

E ?*** ) - E ?*** ^ M2 + (i - 0M2]1/2 - M + (i - o)A]9 
* = » 1 / A;=:l 

where 0 is the unique solution in (0, 1) of 

K T 2 - I ) [ * ( T 2 - 1) + i ] - 1 / 2 - (7 - 1) = 0. 

A short calculation yields 

(5) 12 -?**») - 2-2*** ^ , , „ , ,x • 

Equality holds in (5) if and only if there exists a subsequence 
(ki, kt, • • • , kp) of (1, 2, • • • , n) such that 

» B + 3A 

„_i 4(JB + 4 ) 
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and Xk — A for every k distinct from all km. 
EXAMPLE 2, Let gi, #2, • • • , qn, A, B, y, xi, x%, • • • , xn be as in 

Example 1, By Theorem 1 and by the last Remark, 

E ?*** - ( È ?*/**) s «a + (i - «M - N-1 + (î - «M-1!-1, 

where 0 is the unique solution in (0, 1) of 

y - 1 + (7-1 - 1)[*(Y-X ^ 1) + l h 2 - 0. 

Solving for 0 and substituting in the last inequality, one gets 

(6) ( E qkxk) - ( £ g*/**) =â (£1/2 - A^)\ 
\ *=1 / \ £-1 / 

Equality holds in (6) if and only if there exists a subsequence 
(*i, & , - • • , *,) of (1, 2, . . . , n) such that J2Pm^Qkm = (l+y-ll2)"\ 
Xhm=zB ( w ~ 1, 2, » • • , p), and x& — A for every & distinct from all km. 

(6) can be obtained directly. For & *= 1, 2, • • • , w, we have, 

a* — (̂ 4 + B) + ilifc* = (xk — i4)(«* ~ £)#*~ é 0, 

Ç&̂ A â (4 + B)qh — ABqkX^ . 

1/2 

So, 

( E 0*ff* ) — ( E ?*** ) 

^ i4 + £ - i45 ( E ?***") — ( E ?***J 

r / n -^ 1/2 / n \ —1/2-12 

- il + B - I <̂LJB E ?**£" > - | E î*«* | J - 2(ilJB) 

^ il + B - 2(itB)1 '2 

= (51/2 - ^1/2)2 . 

One can also derive from this proof the necessary and sufficient condi
tion given above for equality in (6). (Compare the method of this 
proof with Diaz and Metcalf [9, §2, Remark 3],) 

7. Let (Xmi^cijSMi, QKm^b^M^ j = l, 2, • • • , n, n^X, 
niini2<MiM2, and let £1, £2, • • • , ?« be real numbers T^O. Set qj 
= ^ / S S ! i û A â Xj = aj/bj (7 = 1, 2, • • • , »). Observe that 

0 < W1/M2 ^ #/ ^ Af 1/0*2 0' == 1, 2, . • • , n). 
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By (6), 

(7) [( t <&) / t aM2] - [( t ^ié) / È »&] 
^ [(Mx/w2)1/2 - ( W W 2 ] 2 . 

One obtains also a necessary and sufficient condition for equality in 
(7). Since the left hand side of (7) is ^ 0 by Cauchy's inequality, (7) 
may be considered a "complementary" inequality to Cauchy's. Tak
ing êi = ?2 • • • £n = l, we obtain 

[(l^/s^-Ks^Vs*5] 
â [(MiM)1 '2 - (W^2)1 / 2]2 . 

8. We give now a complement to Holder's inequality. 

THEOREM 2. Let p>l, ^~1+g-1 = l, 0 < - 4 < £ , and let ai, a2, 
• • • , ani 6i, &2, • • • , bn be positive numbers with ASa)/a/b)/vSB 

( j = l , 2, • • • , n). Sety = B/A. Then 

(s, °s[(S"')/i°Ar-[(s«A)/sc 
^ [ W + (1 - ö )^ ] 1 ' * - [»J5-« + (1 - ffjil-*]-1/», 

where 6 is the unique solution in (0, 1) #ƒ 

q(yp ~ 1)[*(7P - 1) + l]-1 '* + p(y-q - l)[*(y-a - 1) + I]-*1/*»-1 = 0. 

Equality on the right in (8) AoWs if ató 0?% if /fere exists a subsequence 
(*i,fc, • • •,*«)<>ƒ(1,2, • • • 1n)suchthat(jymmtlakmbkm)/Yd„1ajbj==ei 

a^/b^ = B (m = l, 2, - - - , t), and a]fQ/bjfp = A for every k distinct 
from all km. Equality on the left in (8) holds if and only if all the ratios 
a)/a/b)/v are equal. 

Indeed, if we take in Theorem 1, r= —q, s = p, <Zy = a A/]C*- i a*̂ *» 
Xj = a)/a/b)/v ( i = l , 2, - • • , w), we have by (3), 

(9) 0 ^ Mp(xh x2, • • • , avO — M_s(#i, *2, • • • , s») â A. 

Equality on the left holds if and only if all the Xj a re equal. The dif
ference in (9) equals the middle member of (8). The number A, by 
(4) and by the Remark in §5, is the right hand member of (8). The 
necessary and sufficient condition in Theorem 2 for equality on the 
right in (8) follows, too, from Theorem 1. The inequality on the left 
in (8) is, of course, just Holder's inequality, and the condition given 
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for equality there, is just the familiar condition for equality in 
Holder's inequality. 

9. A number of matrix inequalities follow from Theorems 1 and 2. 
For these inequalities the reader is referred to [15]. For corresponding 
Hilbert space in inequalities, see [14]. 
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