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This note contains a new contribution to the already vast literature 
on the topic under discussion. While we were led to the present con
siderations through a remark in a paper of Bochner [4] and originally 
arrived at our results more or less independently, we found, upon 
turning to the literature of the intervening twenty years, that our 
work was quite closely related to papers by Weil, Sommer, Arens, 
Leray, Norguet, Waelbroeck, Gleason, and Aïzenberg [ i l ] , [9], [3], 
M> I?]* [lO], [5], [ l ] . Nevertheless, our approach offers some clarifi
cation of the existing theory and, indeed, we demonstrate this asser
tion by discussing a few applications. The subjects outlined here 
constitute a portion of material that will appear in forthcoming publi
cations. 

1. Cauchy-Fantappiè forms. Let CGC71. We shall be interested in 
certain mappings of neighborhoods of £* into O . Let us, in particular, 
consider two such mappings, \J/ and ƒ, where \p is of class C°° and ƒ is 
holomorphic. Writing \[/— (i/'i, • • • , \J/n) and ƒ = (fi, • • • , / n ) , we set 
{ ,̂ ƒ) = ^ i / i + • • • +^rj». As usual, we decompose the^peration d of 
exterior differentiation into its two components 3, 3, of bidegree 
(1, 0) and (0, 1) respectively, so that d = d+d. Next, we introduce the 
two differential forms co(f) = ^ / i A • • • /\dfn and 

(1.1) co'O/O = £ ( - l ) ' - V ^ i A • • ' A ^ M A ^ I A • • • A ^ n . 

If (\p, ƒ) (f) 5^0, then the differential form 

(1.2) (-i)n(n-i)/2 („ _ !) 1 ( 2 ^ , / » - V 6 « A «(ƒ) 

will be called a Cauchy-Fantappiè (C-F) form of type ƒ at f. When 
^ = / , we shall speak of the Bochner-Martinelli (B-M) form of t y p e / . 
The fundamental structure of C-F forms follows from 

THEOREM 1.1. (i) ~d(yp, /)-"wco'(^) = 0 . 
(ii) If the functions (^0), ƒ), j = 1, 2, do not vanish on an open neigh

borhood Vx of f, then there exists a differential form (3 of bidegree 
(0, n — 2) on Vç> such that 

1 The author gratefully acknowledges support by the National Science Founda
tion under grant GP-6102. 
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In particular, the C-F forms of type ƒ are ô-closed (hence closed) 
and the difference of two such forms is 3-exact (hence exact). The 
proof of Theorem 1.1 is best obtained by imbedding the family of 
forms in the larger family 

(1.3) £>«*<«, /)~V(1), d((tm, />-^(2)), • • • , 5«*<->, /)-Vw)) , 
where D is a determinant with the indicated column vectors, but 
where exterior multiplication is used in place of ordinary multiplica
tion. 

PROPOSITION 1.2. The expression (1.3) is independent of the choice of 
the mapping ^ (1 ). 

This immediately implies that the members of the^ family (1.3) are 
d-closed and that the difference of two members is d-exact. 

PROPOSITION 1.3. (*- l ) !<* , /)-*<*'($) =D((f, frS>, d((f, / > - y ) , 

• • • , ô « * , / > - V 0 ) . 
Thus Theorem 1.1 is proved. 

2. The Cauchy integral formula. Suppose that g is holomorphic in 
a domain D(ZCn containing the point s, and that 7 is a cycle2 in D of 
degree 1 with respect to the point s. W i t h / s f — g and ty, f—2)5^0 
at all points f of 7, we multiply the form (1.2) by g and integrate 
over 7. Now, in view of Theorem 1.1 and Stokes' theorem, we may 
replace \[/ by ƒ and 7 by a sphere with center z. However, now the inte
gral simply reduces to the mean value of g over that sphere, so that 
our integral is equal to g (z). 

3. Residues and local properties of holomorphic mappings. Let us 
suppose that D is a domain with 0£D(ZCn and ƒ: D~>Cn is a holo
morphic mapping with jf(0) = 0 . If all components of ƒ have power 
series expansions of degree 1 about 0, we may write ƒ = A z near 0, 
where A is a matrix of holomorphic functions, such that det A(0) 
— J(f)(0) * ^ e complex Jacobian of the mapping ƒ at 0. We now ob
serve that (^, ƒ) = (^, Az) = ('Ai/t, z), and that co'('i4^) = (det A)<Û'($). 

In particular, when det ^4(0)^0, we have 

(3.1) <*, ƒ>-»«'(*) A *>(ƒ) = (det A)-V(j)(*A^ s ) - V ( ^ ) A «(s) 

near 0. This identity, together with Theorem 1.1 and the results of 
§2, yields 

More precisely, a compact bounding (2w —l)-cycle. 
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PROPOSITION 3.1. Suppose that D is a domain with 0 £ D C C n , and 
ƒ: D—tC71 is a holomorphic mapping such that / ~ 1 ( {o} )={0} and 
J(f)(0) T^O; then, if g is a function holomorphic in D, y is a cycle in D 
of degree 1 with respect to 0, and (^, jO^O at all points ofy, 

(3.2) ( - l )»<-«/*(n - 1)1(2*0-* f «<*, ƒ>-»*/(*) A «(ƒ) - *(0). 

We stress that we have arrived at this result without employing 
the implicit function theorem. Consequently, we can obtain a new 
proof of this theorem by applying the ideas used for functions of one 
complex variable. Furthermore, we may also use such a method 
together with Sard's theorem, to establish the classical theorem that 
if ƒ is 1-1 on D, then ƒ is an open mapping with a holomorphic inverse. 

4. Problems of analytic continuation. We shall be interested in 
complex manifolds M of dimension w è 2, which satisfy the condition 

(*) For each pÇzM, there exists a holomorphic mapping fp: M—>Cn, 
which is nonsingular at p, such that fp1({0})= {p}. 

Notation. Qv = sheaf of germs of holomorphic forms of degree v, H* 
refers to cohomology with compact supports. 

Following ideas of Bochner [4], we can now prove 

THEOREM 4.1. Let M be a paracompact connected complex manifold 
of dimension w ^ 2 , which satisfies condition (*). Suppose that there 
exists an increasing sequence {Dj} of relatively compact open sets in M, 
such that M= UJDJ and Hn~l(Dh Qw) =0for eachj; then H&M, 12°) = 0. 

The proof employs C-F forms of type fp together with a local ver
sion of an extension problem for ö-closed forms of type (w, w —1) due 
to Andreotti and Vesentini [2]. The theorem implies, in particular, 
that H2n-i(My Z) = 0 and that if D is a relatively compact domain in 
M with a connected boundary dD, then any function g, holomorphic 
on dD, has a single-valued analytic extension to all of D (Hartogs' 
theorem). When dD is smooth, the last statement even holds when g 
is Holder continuous and satisfies the tangential Cauchy-Riemann 
equations in the sense of the theory of distributions. Theorem 4.1 is, 
of course, closely related to a special case of Serre's duality theorem 
[8]. If M is a Stein manifold, the hypotheses of Theorem 4.1 are ful
filled. 

If we apply Cartan's Theorem B to our integration theory, we 
obtain the following interesting result. 

THEOREM 4.2. Let M be a Stein manifold of dimension w e 2 , K a 
compact subset of M, dK the boundary of K, L a closed subset of dK, 
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and pÇzK. If there exists a function h, holomorphic on K, such that 
\h(p)\ >ma,xq<= L\h(q)\, then f or every open set V, such that dK—L 
C VC.M— {p}, the envelope of holomorphy E(V) must contain a point 
p which projects onto p. 

5. Banach algebras. We shall only be concerned with unitary com
mutative Banach algebras B over the field C of complex numbers. 
The spectrum <r(B) is given the Gelfand topology. If jfi, • • • ,fnE:Bt 

then the mapp ing / : <r(B)->Cn defined by ƒ(%) = (x(A), • • • > x(fn)), 
X£Ö"(-£) is continuous. The compact subset ƒ (cr (B)) of O is called the 
joint spectrum of jfi, • • • , ƒ». A point s = (21, • • • , s w )£C n lies in the 
complement f(<j(B))f of the joint spectrum if and only if the ideal 
(21—jfi, • • • , Zn—fn) is the unit ideal of B. In that case, there exist 
elements #i, • • • , an(E.B, such that ai(zi— jfi)+ • • • +an(zn — fn) = 1. 
If f G O is close to z, then the element ai(fi—/i) + • • • +an(Çn— fn) 
is close to 1 and thus has an inverse, 6(f), which depends holomorphi-
cally on f. Setting &(£)<*/=#i(f), we have #i(f)(fi—jfi) + • • • 
+0n(f)(fn--/n)S 5 l for f near z. By using these local expressions 
together with a partition of unity, we can construct a C00 map
ping * : f(<r(b))'-*B», such that <<Kf), f ~ / > = ^ i ( f ) « W i ) + • ' • 
+^n(r)(fn— /n) = l on f(cr(B))'. We can therefore construct B-valued 
C-F forms, defined on f(pr(B)Y} for which the propositions of §1 are 
valid. As an example of an application, we formulate a type of Cousin 
problem. 

THEOREM 5.1. Suppose that B, Bi, B% are Banach algebras with con
tinuous homomorphisms r3-: B—>Bj. Let / i , • • • , fnC=.B and define 
fi\ ' ' • , f (n by f ^ ==rjfk. Suppose that gis a given function, holomorphic 
on the compact set K=f{1)(o-(Bi))r\f(2)((r(B2)). Assume that there exists 
a (2n — l)-cycle y in the region of definition of g with the following 
properties : 

(i) y is of degree 1 about each point of K; 
(ii) for each zÇî.K,the Cauchy integral of g over y yields the value g(z) ; 
(iii) there exist open sets U, Ui, Z72, with UjQf(l)(a(Bj)yt U 

Cƒ(1)(ö•(5l))/^ƒ(2)((r(^2)) ,^ƒ(a•(ô)) ,, and Uir\U2 = 0, such that 
yd Ui\JU%\JU\ then there exist elements Gi£J3i and G2ÇEB2, such that 
whenever xiG^C^i)» X2G^(^2), and xiri = X*r2> Xi(Gi) +X2(G2) 
= ^(f(1)(xi))=^(/(2)(X2)). 
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