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1. Preliminaries. We shall state in this section definitions and re
sults concerning general integral transformations, which will be 
needed in the second part of the paper. The proofs of these results 
can be found in [ l ] . 

Let (X, ju), (F , v) be two <r-finite measure spaces, <t> and \[/ be mea
surable, positive almost everywhere functions on X and F, such that 
fx<l>(x)dii(x) ==fY^P(y)dp(y) = 1 and denote by px and pr the translation 
invariant metrics defined for measurable, finite a.e. complex valued 
functions on X and F by the formulas 

u(x) \ 

x 1 + I u(x) I 

/
I v(y) I 

„ , . , , . f(y)dv(y). 
Y 1 + I v(y) I 

CD - ' M 
PY 

The spaces 5DÎ and Sft of all measurable finite a.e. functions on X and 
F respectively, when provided with metrics px and pr become com
plete linear metric spaces. The topologies induced by these metrics 
are equivalent to topologies of convergence in measure on all subsets 
of finite measure. 

If K(x, y) is a measurable, complex valued function defined on 
XX F, then the proper domain of the corresponding integral trans
formation K is defined by 

©*= LeWl: (\K\\u\)(y) 

<2) r ) 
= I | K(x, y) | | u(x) | dfx(x) < oo a.e. v> 

and for uS 2)x the integral transformation K: SD?—*$l is given by 

(3) (Ku)(y)= f K(x,y)u(x)d»(x). 
J x 

K is nonsingular if there exists a function ^ £ £)# such that w>0a .e , 
From now on we suppose that K is nonsingular. If A is a linear metric 
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space continuously contained in 9ft then K is called 4-semiregular 
{Ass.) if (i) S ^ n i is dense in A, (ii) the mapping K:AC\ 3)/r->$ft 
is continuous if 4 P i S i r is provided with the metric of A. If i t is 
^4-s.r. then it can be extended to the whole of A as a continuous trans
formation which we denote by KA. A is an FL subspace of 9ft if A 
is a complete linear metric space continuously contained in 9ft and 
uÇzA,vÇz$l, \v(x)\ û\u(x)\ a. e. imply that v E A. 

Define for every ƒ E 9ft 

(4) />*(ƒ) = PX( / ) + sup{Pr(Kg) : g S S>«, | *(*) | â I ƒ(*) I a.e.}. 

PROPOSITION 1. (i) fe is a complete metric on 9ft; (ii) the closure I&K 

of 35K: in 9ft with the metric PK is an FL subspace of 9ft; (iii) the trans
formation K: ^K-^yi is continuous if &K is provided with the metric PK. 

REMARK. 9ft provided with the metric PK is in general only a com
plete additive group and not a linear metric space. 

(ii), (iii) of Proposition 1 imply that K is SDJS: s.r. The corresponding 
extension K®K is denoted by K. QK is referred to as the extended 
domain of K. 

THEOREM 1. If A is an FL subspace of 9ft such that K is A -s.r. then 
A is continuously contained in &K and KA is the restriction of K to A. 

In this paper we are interested in the special case when X= Y=Rl, 
li —v is the Lebesgue measure and K(x, y)=^{xy y) — (2ir)'~ll2e~ixy is 
the kernel corresponding to the Fourier transform. Clearly 3)g: 
= L1(i?1). As concerns f)gr the following proposition is known 

PROPOSITION 2. If wG &$ then ^EAocC^1) and for every a>0 the 
quantity 

r oo / /» (n+l)a \ 2-11/2 

(5) y . - £ ( I |«|fe) 
L n=—oo \ "̂  na / J 

is finite. 

Theorem 1 implies that L1(i?1)+-^2(-K1)Cf)^; the existence of 
functions satisfying the condition in Proposition 2, which are not in 
L1+L2 follows from the following elementary remark. 

REMARK. A nonnegative function u belongs to L1+L2 iff min(w, 1) 
E £ 2 and u—mm(uf l j E L 1 . 

The function u = n if n^x^n+1/n2, n = 1, 2, • • • , and w = 0 else
where is not in Ll-\-L2 and ||«||i is finite. I t follows from the Proposi
tion 3 below that ||w||0 is finite for every a > 0 . 
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We shall prove in the next section that the condition in Proposition 
2 is actually necessary and sufficient in order that &££)g:. In particu
lar this disproves the conjecture raised in [ l ] that © g ^ Z ^ + I A 

2. The extended domain of Fourier transform. Denote by £(? the 
set of all functions u in L\0Q for which | |«| |0 is finite and let <C(2) 

= no>o <£(?. Clearly || ||a is a norm on £®; it can easily be verified 
that £^ is the completion of L1 with this norm. The following propo
sition shows that £(f = £W for all a>0. 

PROPOSITION 3. The norms || ||0 are equivalent f or a>0. More pre-
ciselyf if 0<a<b and k is the smallest integer such that b/k<a then 

(6) ( 2 * ) - 1 i « | | 6 ^ | | « | | « ^ 2 i i w | | 6 

for all u&£™. 

PROOF. Denote by kn the integers such that kna <nb^(kn + l)af 

n = l, 2, • • • . The second estimate in (6) is obtained by adding the 
inequalities 

kn+l / /» 0 + l ) a \ 2 

E ( I «1*0 
Z==7cn+1 \ J la / 

kn+l—I / f (H-l)a \ 2 

= E ( !«!<**) 
J-fc„+l \ J la / 

r / /» (n+l)6 /» (*n+l+Da\ "|2 

+ ( I + I )l«l<** 
L W fcn+1a ^ (n-fl)fr / J 

t *n+l—1 / /• (H-l)a \ 2 

E l l I «!<**) 
Z=/cw+l \ J la / 

/ /• (n+l)6 \ 2 / /»fcn+ia \ 2 H 

+ ( I l«l<**) + ( I |«|<z*) . 
> J (fcn+l-Do ' ^ *̂  <n+l)6 / J 

Similarly adding the inequalities 

(n+l)6 &n+l /» ( l+ l )a J» (n+l)6 fcn+1 /» (H-l)a 

I * I <** ̂  Z ) I U I 
n& J=fc» J la 

dx 

we get the first estimate in (6). 
In the outline of the proof above we considered only the part of the 

sum in || ||a and || ||& corresponding to n>0; the terms with negative 
indices n are taken care of by symmetry. 

If ^£c£ ( 2 ) and ^ is a function of rapid decrease, </>&, then the 
integral fl^ux^dx exists and <j>—>jZ„>u<t>dx is a distribution in S'; 
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denote by Û its Fourier transform in the sense of the theory of dis
tributions. 

PROPOSITION 4. If wG£ ( 2 ) then UE:Lf0C(Rl) and the mapping <£C2) 

3w—H2£Z | 0 C is continuous. 

PROOF. Let <t>GCo[( — a, a)]: denote / n = (mr/a, ((n + l)/a)ir), 
n = 0, ± 1 , ± 2 , • • • , and write 

CO / » CO 

(7) û(4>) = u($) = X) I u $ d x = 22 <**• 

Integrating by parts we get 

. / » + 1 \ f CfC* \d$(x) 
= $ I 7T J I ^ (#)J# — I I I U(t)dt 1 rf#, 

\ & / J I« Jln\Jnr/a I dx 
and by Schwartz's inequality 

i \J» + I\\\C ii f*\ll% c « i / n ^ r v/2 

| ön I â 9 I I | «Off + I ) | # tfffl | Jff I . 
I \ a /\\Jin II \ 0 / J in \Jin\dx\ / 

Using again the Schwartz inequality we get 

/ \ / n + l \ 12X1/2 

2 2 | « n | ^ f 2 2 U ( *") J |MI*/a 
(8) 

By Parseval's identity the first term on the right-hand side of the last 
inequality is equal to (#/^)1/2 | |0||/^-a,a)|H|r/a, the second is estimated, 
using Bernstein's inequality for entire functions of exponential type, 
by the expression (a7r)1/2||</>||L2(-a,a)||^||T/a. Combining this with (7) 
and (8) we get 

(9) | û(4>) | ^ [ ( T ) 1 ' 2 + M 1 ' 2 ] IMUkllx'c_. „) 

which proves the proposition. 
I t follows from the last proposition that the integral transforma

tion ^ is «£(2)-semiregular and since J3(2) is obviously an FL subspace 
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of 5DÎ we get by virtue of Theorem 1 the inclusion <£(2)CS)$F- Together 
with Proposition 2 this establishes the following 

THEOREM 2. The extended domain 3)gr of the Fourier transform is 
identical with the space £ (2 ) and ïïu = ûfor every w£<£(2). 

3. Concluding remarks. Define for l^*p<*> and u^L^R1) 

( °° / /* (n+l)o \ p\ 1/p 

52 (J \u\dx\ ) . 
By the same argument as in Proposition 3 the norms || ||0iP can be 

proved to be equivalent for all a>0. An easy modification of the 
proof of Proposition 4 gives, with £(2>) denoting the space of all func
tions u with ||w||.iP finite, 

PROPOSITION 5. If 1 <pS2 and l/p+l/p' = l, then uE£(p) implies 
uGLfoc and the mapping £(p)3u-*ÛÇ~:LÏO0 is continuous. 

The results of this paper can be extended to w-dimensional Fourier 
transform. 
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