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the closed sets. Notice that according to (iv), most spaces of im­
portance in mathematics are c-spaces. 

A category of antispaces T and onto continuous mappings ƒ cor­
responds to the category of spaces T* and onto mappings ƒ* (ƒ* de­
fined by the requirement, tha t the inverse of any compact image set 
is compact). This sets up an isomorphism as mentioned in the title. 
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1. Let f(z) be continuous on a compact set, B, in the complex plane. 
Then if B contains more than n points ƒ(z) has a unique best uniform 
approximation out of the polynomials of degree n. Tha t is, if P» is 
the set of polynomials of degree a t most n, there exists £ * £ P n 

satisfying 

a) Il/->!||<||/-#|| 
for all pÇzPn, py^pn, the norm being the uniform norm. I t is an in­
stance of a result due to Kolmogorov (see Meinardus [2; p. 15], for 
example) that £*£Pn satisfies (1) if, and only if, 

(2) min Re[f(z) - pl(z)]f(S) ^ 0, p G P n , 

where 

(3) £ ={«/!ƒ(«)-*!<*) I = | | / - p!\\). 

Let us put 

(4) P » ( / ; 5 ) = | | / - / „ | | . 

In [ l ] Al'per showed that 

(5) P»(?/(zp - a?) ; KR) = RP*+P+>/( I a |«» - R*») | a \»k 
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where KR is the disc |*| ^R, \a\ >R, p is a positive integer, s = 0, 
1, • • • , p — 1 and n = pk+s, pk+s+1, • • • , pk+s+p — 1 for every 
nonnegative integer k. 

I t is the purpose of this note to exhibit the polynomials p* for 
which (5) is attained. To our knowledge this is the first example of the 
explicit construction of relatively nontrivial best uniform polynomial 
approximations in the complex domain. 

2. The essential part of our result is contained in the 

THEOREM. If 0 < - 4 < l , the best uniform approximation by poly-
nomials of degree at most n on K: \z\ g l to the function 

(6) f(z) = 1/(1 - Az) 

is 

(7) ?.(*) = 1 + Az + AW + • • • + A»-Hn~l + ( i l»/(l - A*))z». 

PROOF. 

(8) ƒ(«) - qn(z) = (4»+V(l - A>))z»(z - A)/(l ~ Az). 

We can now either refer the reader to Al'per [ l ] or conclude as fol­
lows. The set E needed in (2) and defined in (3) is, for ƒ—qn, clearly 
C: \z\ = 1 . Given pEPn, on \z\ = 1 

Re[/(s) - qn(z)]p(z) = (A~"/(l - A>))Re[z»(z - A)/(l - Az)]p(z), 

= (4»+y(l - A*))Re[srn(l - Az)/(z - A\p(z), 

and hence 

min Re[/(2) - qn(z)]p(z) = min R e | ( ^ _ ) « » p ( _ Y ] . 
zee 1 — A2 zee L M - i z / \ 2 / J 

But Re[((2—A)/(l— Az))znp(\/z)\ is harmonic in \z\ ^ 1 and has a 
zero a t -4, therefore its minimum on |z | = 1 cannot be positive. In 
view of condition (2) the Theorem is thus proved. 

COROLLARY 1. 

P n ( l / ( 1 - ^ ) ; X ) = ^ + V ( l - ^ 2 ) , 

which agrees with (5). 

COROLLARY 2. If 0 <A < 1, /&£ fcas/ uniform approximation by poly­
nomials of degree at most n, where kp+s^n<(k + l)p+s, on 
K: |*j ^ 1 to 

f(z) = «•/(! - i l v ) , 
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where p is a positive integer, $ = 0, 1, • • • , £ — 1 , and k is a given non-
negative integer, is the function 

q(z) = s»(l + A*& + A2pz2p + • • • + AVo-VH®-»» 

+ (Akp/(1 - A2p))zkp). 

(Note that it suffices to prove this for n = kp+s. The full result then 
follows from the observation that since (\—Apzp)-1 is a function of 
zp, only powers of zp can appear in its polynomials of best approxima­
tion.) I t is easy to extend these results to \z\ ^R, and thereby 
recover (5). 
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