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We consider the following nonlinear boundary value problems on 
the interval a^xSfi'-

(i+ 1-) [#(*)ƒ]' + q(*)y + *yM ± *(*, % / ) ] = o, 
(2) yifit) + yiy'(a) = 0, y{0) + y2y

f(p) « 0. 

Here X is a real constant. We assume that p(x) > 0, a(x) > 0, p'(x), and 
q(x) are continuous in a Sx :g]8. In addition in the region 

D = {(x, y, z)\a S x S fi, — °° < y < °°, — <*> < % < oo}, 

we require h to satisfy the following conditions : 

(3) h(x, y, z) is defined and continuous, 

(4) *(*, y, z) â 0, 

(5) * ( * , 0, 0) = 0, 

(6) lim h(x, cl-, crj) = oo uniformly f or a ^ x ^ 0 
C-+-J-UG 

and for all ^ 0 , 7 7 ^ 0 . 
We also assume that 71, 72, and q(x) are such that the eigenvalues, 

Xn, of the "linearized" problem, 

(7) [p(x)$: ] ' + q(x)$n + \na(x)$n = 0 

with boundary conditions (2), satisfy 

(8) 0 < Xi < X2 < • • • < A* < • • • , 

with $k having k — 1 zeros in the open interval (a, /3). 
Previous studies of special cases of equations (1+) and (1"") with 

boundary conditions (2) have been done by Ljusternik [4], Nehari 
[5] and Pimbley [ó], [7] among others. Similar nonlinear eigenvalue 
problems for partial differential equations have been treated by 
Berger [ l ] , Browder [2], and Levinson [3]. 

We treat the question of the existence and multiplicity of solutions 
of equations (1+) and (1~~) with boundary conditions (2). There are 

1 This paper represents results obtained at the Courant Institute of Mathematical 
Sciences, New York University, under the sponsorship of the National Science Foun­
dation, Grant NSF-GP-6724. 
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two different kinds of existence behavior, depending on whether (1+) 
or (1~) is considered. The following two theorems indicate these dif­
ferences. These results also give an answer to the question of whether 
the nontrivial solutions (eigenfunctions) given by the linearized 
theory for particular values of X, continue to exist as nontrivial solu­
tions for the nonlinear equation at other values of X. 

THEOREM 1. For equation (1+) with boundary conditions (2) and f or 
each X£(0 , X») there exist a denumerable infinity of pairs of real non-
trivial solutions (yh, yk) for each integer k^n. Moreover, each element of 
the kth pair has k — 1 zeros in the open interval (a, /3). In addition for 
X ^ 0 there exist no nontrivial solutions. Also for the special case in which 
h(x,y,z)=h(x, ~y, —z)onD,thenyk~—%. 

THEOREM 2. For equation (1~") with boundary conditions (2) and for 
each X£(X», <*>) there exist n pairs of real nontrivial solutions (yk, yk), 
k = l, 2, • • • , n. Also for each X £ ( — <*>, 0) there exist a denumerable 
infinity of pairs of real nontrivial solutions (Yk, Yk), k = l, 2, • • • , 
which do not bifurcate from the trivial solution y ss 0. Moreover each ele­
ment of the kth pair j in each of the above cases has k — 1 zeros in the open 
interval (a, /?). In addition f or 0^X<Xi there exist no nontrivial solu­
tions. Also for the special casein which h(x, y, z)=h(x, —y, — z) on 
D, yk= —yk and Yk= — 7k. 

The proof of these theorems is based upon a method used by the 
author in [8]. In that case the problem concerned the existence of 
buckled states of a circular plate and a theorem analogous to Theorem 
2 was proved. The method involves certain nonlinear operators. The 
properties of these operators depend very strongly on the theory of 
the linear Sturm-Liouville problem. These operators are shown to 
have fixed points by using the Schauder fixed point theorem. Then it 
is shown that the existence of these fixed points implies the existence 
of the solutions referred to in Theorems 1 and 2. 

Further results. 1. Condition (6) does not have to hold for all 
£5^0,775^0 in special cases. For example, if h(x} y, z) = (z — ky)2, k con­
stant, then f or all £ 5̂  0, rj 3^ 0 such that rj = k% condition (6) is not satis­
fied. Nevertheless, it can be shown that the statements of the above 
theorems are still true. 

2. The restriction (8) that all the linearized eigenvalues be positive 
can be dropped and similar results hold. However the special cases 
X<0, X = 0, and X>0 must then be treated separately. 

REMARK 1. Condition (5) is used so that the linearization of (1+) 
and (1~) about the trivial solution ^ = 0 is equation (7). 
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REMARK 2. Examples of equations similar to (1+) or (1~), although 
not necessarily of second order, can be found in the theory of "buck­
ling" of elastic plates, shells, and rods. In the buckling of a straight 
rod or plate when the load parameters (in our case X) is decreased the 
system usually returns to its unbuckled state (super-critical buck­
ling). However in the buckling of shells and curved rods a "snap 
through" phenomenon may occur, where the deflections become large 
even though the load is decreased (sub-critical buckling). The behav­
ior in the first case is associated with solutions of (1~) and that of the 
second case with solutions of (1+). 

REMARK 3. The physical significance of the non trivial solutions 
mentioned in Theorem 2 for X £ ( — oo, 0) is usually associated with 
those kinds of "buckled" states which cannot be reached by a continu­
ous deformation from the unbuckled state (trivial solution). In other 
words, these solutions do not bifurcate from the trivial solution y^O. 
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