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Details of proofs, computations, and applications will appear else
where. 
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FIXED POINTS OF NONEXPANDING MAPS 
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Communicated by F. Browder, July 12, 1967 

Introduction. This paper is concerned with nonexpanding maps 
from the unit ball of a real Hubert space into itself. Browder [ l ] has 
established that such maps always possess a t least one fixed point. 
We shall develop a method, which resembles the simple iterative 
method, for approximating fixed points of such maps. In fact, we 
shall generate a sequence, {xn}, by the recursive formula xn+i 
= kn+if(xn) where ƒ is the map in question and {kn} is a sequence of 
real numbers. Our main result is Theorem 3 which states sufficient 
conditions on kn to insure the strong convergence of xn to a fixed 
point of ƒ. 

Definitions and preliminary observations. Let H be a Hubert space 
with inner product denoted by ( , ) and norm by || ||. Let B be the 
unit ball, B={xeH\\\x\\^l}. A map ƒ: B-±B is nonexpanding if 

ll/(*W(y)ll âlk-yll for an Xl yeB. 
Assume that ƒ : B~-*B is nonexpanding. I t is not difficult to estab

lish that the set F of fixed points must be convex. Using the con-
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vexity of F it is then easy to see that there is at most one y G F such 
that ||y|| =infseF||2||. Now if g: B—*B is defined by g(x)=kf(x) with 
|jfe|<l then g satisfies ||g(^)—g(y)|| è \ k\ \\x—y\\ for all x, yE.B. 
Consequently there exists a unique point yk£:B such that yu — giyu) 
= kf(yk). 

We begin by giving a new proof of a result of Browder [2]. 

THEOREM 1. Let ƒ: B—>B be a nonexpanding map and yk the unique 
element of B satisfying yk — kf{yk) for \k\ <1 . Then 

lim yh = y 

where y is the unique fixed point o f f with the smallest norm. 

PROOF. It is obviously sufficient to show that ykc-*y as i—»QO for 
each sequence k., i = l, 2, • • • , satisfying fei<fe2<fe3< • • • and 
ki—>1 as i—» oo. The existence of y will be established in the course of 
the proof. 

Assume that 0<fe<Z^l, yk
:s=zkf{yk)i yi~lf(yi) and d~yi—yk. Then 

using \\f(yi)~ƒ(y*)|| ^| |yi-y*| | we obtain 

QrKyk + d) - k~iyky l-\yk + d) - r 1 ^ ) ^ \\d\\\ 

Thus 

(1) G"1 - *-l)»|M|» + Q-* ~ Dlkll2 ^ 2(*ri - J " 1 ) ^ * , «0-

Consequently, (yk, d) è 0. 
Now note 

N I 2 = (y* + d, yk + d) - |W|2 + ||<*||» + 2(yk, d) 

and so 

(2) IMI 'è lMI ' + Hyi-y*!!1. 
The sequence 

Hence ||yi—y*|| ^ 
\yi\\, being monotonie and bounded, converges. 
^IrHWI2""""^ a s »̂ /—>+°°. Thus yfc< converges 

to some q as i—>oo. Since .B is closed gG^- Note that because ƒ is 
nonexpanding it is continuous. Thus if we take the limit of both sides 
of (3) below as i—> co we find that q is a fixed point of ƒ. 

(3) yhi = kif(yk%). 

Now let p be any fixed point of/. Then p = 1 (ƒ(£)) and so (2) holds 
with p~yu / — l, yki~yk and fe = £t- for any i —1, 2, * • • . Since y*—»g 
as i—»oo, ||yjbj|-->||g|| as i—>oo and thus | |g| |â| |?| | . Therefore ||#|| 
= inf||^||, £ a fixed point of/. As we have noted above there can be no 



19671 FIXED POINTS OF NONEXPANDING MAPS 959 

more than one such fixed point of ƒ, which we call y. We have thus 
shown that ykc+y as i—»oo for each sequence ki, i = 1, 2, • • • satisfy
ing fei<&2<&3< • • • and ki—>1 as i—>oo. This proves the theorem. 

Principal results. We know that if we pick any x^Ç-B and define 
xn, n=l, 2, • • • , inductively by the formula xn = kf(xn-.i) with 
\k\ < 1 then xn—>yk as n—>oo. We also know that Â-—>y as fe—>1, 
I k\ < 1 . This suggests the following question. What sequences of real 
numbers {fe*}, i = 1, 2, • • • , have the property that if we define the 
sequence zn inductively by 

(4) *o = a, zn+i = kn+1f(zn), n = 0, 1, • • -, 

and let y be the fixed point of ƒ with the smallest norm, then 

(5) zn->3> as w~>oo 

irrespective of our choice of Hubert space H, nonexpanding map 
ƒ: B—*B where B = {x\ # £ j ? , \\x\\ ^ 1}, and starting point a £ J 3 . Such 
a sequence {ki} will be called acceptable. 

THEOREM 2. TTww necessary conditions f or {&,-}, i = l, 2, • • • , to 
fo acceptable are 

(i) I fei| g l , alli = l, 2, • • • , 
(ii) fet—»1 as i—» 00, cwd 
(ni) IL-i *<«<>. 

PROOF. T O establish the necessity of a condition on {ki} we need 
only consider a particular H, ƒ, and a. Take H to be the reals and 
a = 1. Then if we set f(x) = 1 for all xE.B = {x| | x| ^ 1} we see that 
zn = kn for n = l, 2, • • • . Condition (i) is necessary in order that 
zn(EB. This is required so that zn+i is defined which, in turn, is needed 
for (5) to make sense. In this example y = l and so zn—>y implies 
kn—>1. This shows that (ii) is necessary. 

Now take H and a as before and set f{x) = — x for xÇzB. Then 
y = 0 and 3n = ( — l)wII?=i *f. Therefore 2n—>;y implies IL°Life* = 0. 
This proves that (iii) is necessary and completes the proof. 

THEOREM 3. Sufficient conditions f or {ki) to be acceptable are 
(i) ki <lfor i = l, 2, • • • , 
(ii) ki^ki+ifor i = l, 2, • • • , 
(iii) ki—>1 as i—»<*>, 
(iv) There exists a sequence n(i) such that 

(a) n(i+l)^n(i) for i = l, 2, • • • , 
(b) Ci+n^er1-*! as i-> 00, 
(c) n(ï)€i—>oo as i—><*>, wfeere e* = l — fe». 
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PROOF. We let yi~kif(yi) as above and observe that if Kn 

ll«w-y<l|-ll*W(«i)-*^(y<)|| 
^ ki\\zi — y<|| + | ki+i — ki\ 

â ki\\zi — y j | + kn — *«. 

For m<ny set Wo = ||2i»—y»|| and Wy+i = fe»-ze;y+fe»—&*. Then an easy 
induction shows that 

||**fi - yi\\ S w, = k%Zm - y,|| + {kn - *0(1 + *< + * < + • • • + A*"1). 

Noting that 

ƒ—1 oo 

E ^ E *! = (i - *<f * 
we obtain the estimate 

(6) ||fe ~ y<|| ^ * r" | | f e - y<|| + (kn - ki)(l - h)"1 (m < n). 

Next we will show that ||2»-+n(o---y»||--»0 a s ^"">0°- Using (6) with 
m = i and n = î + n ( i ) we obtain 

|p»+n(») — yi|| â 2&t- + (**fn(0 ~ ki)(l — &,) , 

i.e., 

||*«+n<0 — y*|| ^ 2^i + (€t ~ €i+n(*))€t . 

By condition (iv) (b) we have 

(ei — €,-+n(*))€< = 1 — €i4.„(t)€i —»0 as i~> oo. 

Since €»—»0 as i—•»+ oo, 

log(&i*) = n(i) log(l — €{) —» — oo as i—> oo 

if w(i)€t—>oo as i—>oo. But this is condition (iv)(c). Therefore 

(7) ||*<-H»<O - y*\\ —> ° a s * - » °° • 

-Since rc(i+l)è#(**)> all i, for any n sufficiently large there exists 
a unique j such that j+n(j)^n <j+l+n(j+l). This j increases 
without bound as n—• <». Now using (6) with m=j+n(j) and i = j 
+ 1 we obtain 



1967] FIXED POINTS OF NONEXPANDING MAPS 961 

Ik ~ 3V+i|| ^ ^y+r* ' \\*t¥*u) ~ y/nll + (*» - */+0(l - **-0 
â K||«/fO) ~ wll + I I * - y|| + l|y - y*i||) 

+ (€y+i — €y+i+„(/+i))€y+i. 

I t now follows from (7), Theorem 1, and condition (iv)(b) that 
||«»—yy+i||—»0 as n—>oo. But 3̂ +1—»? as w and thus j approaches 
infinity. Therefore zn-*y as n—» 00. Q.E.D. 

COROLLARY, /ƒ fc* = l — i~x with 0 < s < 1 , rten {fet} is acceptable. 

PROOF. Pick r such that x <r < 1 . Then set w(i) = [ir] where [t] 
is the greatest integer equal to or less than t. I t is easy to verify that 
{ki\ and n(i) satisfy conditions (i)-(iv) of Theorem 3 once one notes 
that n(i)i~r-^l as i—>«>. 

THEOREM 4. Let {ki} and {nti} satisfy \ki\ < 1 , &»•—»1, and É^—K). 
-(ƒ tfo£-ö awd x» are defined inductively by 

X» = knf(knf • • • (knf(%n-l)) * " ' ) » «= 1, 2, • • • % * W , 

PROOF. An easy induction on the following inequality (8) for qÇ-B 

(8) || knf(q) - ykn\\ = \\knf(q) - knf(ykj\\ £ kn\\q - y j | 

yields 

(9) Ik» - y j g C||«w-i - AJI £ 2iC. 
Thus ||ffn —yfcJI""*0 as «—>oo and since ykn—>y as n—><*>, #n—>y as 
n-*oo. Q.E.D. 
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