THE BOUNDED LINEAR OPERATORS THAT COMMUTE
WITH THE BERNSTEIN OPERATORS

BY A. G. KONHEIM AND T. J. RIVLIN
Communicated by R. C. Buck, August 10, 1967

Let C[0, 1] denote the linear space of real-valued continuous func-
tions on [0, 1] normed by

7l = max | ()]
0=z=1
and P, the subspace of C[0, 1] consisting of the polynomials of de-
gree <n. Foreachn (=0, 1, 2, - - - ) we denote by B, the operator
B,:C[0,1]— P,
defined by
" ”n
BNE = Zae/m ()9 Gz,

(Bof) (%) = f(0).

We call B, the Bernstein operator of order n and B,f the nth Bernstein
polynomial of f. The purpose of this note is to characterize those
bounded linear operators T

T: clo, 1]— cJo, 1]
which satisfy
(1) TB“ = B“T (n = 0, 1, 2, A ‘)

on C[0, 1]. We observe that it is sufficient to require (1) to hold on
P=U, P, since P is dense in C[0, 1].

LeMMA 1. (a) B.f=0 if and only if
fEN.,={geC[o,1]:g(k/n) =0, 05k <n}, (n21),
(Vo = {g € C[0, 1]: g(0)=0}).
(b) B, is onto P,.

LemMA 2. If T satisfies (1) on P then
(@) T: P,—P,;
(b) fEN, implies TfE N,.

Proor. B,Tf& P, and hence T'B,fEP,. Since B, is onto P,, (a) is
111
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established. Next, suppose that f&N,. Then TB,f=0 and hence
B,Tf=0, which implies that Tf&N,.

DEFINITION. Let { pri k=0,1,2, - } be the family of polyno-
mials

@) =1 ifk =0,

=% ifk=1,
k-1 1:
= & — — f25k< .
I(e-75)
LemMA 3. (a) The { pr: k=0,1,2, - } are linearly independent

and each p € P, admits a unique expansion p =acpo+apr+ - - + +aadn.
(b) If Bapr= 2.0 Co(n, k)p, then
(1) Ci(n, B)=0 if s#k (mod 2),
@) Co(n, B)=Ci(n, k)=0 4f 25k< o,
(iii) Ci(n, B)=0 4ifs>k.

ProoF. (a) is obvious. To prove (b, i) we observe that for k%1
(=1¥(Bapi)(®) = (Bupr)(1 — @) = 2 Cu(m, B)(—1)p,(%) + Calm, B).
]

For 25k <« we have (B,pi)(0) =p1(0) =0 so that Co(zn, k) =0. In
addition (B.pr)(1)=p1(1)=0 (2Sk< «) from which we may con-
clude that Ci(n, k) =0 (2=<k < «). Finally, the image of P; under B,
is just Py for k<#, and this gives (b, iii).
DEFINITION. Define the operators Uy, U1, U and U by
Uf)(x) = f0),  (UN)x) = (f(1) — f(0))x,
(UNH) =3¢ +f1 —a), UT=I-T.
LeEMMA 4. For each n, n=0,1, 2, - - -,
Uan = B”Uo, UIB,; = BnUl,
UB, = B,U, UB, = B,U.

PrOOF.  (UsBaf) (%) = (Baf) (0) =f(0) = (BaUef) (). (UrBaf)(x)
= ((Baf) (1) = (Baf) (0))x = (f(1) —f(0))x = (Ba Uyf) (x). Finally

(BuUN (@) = kz; /) '”2(1 = k/n) (:)x"(l -
-y n\ w1 — 2)** 4 (1 — x)kan*
= 3 fik/n) (k) 2

= (UB.f)(w).
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The result for U now follows, since U=TI—U.

THEOREM. A necessary and sufficient condition that a bounded linear
operator T: C[0, 1]—C[0, 1] satisfy (1) is that

(2) T = doUo+01U1+aU(I - Uo - Ul) +(il7([- Uo— Ul).

Proor. (i) By Lemma 4 it follows that any operator of the form
(2) satisfies (1).

(ii) By Lemma 2(a) we have Tpo=0ope and by Lemma 2(a, b)
Tpr=oupr for 1Sk <. By Lemma 3(a) this determines T on P.
It suffices to determine the {crk} such that TB,pr=B,Tp; for all k
and n. Now

TBn?o = Tpo = gopo = B,.Tz)o (n = 0, 1, 2, L] ),

TB,;?I = T?l = o1p1 = BnTp1 (n = 1, 2, IR ),
while T'Bopr=0=ByTp;. Thus ¢y and o1 may be chosen arbitrarily.
Henceforth assume that 2<%k < «. Then

TBupr = Z C,(n, k)o’dh

8m=2

while

B Tpr = 2, Co(n, k)arps
8=2
so that C.(n, k)(c.—0r)=0 2=s=n, 25k<», n=0, 1, 2, - ).
If we take n=2, then B,p;#0 for k=0 (mod 2) and hence C»(2, k)0
for k=0 (mod 2). Thus oy =0: for k=0 (mod 2). Assume next that

g3=05= - - - =03541. Then by Lemma 3(b, i)
Bojmpaes = 2, Cu(25 + 1,25 + 3)ps.
0s8s2i+1;
gm] (mod 2)

Since Bsjiipej+37%0 there exists a j,, 0<jo=j such that
Cajp1(27+1, 2j43) 0 and this implies that o2;43=03;41. Hence

or =0y fE=0(mod2)2 =k < w,
or=o0; ifk=1(mod2)2=%k< o,
so thatif p= D" o b.p, then

Tp = aobopo + o1bip1 + o2 > beps + o3 > Bapo

258sn;8=0 (mod 2) 2s85n;sml (mod 2)
Finally by=2(0) and bo+b1=p(1) and thus
Tp = aoUop + c1Urp + ooU(I — Uy — U)p + 0'3U(I — Uy — Upp
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satisfies (2) on P. But P is dense in C[0, 1] and hence T satisfies (2)
on C=[0, 1].

REMARK. The same methods lead to a somewhat more general
result. Suppose that for each #, =0, 1, 2, - - - X, denotes the set
{a, x™, . . ., 2™} of distinct points on [0, 1], with the properties
that for #=3 there exists some ¢ such that X;EX, and that
*"=0 n=0,1,2,--). Let By (k=0,1,2,--+) be a bounded
linear operator B;: C[0, 1]—P; (=0, 1, 2, - - - ) satisfying:

(1) Bk1=1(k=0v 1’ 2,00 )v ka:"x(k"_"lr 2’ M ): BOf‘_‘f(o)'

(2) Bif=0 if and only if

fENy={geC0,1]:gtn) =0, 0] s k).

(3) BuS=S8B; (k=0,1,2, - - - ) where (Sf)(x) =f(1 —x%).

Then the Theorem holds with an identical proof which we omit.
In addition to the Bernstein operators, the (Lagrange) interpolation
operators, Ly, defined by

(&)
X

k . k% —
TN = 2 flog) Il ——F
=) f=0; X — X
i ¢

are included in the more general result, provided that the interpolat-
ing sets X are invariant under the transformation x—1 —x.

We want to thank G. Rota for bringing this problem to our atten-
tion.
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