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Let C[0, l ] denote the linear space of real-valued continuous func
tions on [0, 1 ] normed by 

| | / | |= max | / (* ) | 

and Pn the subspace of C[0, l ] consisting of the polynomials of de
gree ^n. For each n (w = 0, 1, 2, • • • ) we denote by Bn the operator 

Bn:C[0, 1 ] ->P . 

defined by 

(£„ƒ)(*) = p ƒ(*/») ( * ) *»(1 - *)~+ 0* è 1), 

(£„ƒ)(*)=/(0). 

We call Bn the Bernstein operator of order n and Bnf the nth Bernstein 
polynomial of f. The purpose of this note is to characterize those 
bounded linear operators T 

T:C[0, l]-*C[0, 1] 

which satisfy 

(1) TBn = BnT (n = 0, 1, 2, • • • ) 

on C[0, l ] . We observe that it is sufficient to require (1) to hold on 
P = U» Pn since P is dense in C[0, l ] . 

LEMMA 1. (a) Bnf=0 if and only if 

fENn= {gEC[0, 1] :«(*/») = 0, 0 ^ 4 ^ } , ( » £ l ) , 

(tfo = {*GC[0,l]:«(0)-0}) . 

(b) 5 n w 0#/o Pn . 

LEMMA 2. If T satisfies (1) <w P then 
(a) T:Pn-*Pn; 
(b) /GiVw im/tUK r/GiVn. 

PROOF. BnTfEPn and hence TBnfEPn. Since £ n is onto Pw, (a) is 
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established. Next, suppose that fGNn. Then TBnf=0 and hence 
BnTf=0, which implies that TfENn. 

DEFINITION. Let {pk: ft = 0, 1, 2, • • • } be the family of polyno
mials 

pk(x) 1 
x 

if k = 0, 

if k = 1, 

= I I f * I if 2 g ft < oo. 

LEMMA 3. (a) TTze {£*:& = (), 1, 2, • • • } are linearly independent 
and each p(EPn admits a unique expansion p==a,opo+aipi+ • • • +<W>n-

(b) !ƒ 5n£* = £ j . 0 C3(n, k)p3 then 
(i) C.(», ife)=0 if 5^fe (mod 2), 
(ii) Coin, k) = GO, k) = 0 if 2^k<oo, 
(iii) &(»,*) =0 # * > * . 

PROOF, (a) is obvious. To prove (b, i) we observe that for fe^l 

(-1)*(£.**)(*) - (BnpkKl - *) - E C.(», *) ( - l ) '* . («) + Ci(fi,*). 

For 2gife<oo we have (Bnpk)(0) *=pk(0)=0 so that C0(», ft)=0. In 
addition (Bnpk)(l) = pk(l) =0 (2â&<°°) from which we may con
clude that Ci(n, k) = 0 (2gfe< <*>). Finally, the image of Pk under .Bn 

is just Pk for ft^w, and this gives (b, iii). 
DEFINITION. Define the operators Uo, £/i, U and Ü by 

(Uof)(x) - /(O), (Z7tf)(*) = (f(l) - /(O))*, 

(I7)(«) - *(ƒ(*) + / ( I ~ *)). # - I - 17. 

LEMMA 4. For eacA ^, n = 0, 1, 2, • • • , 

UoBn = BnUo} UiBn = BnUi, 

UBn = J3nZ7, #£« = £n*7. 

PROOF. (U«Bnf)(x) = (5n/)(0) =/(0) = (BnU*f)(x). {UiBnf)(x) 
= ((£„ƒ)(1) - (£„ƒ)(0))* = (ƒ(!) - / (O) )* - (JS.£/i/)(*). Finally 

(jB.oy)(*) - E 
» fik/n) + ƒ ( ! - * / * ) / » 

( ; ) 
#*(i — *)»-* 

-tffl»)(n.) 
- (UBnf)(x). 

n \ a;*(l - *)"-* + (1 - *)**"-* 
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The result for Ü now follows, since Ü~ J— U. 

THEOREM. A necessary and sufficient condition that a bounded linear 
operator T: C[0, l ] -»C[0, l ] satisfy (1) is that 

(2) T = a0Uo + aJJx + aU(I ~ UQ - Ux) + at (I - U* - Ux). 

PROOF, (i) By Lemma 4 it follows that any operator of the form 
(2) satisfies (1). 

(ii) By Lemma 2(a) we have Tpo — Copo and by Lemma 2 (a, b) 
Tpk^o-kpk for l ^ fe<oo . By Lemma 3(a) this determines T on P. 
I t suffices to determine the {crk} such that TBnpk — BnTpk for all k 
and n. Now 

TBnpo = Tpo = <r0£o = BnTpQ (n = 0, 1, 2, . . . ), 

rs»^i = r^i = crxpi = £n2>! (» - 1 ,2 , . . . ), 
while 1^BQPI = 0 = BQTPI. Thus cr0 and <T\ may be chosen arbitrarily. 
Henceforth assume that 2 ̂  & < oo. Then 

n 

««2 

while 

n 

«»2 

so that C.(n, Jfe)(<ra —<r*)=0 (2^s^n, 2gfe<oo, ^ = 0, 1, 2, • • • ). 
If we take n = 2> thenBnpk^0 for k^O (mod 2) and hence C2(2, k)9^0 
for &s=0 (mod 2). Thus o-k = or2 for £ = 0 (mod 2). Assume next that 
<r3 = (75= • • • =or2/+i. Then by Lemma 3(b, i) 

B2J+lpij+z = E C.(2/ + 1, 2/ + 3)#.. 

*»1 (mod 2) 

Since B2j+ip2j+ z 9*0 there exists a j 0 , 0<jo^j such that 
C2y0+i(2j+l, 2 j + 3 ) ^ 0 and this implies that Wj+z^fyj+i* Hence 

<rk = (72 if £ s 0 (mod 2) 2 g & < oo, 

<rk = o-s if £ = 1 (mod 2) 2 ^ & < <x>, 

so that if £ = 23?-o ^ £ * t n e n 

7 ^ = aobopQ + vibipi + <r2 2L, b*P* + °"3 ZJ, &•£•• 
2^«^n;s=0 (mod 2) 2£a<;n;8«l (mod 2) 

Finally &o = ^(0) and 6o+&i = ^ ( l ) and thus 

7> = trollop + tnUxP + a2U(I - t/0 - ffi)* + * • # ( / - tfo - W 
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satisfies (2) on P. But P is dense in C[0, l ] and hence T satisfies (2) 
on C=[0, 1]. 

REMARK. The same methods lead to a somewhat more general 
result. Suppose that for each n, w = 0, 1, 2, « • • Xn denotes the set 
{#on\ x<i\ • * • > #nn)} of distinct points on [0, l ] , with the properties 
that for n^3 there exists some i such that X&Xn and that 
*on)==0 (rc = 0, 1, 2, • • • ). Let Bk (fe = 0, 1, 2, • • • ) be a bounded 
linear operator Bk: C[0, l]—>Pk (& = 0, 1, 2, • • • ) satisfying: 

(1) 5*1 = 1(^ = 0,1,2, • • -)fB& = x(k = l,2, • • -) ,5o/=/(0). 
(2) J5A/=0 if and only if 

fENk~ {gGC[0, l]:«(*S°)-0, 0£j£k}. 

(3) BkS=SBk (fe = 0,1,2, • • • ) where (£ƒ)(*) = / ( l - x ) . 
Then the Theorem holds with an identical proof which we omit. 

In addition to the Bernstein operators, the (Lagrange) interpolation 
operators, Lk, defined by 

k k _ (k) 

are included in the more general result, provided that the interpolat
ing sets Xk are invariant under the transformation x-+l —x. 

We want to thank G. Rota for bringing this problem to our atten
tion. 
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