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1. Introduction. Let p: QY— 9 denote the natural homomorphism
from the stably complex bordism ring into the unoriented bordism
ring. Milnor showed in [8] that the image of p consists of all squares
([£]2)? in Ny Since N« is a polynomial algebra over Z,, an epi-
morphism R: QJ,—N, is defined by the condition that R?=p. Milnor
made use of the following result of Conner and Floyd [3, p. 64]: if r
is a conjugation on a closed almost complex 2#-manifold M, then the
fixed point set F(M) is an n-manifold and [M],= ([F(}M)]y)? in
Non, i.e. R([M]) = [F(M)].. Hence, if a conjugation is present we may
regard R as “passage to the fixed point set.” We shall develop a
bordism theory in which such a “fixed point homomorphism” is a
natural feature.

From the homotopy point of view, Q¥ coincides with the (stable)
homotopy m«(MU) of the Milnor spectrum MU [7]. In fact, the
Thom spaces M U(n) carry involutions making it possible to define
equivariant homotopy groups QY,=m,,(MU). The details follow.

Give C™ the involution (21, *++, 2,)0 (31, -+ -, Za). Then the
Grassmannian G,(C™) of n-planes in C™ inherits an involution, as does
the classifying space BU(n) =G,(C®). Moreover, the universal com-
plex n-plane bundle E*—BU(n) inherits an involution which makes
E" a real vector bundle over the real space BU(zn) in the sense of
Atiyah [1]. Thus MU(n) =B(E")/S(E") is endowed with an involu-
tion fixing the base point. Notice that the corresponding fixed point
sets are R™, G,(R™), BO(n) and MO(n).

Following Atiyah [1] let B?.¢ and S?¢ denote the unit ball and
unit sphere in a Euclidean space R?:¢ of dimension p ¢ carrying an
orthogonal involution with fixed point set Re. If X is a space with
involution and fixed base point *, let 7, ,(X) denote the set of
equivariant homotopy classes of maps (B??, Sr9)—(X, %). For
q=2, mp,¢(X) is an abelian group.

There are equivariant suspension maps %,: MU(n) N\ (B'1/S11)
—MU(rn+1), and so homomorphisms

Tpik, gt M U(R)) = Tppii1. et (MU (R + 1)).

1 This research was supported in part by National Science Foundation Grant
GP-6561.
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Hence we may define

U .
(1.1) Dp.g = Tp,o( MU) = I}Im Totk,ate(M U (k))

for integers p, ¢. There is a forgetful homomorphism ¢, and a fixed
point homomorphism ¢ obtained by restriction to the fixed point sets:
v ¥ v ¢
Qg — Qpg = N

We shall state a number of results about the groups @Y, and the
homomorphisms ¢ and ¢. The results of [5], on fixed point free con-
jugations and the existence of equivariant maps are a by-product
of this study. A similar investigation of equivariant stable stems has
been made by Bredon [2].

2. The exact sequence. The inclusions Rrtk.atk— Ro+k+l etk giye
rise to a homomorphism x so that the diagram

U X U
Qpr1,6— D o

o\ P
N

is commutative. The image of x consists of elements of order 2. As in
[6] there is an exact sequence

v X v V¥ v U
(2.1) s Qe Qg Qg = Lpyrg1 >
It follows from the exact sequence of [6] that ¢: QY,—%, is an iso-
morphism for p4¢ <0; this gives a basis for induction on p--g¢.

TrrOREM 2.2. QU, is a finitely generated abelian group in which all
torsion is of order 2. The torsion subgroup is the kernel of y: QU —QY, .

3. Transversality. Given an equivariant map f from (B#tk.atk,
Srtk.atk) into (M U(k), *), is f equivariantly homotopic to a map g
which is transversal to BU(E)C M U(k)? (As is customary, we ap-
proximate BU(k) and MU (k) — {+} by smooth manifolds.) That this
is not generally true follows from the fact that ¢: QU,—%R, is an
isomorphism for p-+¢<0.

THEOREM 3.1. If p=gq, each element of Qf,’:q is represented by a map
f: (Brthatk Sptb.atb)y (M U(R), *) which is transversal to BU(k)
CMU(E).

This follows by examination of a more general situation, in the
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category of smooth manifolds with involution and smooth equivari-
ant maps. Let f: M—W be given, and let V be a closed invariant
submanifold of W. We assume that each fixed point set F(M), F(V),
F(W) is of uniform dimension. Put m=dim M, m'=dim F(M), etc.

LemMma 3.2. If (m—2m')4(v—2v") = (w—2w'), f is equivariantly
homotopic to a map g which is transversal to V.

CoRroLLARY 3.3. The diagram
v v

erbj,n g 9211
N /R
N

1s commutative.

COROLLARY 3.4. The homomorphism ¢: QU —N, is onto if p=gq
and is zero if p>q.

The sequence

X ¥

3.5) 0= Qppim > Dy o > Doy — 0

is exact. I conjecture that QV,,,=0 for all #, and have verified this
for n<4.

4. The spectral sequence. We do not have a complete description
of the groups QU,. In particular, the extent of the torsion and the
image of ¢ are not known in general. The difficulties are measured
by the spectral sequence of the bigraded exact couple (2.1), which we
now write as

v X v ¥ 1 @ v
s Up1,e ™ Qpg = Epg = Qppre1— -
where E.,=Q7, .. The differential d*: Ej_,,.,—FE,, of the spectral
sequence {E,,} (r>0) arises from the diagram

¥

v 1
Qpg— Ep,q
l xr-l
1 w U
Epriat1 = Qporir,e

We are able to determine d! and d?® (d?=0), and so reach the fol-
lowing conclusions.
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THEOREM 4.1. (a) If p ¢ mod 4, Q¥ is finite; (b) if p—g=4 mod 8,
¥: QU QY has image 2Q7, ,; (c) if p=g mod 8, the image of Y contains
207, -+ [CP(1) 12, 4.

COROLLARY 4.2. If p=g mod 4, @Y, has the same rank as Q.

The differential d': E)_, ,,,—FE}, is zero if p3#¢ mod 4, and is
multiplication by 2 otherwise. This is proved with K-theory and
K R-theory characteristic numbers [4], [9]; notice that the composi-
tion K (S")r—[K 0]~ (S, K (S*) iszeroif n 50 mod 4,and is multiplica-
tion by 2 otherwise. Thus E2,~QV, ,®Z, if p=g mod 4, otherwise
E} ,=0. Moreover, E3=E?, With the help of characteristic numbers,
we show that d3: E5_,,,,—E3, is multiplication by [CP(1)] if p=g¢
mod 8, otherwise d®=0. Then E"= - - .2=¢F*% I conjecture that
d’: Ey_7,.1—E}, is multiplication by the class of the quadric Q¢
if p=g¢ mod 16, otherwise d7 is zero.
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