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Let R, Z, T denote the real line, the integers, and the unit circle,
respectively. A set ECR will be called a modification set in R if to
every f&EL'(R) there corresponds a singular bounded Borel measure
u on R whose Fourier transform 2 coincides with f in the complement
of E. In other words, the Fourier transform of every absolutely con-
tinuous measure can be modified on E alone so that the resulting
function is the Fourier transform of a singular measure. Modification
sets E in Z are defined similarly: to every f&ELY(T) there should cor-
respond a bounded singular measure u on T whose Fourier coeffi-
cients satisfy a(n) = f(n) for every integer # which is not in E.

The existence of “small” modification sets in locally compact
abelian groups has been established in [1]. However, when applied
to Z or R, the theorem of [1] can only yield modification sets of posi-
tive (though arbitrarily small) lower density. In the present note this
result is improved to yield sets of density zero.

A set ECR is said to have density zero if (2£)~'m(EN[—t, t])—0
as t— o, where m denotes Lebesgue measure. If ECZ, the require-
ment is that the number of elements of E in [— N, N], divided by 2N,
should tend to 0 as N— .

THEOREM 1. There are modification sets of density zero in R.

THEOREM 2. If E is a modification set in R then EMNZ is a modifica-
tion set in Z.

THEOREM 3. There are modification sets of density zero in Z.

REMARK. Modification sets can of course not be foo small. For in-
stance, every modification set in R has infinite measure (Plancherel);
no lacunary set in Z is a modification set; no set of positive integers
is a modification set (F. and M. Riesz). On the other hand, largeness
is not enough: Theorem 2 shows that the complement of Z in R is not
a modification set.

Proor oF THEOREM 1. Choose integers A;, Az, N3, + + + so that
M=10, Ay =4N\;—1. Let 4, be the set of all numbers of the form
(1) M+ godi—r+ - -0 F el
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where ¢;=1 or 0 or —1, let B; be the union of all intervals of length 2%
whose centers are in 4, and put E=B;\UB,\UB;\U . « -,

|Given ¢>10, let k=Fk(f) be the largest integer such that A\, <2t
Then EN[—¢, t]CB\J - - - UB;. Since 4; has 2-3! points, m(B,)
<4:¢-3"1, Hence

m(EN [—t, 1))
2t

1 2k-35 4k [ 3\P
=— 2 m(By) < sS—\—

2:.-2_2 B) <=7 (4)
which tends to 0 as ¢ (and hence k) tends to «. Thus E has density
zero.

For k=1, 2, 3, - - -, let o be the measure on T whose Fourier
series is the formal expansion of the Riesz product

)] dow(x) ~ f[ (1 + cos \x).
)

Then o} is a bounded, positive, continuous, and singular measure on
T [2, p. 209] and 6:(n) =0 unless nE {0} U4 VA a\ - - -

Now choose fEL!(R) so that § has compact support and two con-
tinuous derivatives. Then x%f(x) is bounded, so that >_|f(x—2mj)],
jFEZ, is a continuous periodic function. Fix & so that f(f) =0 whenever
ltl >k. If we average the left side of (3) below over —r<s=m, and
apply Fubini’s theorem, we see that there exists an s (fixed from
now on) such that

® [ E lta—s-2mplaae s [ o)l = I

Define a measure u on R by requiring that

4) f_“gdu = f T z‘”: glx — s — 2m))f(x — s — 2mwj)dow(x)

—7 jem—co

for every bounded continuous g. Then u is a singular measure on R
whose total variation satisfies ||u|| <||f]|1, by (3). The Poisson summa-
tion formula now gives

f”e-ilad#(x) = f ¥ i e—t‘t(z—a-—zrf)f(x —_— - ij)dak(x)

—_—0 —T o0

= [T X Ju - memein = T sl — new

—T NE=—c0 Neom—o0

which is the same as
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©) p) =7 + 2 6(m)f(t — m)et»  (LE R).
ng£0

In the last sum, &(n) =0 unless nEA4;\J4;14\J + + -, and f(t—n) =0
if It—nl =k. Hence a(f)=/(t) except possibly in B;\UB;1\UBgs
U .+« which is a subset of E.

To conclude the proof, let f be an arbitrary member of L!(R). Then
f=2_f. where Y ||falli<® and each f, has compact support and
two continuous derivatives. The preceding step shows that there are
singular measures iy with ||| <[|fal|1, such that 2.(f) =7a() outside
E. The series D _u, then converges in the total variation norm to a
measure u which is therefore also singular, and if ¢ is not in E we have

(6) (M) = 2 ma(®) = 2o Fa(®) = F().

Thus E is a modification set in R.

Proor oF THEOREM 2. Let E be a modification set in R. Choose
fELYT), regard f as a member of L!(R) which vanishes outside
[—m, =), and let u be a singular measure on R such that a(t) =7(¢)
outside E. For VC [—, 7), define ¢(V) = > u(V—2m7), jEZ. Then ¢
is a singular measure on T, and ¢(n) = a(n) for every n &€Z. If n&SZ
and f(n)=6(n) it follows that  EENZ. So ENZ is a modification
set in Z.

Proor oF THEOREM 3. If E is one of the sets constructed in the
proof of Theorem 1 then ENZ has density zero in Z. Hence Theorem
3 follows from Theorem 2.
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