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Let yn(G) denote the nth term of the lower central series of a group 
G and define ymyn(G) =ym(yn(G)). For a fixed positive integer k define 

Ml) » 1 and fk(n) - /*[»/2] + kfh[(n + l)/2] 

for all n> 1. In this paper we prove 

THEOREM. Let (mi, • • • , mt) be a finite sequence of positive integers 
exceeding 1 and let G be a group of prime exponent p (p odd). Then 

7r«(G) £ ymtfmt * ' ' 7m t(G), 

where 
t-i 

r* = m* + ]£ (mi — l)/p-*0»*fi) • • ' fp-*(f»t)' 

If mi~m2= • • • =w«==2, r« = 1 + 23îZo (£ —1)*'* a result of Tobin 
[2]. In general we have 

7272 • • • 72(G) C 7mi7m, • • • 7m, (G) (72 appears u% times) 

where ut — k + ]F)î-i (^ i~ 1) and fe is the least positive integer satisfy
ing 2h*zmt\ so that the theorem of Tobin yields 

• 7-,(G), 

where s*== 1 + ]C?-V (£ —1)'- The bound r« is in general far less than 
the known bound st. For instance in the very special case 
(mi, m2, • • • , mt) = (2, 22, • • • , 20 while r«<5« we further observe 
that the degree of the polynomial rt in p is (t2+t—2)/2 as compared 
with 2 ' - 2 ins«. 

The proof of the theorem is shown to follow from the following 

LEMMA.1 Let G be a group of prime exponent p (p odd) and let N, 
A, B be subgroups of G such that N is normal in G and BQA. Then 
(N,A,B, • • • , B)Q(N, (A, B)) (N, N) (B appears p-2 times). 

With N = G' and A~B~Gf one gets the well-known Meier-
Wunderli's result that metabelian groups of prime exponent p are 
nilpotent of class at most p. Since 

(7[n/2](G), 7[(n+D/2](G)) C yn(G) a n d 7[(n+l)/2](G) C 7[n/2](G), 

1 For notation and other undefined terms the reader is referred to M. Hall [l ]. 
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we get 

W, 7[n/2](G), 7[<n+ 1)/2](G), • ' ' , 7[(n+ l ) /2](G)) £ (tf , 7n(G))(N,N) 

(T[(n+i)/2](G) appears £ - 2 times); 

and hence (by repeated applications) 

(N, G, • • • , G) C (tf, 7»(G))(iV, #) (G a p p e a r s / , ^ ) times). 

By repeated applications of the lemma with suitable choices of N, 
A, B it is now routine to compute that 

7rt(G) C YauYm, • • • ymt(G), where rt is as defined before. 

PROOF OF THE LEMMA. Put (N, iV)= {l} and (N, (At J5))= {l} 

for dEJV and «I, ce2, • * • , ai integers, define 
t 

for all Xif • • • , Xi in G (here 3;aî = x~"1^x). It is easily verified that 

d«i*+«%v = ^ ^ « i * and d*~l = rf-1+* « (rf, x) 

for all dGN and x, yEG; and i** = d6« for all dEN, aEA, bEB. Fur
ther it is easily seen that the proof of the Lemma consists in showing 
that (d, a, 62, • • • , frp-i) =* 1 or equivalently 

d(a-l)(&2-l>---(V-l-l) «- 1 

for all dGiV, #G^4, *2, • • • , 6p-i G-B. 
Since 1 = {dx~l)v~dd* • • • d"*""1, we have 

for all dG-W and xEGf which give in turn 

(1) ^6(a-l)+62(a2-l)+.. .+62 ,-"V"'1-l) « 1 ; 

^(a~l)+6(a2-l)+...+6 î>~2(ap"1~l) Œ J 

for all dEN, aEA, bEB. 
We shall prove by induction on jE{0f • • • ,ƒ> —2},that 

(2) J " - l , 



^ j V + ( / + i m - l ) r + 1 ) - l ) . . • <*&w-l> 
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for all dÇzN, a£-4, J, 62, • • • , Jy+iE-B. For j = 0, the result comes 
from (1). Suppose (2) holds for some jG{0, • • - , £ — 3}. In (2) re
placing b by bbj+2 and taking quotient with (2) gives 

J ^ = 1, 

which is the same as 

d iJi - 1 , 

and (2) is proved for all J E {O, • • • , p — 2}. Taking j~p — 2 in (2) 
gives 

^(aP~1~l)(6^"'2~-l)...(63,~x~l) s 1 

for all dGNt a GA and b^ • • • , &p~i in 5 . Replacing a, fa, • • • , &p-2 
by their suitable powers we get the required result. 

REMARK. The following result of Professor N. S. Mendelsohn 
(verbal communication) is of independent interest and provides an 
easy recognition of the function ƒ*(#). If n~2ai+2a*+ • • • +2a», 
whereai>ce2> • • • >ojm^0, then 

ƒ*(») - (1 + *)al + E (1 + h)"*kr™-»*. 
t -2 

Notice that the largest power of k occurring in ƒ*(») is a i + 1 . 
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