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1. Introduction. Let S be a closed, orientable 2-manifold of genus
n>0. Let F; and F; be free groups of rank # and denote by Fi X F.
their direct product. Fix a point s, of .S and suppose 751, 72 are homo-
morphisms of m(S, s¢) onto Fy and F, respectively. The homomor-
phism

71 X 12t (S, $0) = F1 X Fs

is called a splitting homomorphism of m(S, so). Let M be a closed,
orientable 3-manifold. In [3] J. Stallings introduced a natural split-
ting homomorphism induced by a Heegaard splitting of M. The pur-
pose of this paper is to announce that for any splitting homomorphism
there is a closed, orientable 3-manifold M and a Heegaard splitting of
M so that the induced splitting homomorphism is equivalent to the
given splitting homomorphism. This is Theorem 4.1 of §4. See §2 for
definitions.

It is shown in Theorem 4.2 that two conjectures made by J. Stal-
lings in [3] are true if and only if Poincaré’s Conjecture that any
closed, simply-connected 3-manifold is a 3-sphere, is true. These
conjectures appear in §4 as Conjecture B and Conjecture D (using the
notation of [3]).

Perhaps of independent interest is the Corollary to Lemma 3.2
of §3. It states that there is a homomorphism of the fundamental
group of a closed, orientable surface of genus # onto a free group of
rank & iff k<n.

The author wishes to thank D. R. McMillan, Jr. who suggested
the problem. Conversations with Professors McMillan and J. Martin
were helpful in the preparation of this announcement.

2. Notation and definitions. The term map is used to mean con-
tinuous function. If f is a map from (S, so) to (X, %), then the
homomorphism of m(S, s0) to m (X, x¢) induced by f is denoted fx.
Suppose ! is a map of S! into a pathwise connected space S. Then !

1 Research partially supported by NSF GP-7085 and Wisconsin Graduate Re-
search Committee-WARF Funds.
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defines a conjugate class of elements of m1(S, so). This class is denoted
by {I}. For any normal subgroup N of m(S, so), the statement
{1} EN{1} &N) is well defined.

A 3-manifold-with-boundary is called a cube-with-handles of genus
n=0 if it is orientable and a regular neighborhood of a finite, con-
nected graph with Euler characteristic 1—#. Let M be a closed,
orientable 3-manifold. It is known that M =U\UV where U and V
are cubes-with-handles and UNYV is their common boundary. The
pair (U, V) is called a Heegaard splitting of M. The genus of (U, V) is
defined to be the genus of S=Bd U=Bd V. Choose s,&.S. The inclu-
sion maps of S into U and V induce homomorphisms us and v« of
m1(S, s0) onto w1 (U, s¢) and w1 (V, so) respectively. The homomorphism

sz X v3:m1(S, s0) = m1(U, s0) X w1(V, s0)

is called the splitting homomorphism of (S, so) induced by (U, V).

Suppose 71 Xn2: 71(S, s0)—>F1X Fy and s X pa: m1(S, 50)—G1 X G, are
splitting homomorphisms of m(S, so). Then 7 Xn, is said to be
equivalent to uy Xy if there are isomorphisms oy of F; onto Gy and o
of F; onto G, so that the diagram

F, X F,

X 19
V a1 X as
71'1(5, So)

\Glxco

1 X e
commutes.

3. Mapping surfaces into wedges. The details of the proofs for the
lemmas of this section will appear elsewhere. The next few para-
graphs give notation which will be used for these lemmas.

Suppose f is a piecewise linear (PL) map of the closed, orientable
2-manifold .S into T, a wedge at £, of k simple closed curves Xj, + + -,
X Suppose f(so) =tfp. For each 7, 1=<7=<k, choose x;EX;— {to}
which is not a vertex in the subdivision of T for which f is simplicial.
Then each component of f~1(x;) is a polyhedral simple closed curve
in S. Let J1 and J; be distinct components of f~!(x;). Suppose that 4
is a polyhedral arc in S— {so} from Ji to J; such that ANUL, f~1(x.)
=Bd 4.

Let QiCJy and Q.CJ, be arbitrarily small arcs each containing
an endpoint of 4 in its interior. Let Q denote a small regular neighbor-
hood of 4 which meets Uj., f~!(x;) in Q1 and Q, each of which is
contained in Bd Q. Then the closure of Bd Q—(Q:\JQ,) is two dis-
joint arcs A; and 4,. Both 4, and 4, are arcs from Jj to Ja.
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Let I denote the unit interval and let U(x;) denote an arc in X;—1?
with «; in its interior. Then U(x;) =x;XI has a product structure
with x; =x;X%. Let J be a polyhedral simple closed curve in S. Then a
neighborhood, U(J), of J is said to have a product structure if U(J)
=JXI with J=JX%. A map f of S into T will be called transverse
with respect to U, {x1} if each component of f~1(x;) is a simple closed
curve, there exists U(x;) as above such that each component of
f~1(U(x;)) has a product structure, and f maps each fiber of f~1(U(x;))
homeomorphically onto a fiber of U(x;).

LemMA 3.1. If f maps the arc A into the trivial loop of T based at x;,
then there is a PL map g of S into T so that

(i) g is homotopic to f keeping s, fixed,

(i) g (xs) =f~1(xs), 157,

(i) g71(x;) =f"1(x;)\J (41U 42) — (I Qy), and

(iv) g is transverse with respect to Uf_, {x,}

LeEmMMA 3.2. Let S be a closed, orientable 2-manifold of genus n>0.
Suppose f is a map of S into T, a wedge of k simple closed curves
Xy, « ++, Xy at o and f(so) =to. If fx is an epimorphism, then there is a
PL map g of S into T so that

(i) g is homotopic to f keeping s, fixed,

(ii) for each i, 1=i=k, there is a point x;CX;— {to} so that
g1 (x;) is a single simple closed curve J; in S,

(iii) S—UE., J; is connected, and

(iv) g is transverse with respect to U.-,'ﬁ1{x.-}.

The proof of Lemma 3.2 uses the notion of “binding-tie” introduced
by J. Stallings in [2]. Although, here a more delicate argument is
required since the domain of f is the 2-manifold S.

An interesting corollary of Lemma 3.2 is

CoROLLARY 3.3. There is a homomorphism of the fundamental group
of a closed, orientable surface of genus n onto a free group of rank k if
and only if k= n.

LEMMA 3.4. Let S be a closed, orientable surface of genus n>0. Sup-
pose f is a map of S into T, a wedge of n simple closed curves at t, and
f(so) =to. If fx is an epimorphism, then there is a PL map g of S into
T so that

(i) g is homotopic to f keeping s, fixed, and

(ii) the mapping cylinder of g is topologically equivalent to a cube-
with-handles of genus n.
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4, Constructing three-manifolds.

THEOREM 4.1. Let S be a closed, orientable 2-manifold of genus n>0.
Suppose mXne is a splitting homomorphism of mi (S, so) into FiX Fi.
Then there is a closed, orientable 3-manifold M and a Heegaard splitting
(U, V) of M so that the splitting homomorphism induced by (U, V) is
equivalent to n1 Xne.

Proor. For k=1, 2, let T be a wedge at # of #» simple closed curves.
Identify mi(T%, &) with F; and let f, be a map of (S, so) into (T%, &)
so that (fi)« =7%. From Lemma 3.4 and for k=1, 2, there is a PL. map
& of (S, so) into (T, &) so that g, is homotopic to fi keeping s, fixed
and the mapping cylinder C(g;) of g is a cube-with-handles of genus 7.

Let M be the closed three-manifold obtained by considering
C(g1)\JC(gz) as a disjoint union and identifying s&S=Bd C(g:) with
s&S=Bd C(g).

There is an isomorphism oy of 71 (C(gi), so) onto m(T%, &) so that if
ex, is the inclusion of S into C(g:), then ax(es) « = (f)*. It follows that
the diagram

() X (fo)s _ m(Ty, 1) X m1(Ty, 1)
71(S, s0) ay X az

(e)x X (e2)x ~71(C(g1), s0) X m1(C(g2), 0)

commutes. Let U=C(g:) and V=C(g,). The splitting homomorphism
induced by (U, V) is (er)sX(e2). Since (f1)«X(f2)s=mXn: the
theorem is proved.

The notation G; * G is used for the free product of the groups G,
and G, ([1, Vol. II, p. 11]).

In [3], J. Stallings states the following conjectures:

CoNJECTURE B. Let S be a closed, orientable 2-manifold of genus
n>1. Let Fy and F, be free groups of rank n. Let n: m(S)—F1 X F,
be an epimorphism. Then there is a nontrivial element {l} Ekernel 9
where 1 is a simple closed curve on S.

CoNJECTURE D. In the situation of Conjecture B, the map n: w1 (S)
—F1 X F, can be factored through an essential map of mi(S) into some
free product Gy * Ga.

A homomorphism ¢ of a group G into a free product G, * G, is
essential if there is no element gEG; * G, such that g¢(G)g™! is con-
tained in one of the factors G, or G.
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THEOREM 4.2. Conjecture B is true if and only if Poincaré's Conjec-
ture is true if and only if Conjecture D is true.

Proor. It is shown in [3] that Conjecture B implies Poincaré’s
Conjecture.

It is now shown that Poincaré’s Conjecture implies Conjecture D.
Let n=n1X%; be the epimorphism given in Conjecture D. Let M
denote the 3-manifold with Heegaard splitting (U, V) guaranteed in
Theorem 4.1 corresponding to the splitting homomorphism 7, X%, of
m1(S, so) into Fi X F;. Then M is simply connected, since 9 is an epi-
morphism (Theorem 1 of [3]). Thus by Poincaré’s Conjecture, M is
the 3-sphere S%. The Heegaard splitting (U, V) of S® has genus > 1.
By Waldhausen [4], there is a simple closed curve I in S, {l} #1 in
m1(S). Also, if uxXwvs is the splitting homomorphism induced by
(U, V), then {l} Ekernel usMkernel vy, and I separates S. To factor
79 through a free product, a wedge .S’ is formed from S by identifying
the simple closed curve ! to a point. The fundamental group of .S’
is the desired nontrivial free product.

From Theorem 2 of [3], Conjecture D implies Conjecture B.

REMARK. The author has shown, with appropriate definitions for
equivalence, that there is a one-one correspondence between equiva-
lence classes of splitting-homomorphisms and equivalence classes of
Heegaard splittings.
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