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We announce the following 

THEOREM I. Suppose V is a subvariety of dimension ^n in a (not 
necessarily reduced) complex space X and $ is a coherent analytic sheaf 
on X—V with codh $}£n+3. Let 0: X— V-+X be the inclusion map. 
Then 0o(&) is a coherent analytic sheaf on X extending $ (where 0q($) 
is the qth direct image of $ under 0). 

The case # = 0 was proved in [7]. The case where X is a manifold 
of dimension n+3 was proved in [5]. 

We give here only a very brief outline of the proof together with 
some related results and application. Details will appear elsewhere. 

Suppose £F is an analytic sheaf on a complex space X and n is a 
nonnegative integer. We denote by 0:lwl the analytic sheaf on X de
fined by the following presheaf : if UQ W are open subsets of X, then 
$FM([7) « t h e direct limit of {T(U-A, $)\AE%}> where 21 is the 
set of all subvarieties of dimension g » in U directed by inclusion, 
and $[n](W)--*$[n](U) is induced by restriction maps. There is a 
canonical sheaf-homomorphism from ^ to 9:lnl. We denote by 0[n\$ 
the analytic subsheaf of ^ defined as follows: for xÇ^X, s£(0[n]<F)* 
if and only if there exist an open neighborhood U of x in X, a sub-
variety A in U of dimension :gw, and tÇz.T(Ut 5) such that tx = s and 
ty = 0 iory£U-A. 

PROPOSITION 1 [6J. Suppose $ is a coherent analytic sheaf on a com
plex space X and n is a nonnegative integer. 

(a) If O[n+i]ç = 0, then 5[n] is coherent and the subvariety where $F[nl 

is not isomorphic to $ canonically is of dimension ^ n. 
(b) If $F is canonically isomorphic to 9:[nl, then 0[n+i]$ = O. 

The following can be proved from Proposition 1 and by induction 
on n. 

PROPOSITION 2. Suppose & is a coherent analytic sheaf on a complex 
space X and n is a nonnegative integer such that £F is canonically iso-
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morphic to $[nK Then f or —l^k<n the subvariety {x(EX\ codh &x 

S k+2 } has dimension ^ k. 

Let zu ' • • , ZN and tu * • • $ tn be respectively coordinates of CN 

and O . Let 0 and S be respectively the structure-sheaves of Cn 

and CNXCn. For 0^a<b and p > 0 , let 

G(b) = { « G O ^ I m a x d ^ l , - • - , | * * | ) < i } , 
G(a, b) = {zG G(ft) | « < | s» | for some 1 ^ f ^ JV}, 

and #(p) = {*G C»|max( |fa | f • • • , |*n |) < p } . X = i£(l) . Let 
ir: G(a, b)XK-*K be the projection. 

PROPOSITION 3. Suppose 0<d<a<b<b and $ is a coherent analytic 
sheaf on G(â, h) XK such that codh $ e n + 3 and tn is not a zero~divisor 
for Sx for x£G(ö , b)X0. Suppose &/tn& can be extended to a coherent 
analytic sheaf g on G{b)XK. such that codh g ^ n + 1 and h, * • * , tn-\ 
is a Qx-sequence for xÇzG(b)XQ, Then (7TI($))Q is finitely generated 
over 0O. 

The proof of Proposition 3 is rather complicated where modifica
tions of techniques of [ l ] and [2] are used. 

PROPOSITION 4, Suppose a, b, 5, 5, and $ are as in Proposition 3. 
If Zj—Zj(x) is not a zero-divisor f or $%for xE:G(a, b) XK and 1 ^j^N. 
Then for some a<c<d<b and 0 < p < l T(G(c, d)XK(p)t %) generates 
$onG(c,d)XK(p). 

PROOF (SKETCH). Consider 

(*)* For some a<c<d<b and 0 < p < l there exists a subvariety 
Z in G(c, d)XK(p) such that r(G(c, d)XK(p), <F) generates 3F on 
G(ct d)XK(p)-Z and dim ZC\G{c, d)X0^k. 

The Proposition follows by proving (*)* by backward induction on k 
for O^k^N. For the induction process we need only prove the 
following. 

(t) If Z is a positive-dimensional subvariety of G(a} 6)X0, then 
for some xÇ^Z and some 0 < p < l T(G(a, b)XK(p), £F) generates (F*. 

To prove (f), choose 1 ^j^N and {xm}Z=iCZ such that |Zj(xm)\ >a 
and | Zj{xm) | —>&. Let Vm = j x G G W ) XK\ ZJ(X) =Zj(xm)} and 
V= Um=i l̂ m- Let ƒ be a holomorphic function on G(b)XK generating 
the ideal-sheaf of V. The short exact sequence 0—KF -£» CF—>fF//CF—̂0 
(where <f> is defined by multiplication by ƒ) gives rise to the exact 
sequence 
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(#) (r0(ff))o $ MS/fBf)). £ (7T1(^))0. 

Let7:Ô2>-^3 :beasheaf-epimorphismon {x(EG(b)XK(%)\a<\zj(x)\ } , 
y induces y':0*/f~*—>ür/f5. Let s®€(ir0(p/fô))0 be induced under 
yf by the £-tuple of holomorphic functions on V which is 
(0, • • • , 0, 1, 0, • • • , 0) on Vm with 1 in the ith place and is zero 
otherwise. By considering the direct sum of p copies of (#) and using 
Proposition 3 we obtain #1, • • • , &m-i£;0o for some m such that for 
all l é i é p /3(4> - Z T f i 1 ^ ) = 0. For some &», • • • , t%> 
€:(-7roOF))o, a (4?) ~sm- %xm is generated by sections of $ inducing 
*m f ' ' ' 1 hn • y.rL.L). 

PROPOSITION 5. Suppose D is a domain in O , 0^a<b, and 3 is a 
coherent analytic sheaf on G(b)XD. If « F ^ 1 ^ ^ , then the restriction 
map </>: T(G(b) XD, &)->T(G(a, b)XD, «F) is injective. If &** ^SF, then 
</> is surjective. 

PROOF (SKETCH). The injectivity of <f> follows from Proposition 
1(b). For the surjectivity of <p consider first the special case codh £F 
^ w + 2 . For the general case use Proposition 2 and induction on n. 

Q.E.D. 

PROPOSITION 6. Suppose D is a domain in O , 0 ^ a < a ' < & , and $ 
is a coherent analytic sheaf on G (a, b)XD with £F[n+1]

 *SÉF. Then the 
restriction map T(G(a, b)XD, (F)-**!1 (£(#'» b)XD, IF) is bijectooe. 

PROOF (SKETCH). Use Proposition S and consider the restriction 
maps r((G(a, b) C\ U%) X D, SF) ->r ( (G(a ' , b) Pi U4) X D, ff) and 
T((G(a, b)nUir^Uj)XDf 9)-+T((G(a', b)r\Uir\U3)XD, IF), where 
C/,= { x G C ^ | | 2 , ( x ) | > a } . Q.E.D. 

By using Propositions 1, 2, 4, 5, and 6 and by induction on w, we 
can obtain 

THEOREM I I . Suppose D is a domain in CN, 0^a<b, and 3 is a 
coherent analytic sheaf on G(a> b) XD with %in+u « £ . 

(a) There exists a coherent analytic sheaf $' on G(b)XD which ex
tends $ and satisfies ($')[n+1] « Ç'. 

(b) If SF' and &' are two coherent analytic sheaves on G(b)XD both 
extending SF such that (3r/)[w+1] «SF' and ($")ln+u »ÉF" , then there exists 
a unique sheaf-isomorphism from Ç' to %" which is equal to the identity 
map of $ on G(a, b) XD. 

As a corollary of Theorem II we have 

THEOREM III. Suppose V is a subvariety of dimension ^nin a com-



126 Y.-T. SIU 

plex space X and 5 is a coherent analytic sheaf on X—V. If ^in+1] «SF, 
then 0o (50 is a coherent analytic sheaf on X extending 5, where 6: X—V 
—*X is the inclusion map. 

Theorem I follows from Theorem III and Korollar zu Satz III 
of [3]. 

Theorem III answers in the affirmative the following question 
posed by Serre [4, p. 372]: Suppose F i s a subvariety of codimension 
^ 3 in a normal reduced complex space X. If SF is a reflexive coherent 
analytic sheaf on X— F, is 0o($) coherent (where 6: X— V—*X is the 
inclusion map)? 
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