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The note is divided into three sections. The first section is devoted 
to singular kernels in Rn. Most of the results of the section remain 
valid after some modifications, if we replace Rn by a locally compact 
group and the Lebesgue measure by the Haar measure of the group; 
the second section deals with those extensions. 

In the third section we apply the results of the first section to 
obtain Z> estimates for kernels whose homogeneity is given over a 
one parameter group. These kernels have been first considered by 
M. de Guzman [2] ; particular cases of these kernels are those studied 
by A. P. Calderón and A. Zygmund in [ l ] ; and by E. B. Fabes and 
N. Rivière in [3]. 

1. Singular kernels. Let {Ua, a > 0 } be a family of open subsets 
of Rn, satisfying: 

(a) Oef/«; for a< /3 , UaCUp-, n a î / « = { 0 } , the closure of Ua 

compact. 
(b) There exists <j>(a) continuously mapping R+ onto i£+ such that 

Ua — UaC Una) and tw(C/^(a)) S Am(Ua) 

Ua — Ua = {z; z = x — y, x Ci Ua, y E. Ua}. 

(Clearly a < 0 ( a ) ) , ra(-) denotes the Lebesgue measure. 
(c) The function ƒ (a) = m(Ua) is left continuous and ƒ(«)-> °° as 

a—» oo. 
We shall say that the operator T defined over a class of measurable 

functions is sublinear if 

\T(f+s)\ £\T(f)\ + \T(g)\, 

L"(R") = |/; 11/11, = ( ƒ J f(x) \"dxJ'P < » j . 
R 

THEOREM 1 ( W E A K TYPE). Let {Ua} be a family as above, T a sub-
linear operator defined in Ll(Rn)®Lp{Rn) satisfying: 

(i) For feis(R»)nL~(R*), \ Tf(x)\ ^ \ TJ(x) \ +1 T2f(x) \ where 
m{x;\TJ(x)\>t}£WP)fan\f\*dxa^ 

(ii) If fÇzLl(Rn) with support contained in x+Ua, and if 

1 Research partially supported by NSF GP-8834. 

843 



844 N. M. RIVIÈRE July 

f f(y)dy = 0, 
• / xA-U x+U a 

then there exists Wa%x such that m{Wa,x) S Cm{Ua) and 

f \Tf(y)\dy£cf \f(y)\dy. 

(W denotes the complement of W.) Under these hypotheses, for 
feL«(R»),l^q^p 

m{{x, \Tf(x)\ ^t})S^-f \f\'dx 
tQ JRn 

where B is an absolute constant depending only on the dimension and the 
constant A of the family {Ua}. {Note. Z,°°(i£n) can be replaced by 
L'(R»),r^p.) 

DEFINITION. Let k{x) be a measurable function. We shall say that 
k{x) is a singular kernel for the family { Ua\ iff: 

(1) J G I ^ Q ) , for every bounded open subset of Rn — {o} and 
| fu'a^Uyk{x)dx\ g C < o o independently of a and 7. Moreover the 
limit of the integral exists as a—>0. 

(2) For <f>{a) as in (b) 

ƒ I k{x) I dx < C (ind. of a). 

(3) For xERn set h{x, a) =inf { l / | / | ; txEUa} then 

/
h{x, a) I k{x) I dx < C (ind. of a). 

u 
a 

Set 

ka,y{x) = k{x) f o r X £ Ua C\ Uy, 

= 0 otherwise, 

and for fEL*{Rn) (1 £p g 00) 

THEOREM 2. Z,££ fe(#) fo a singular kernel such that for y £ £/$, 
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I I *(* - y) - *(*) \dx£C (ind. of y) 

then: 
(i) For fELl(R»), m({x, \Ka,y(f)\ &}) â3C/ / | | / | | i . Jlfiwwwr 

lima^o;y-oo K<*,y(f)(x) =K(j){x) exists pointwise almost everywhere. 
(ii) ^ r / e ^ ^ ( - ^ n ) , ( K / > < ^ ) , | | ^ « . Y a ) | | p â ^ p C | | / | U ( ^ p ^ p ^ ^ ^ 

on p). Moreover lima_*0;r*co Ka,y(f)(x) =K(f)(x) exists pointwise almost 
everywhere and in the Lp-sense. 

2. Singular kernels on locally compact groups. The results obtained 
in the previous section can be extended to locally compact groups, 
after suitable modifications. More explicitly we replace Rn by a 
locally compact group G and the Lebesgue measure m(-) by the Haar 
measure h{-) of the group. In the definition of the family { Ua} con
ditions (c) and (b) should be replaced by 

(c') f (a) =h(Ua) is left continuous and f(Ua)—>h (G) as a—»<*>, 
(b') Ua—UadU^a), 4>{a)>a, </> continuous and onto, and 

KU«a))ûAh(Ua). 
Under conditions (c') and (b') Theorem 1 remains valid in G. 

Finally condition (3), of the definition of singular kernels, should 
be replaced by 

(30 for/GL2(G), \\Katy(f)\\2^C\\f\\2 C ind. of a and 7. 
With such extension Theorem 2, parts (i) and (ii), remain valid in G. 

The results remain valid if we use vector valued functions over 
Banach spaces. For Theorem 1, f(E.Lp(G, Bi) and T is a mapping from 
Ll(Gy Bi)®Lp(G, Bi) into 2fTl(G, B2) the measurable functions from G 
to the Banach space B2 (G with its Haar measure). In Theorem 2, k(x) 
for each x should be a mapping from a Banach space B\ into a 
Banach space B2 and the absolute values should be replaced by the 
appropriate norms of the operators. 

3. Homogeneous kernels. Let w: i?+—><£(i?n, Rn) with the properties 
(1) 7r(Xju)=7r(X)7rOLt), ir continuous, T(1)=I (I, identity), 
(2) for 0 < X ^ 1 \\T(K)\\ ^X (|| -|| denotes the norm of £(Rn, Rn) the 

space of linear transformations of Rn). 
For simplicity 7r(X) will be denoted by T\. Let F(x, r) =| | r r-i(x) |( , 
then for x 5^0 there exists a unique solution r = r(x) of the equation 
|| 7Vi(#)|| = 1. Moreover the function r{x) defines a metric in Rn with 
the properties 

(i) r(7\(*))=Xr(*). 
(ii) r ( * ) - l if I W I - 1 , 
(iii) if ||x|| £ 1 then r(*)fc| |*| | . Iff ||*|| £ 1 , then r(x) £ | |* | | . 
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Let x' = Tr-i(X)(x). Then ||#'|| = 1 and hence x' can be expressed by 
a coordinate system in Sn _ 1 . More explicitly: 

x{ = cos 0i • • • cos <t>n-i 

xi, = sin 0i. 

In this way we define a change of coordinates of polar type x 
—*(r> 0i> * * * » 0n-i). To compute the Jacobian of the transformation, 
we observe that T\ can be written uniquely as T\ = eplnX, where P is 
a n » X « real matrix. 

Then 

3 0 ; r, 0i, • • - , 0n_i) = r<tr -P)-1 det(P(V), d*f/d4>u • • • , àx'/d<t>n-i) 

(tr(P) denotes the trace of P ) . Set 

JET(0)=det(P(*')» dx'/dfa, • • • , dx'/d0n_i). 

DEFINITION 2. A function £(x) is a homogeneous kernel with respect 
to {Px} iff 

(1) k(x) is defined in Rn- {o} ,k^L\Sn~l) and / ^ ( s ' ) i?(0K» = O, 
(2) fo rX>0, Jfe(Px(x))=X-trP)feO). 

A homogeneous kernel is a singular kernel for the family Ua 

= {*, r(x)<a}. 
Define 

kt,R(x) = k(x) for e ^ r(#) ^ i£, 

= 0 otherwise, 

and Kt,R(f)=k(,R«f (fEi>(.Rn), 1^£<<*>). As a consequence of 
Theorem 2 

THEOREM 3. Let k(x) be a homogeneous kernel satisfying 

ƒ I Hx ~~ y) — K#) I ^ = C (^^« ö/ y)« 
4s;r(z)è3r(i/)} 

(i) For fEL^R"); « ( { * , |*, .B(f) | è*} )£ (BC/0 | | / | | i . 77*e 
lime_^o;«-co ^€,22(ƒ)(#) = k(f)(x) exists pointwise almost everywhere. 

(ii) ForfEL*(Rn), l<p<«>, \\k..B(f)\\p£Bpd[\f\\p (Bp depending 
on p), and the lime_o;#-oo k€tR(f)(x) =k(f)(x) exists pointwise almost 
everywhere and in the Lp-sense. 

Another consequence of Theorem 2 is the following multiplier 
theorem : 
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THEOREM 4. Assume that 

£ f J D"ax(x) \Hx :g C 

where N>tr(P)/2, a(x)EL°°(Rn) and ax(x)=a(Tx(x)). 
ForfECo(Rn) set Ta(f) =S : - 1 (^( f ) ) ($(•) denotes the Fourier trans

form). Then \\Ta(f)\\p^BpC\\}\\pfor all p, Kp<«>. 

Note. Theorems 3 and 4 remain valid if we consider k(x) and 
a(x) as operators from a Hubert space Hi into a Hubert space iT2 

(fEL>(R*t Ht)). 
When P = I, the homogeneous kernels described above are exactly 

those studied by A. P. Calderón and A. Zygmund in [ l ] . When P is 
diagonal and the diagonal elements are greater than or equal to one 
we obtain the kernels with mixed homogeneities studied by E. B. 
Fabes and N. M. Rivière [3]. 

The proofs of these results will appear elsewhere. 
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