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Let R be a commutative ring with 1G-R, A and jR-algebra—not 
necessarily commutative—and let M, N be two A -left-modules. We 
write N—rk(M) ^s, if M=sN®M' for some A -left-module M' with 
s-iV short for N®N® • • • ®N, s-times. 

Then one can prove the following generalization of a theorem of 
Serre (cf. [ l ] or [4]). 

THEOREM 1. Assumptions. 
(i) N is finitely presented as A -left-module, EndA(N) finitely gen

erated as R-module and M a direct summand in a direct sum of finitely 
presented A-modules; 

(ii) the maximal ideal spectrum of R is noetherian of dimension d; 
(iii) for any maximal ideal m in R we have Nm — rk(Mm) ^d+s with 

Nm, resp. Mm the Am = Rm® RA-module Rm®RN, resp. Rm®M. 
ThenN-rk(M)^s. 
Moreover, if R is noetherian, Rm the m-adic completion of R for some 

maximal ideal mand Êm, resp. Ûm the Âm = Rm® RA-module Rm®RN, 
resp. Rm®RMt then 

Nm - rk(Jf „) ^ + m l m - rk(Mm) ^ d + s. 

One can also prove the following generalization of the Cancellation 
Theorem of Bass (cf. [ l ] ) . 

THEOREM 2. Assumptions. 
(i) and (ii) as in Theorem 1 ; 
(iii) M contains a direct summand P with N—rkm(P)>d for all 

maximal ideals min R, which is a direct summand in some s- N; 
(iv) Q is an A-left-module, which is also a direct summand in some 

s-N, and M' is some A-left-module with Q®M=Q@M'. 
Then M9*M'. 

The proof follows closely those of Serre and Bass [ l ] , [4], once the 
following observations have been made: 

(1) If N is any A -left-module and if B = End^CN)—acting from the 
right on N—then the contra variant functor Horcu(-, N) from A -left-
modules to -B-right-modules defines a contravariant equivalence be
tween the category [N] of those A -left-modules P , which are a direct 
summand in some s • N (and all possible ^4-homomorphisms as morph-
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isms) and the category of finitely generated projective 5-right-mod-
ules. The functor HomA(N, •) defines thus an equivalence between 
[N] and the category of finitely generated projective iMeft-modules. 

(2) If N is a finitely presented A -module, p:R—*R a ring-homo-
morphism of R into some commutative ring R (with 1Ç£R and 
p(l) = l ) , such that R becomes a flat jR-module, and if Û, resp. N 
stands for the A = R <8> R A -module R ®R M, then the natural homo-
morphism R ®R HomA(M, N)-^Hom^(Mt $) is an isomorphism. 
(Cf. N. Bourbaki, Algèbre commutative, Chapter 1.) 

(3) If M, N are any two A -modules and <j>:M—^N an ^4-homo-
morphism, define 

P(<t>) = {<W E End^ (N)\lrE HomA (M, N)}, 

I(<f>) = {+<]> e End^ (M)\*e Horn, (M, N)}, 

i>o(tf>) = {reR\r-IdNeP(<t>)}, 

h{<t>) = { r G * | r - I d j f G / ( * ) } . 

P(4>) is a right End^ (7V>ideal, 

I(<t>) is a left End^ (ikf)-ideal, 

Po(4>) and Io(<t>) are 2£-ideals. 

The following statements follow easily from (2) : 
With p : R—+R as in (2) and $ = IdR®<t>:M-+N we have 
If N is finitely presented, then 

p($) = p'^j, p0($) = p^). 

If M is finitely presented and N a direct summand in a direct sum 
of finitely presented A -modules, then 

I($) = îfà, /„(<£) = h(&. 
There are many interesting applications of these observations and 

the two theorems above. For instance, in the case where A is a sep
arable order over a Dedekind ring R, all this specializes to something 
closely related to the results of Jacobinski [2], [3]. We mention some 
immediate consequences of (3): If p:R—>R is faithfully flat and N 
finitely presented, then </>:M—>N is split-surjective if and only if 
$\â—*Ê is split-surj ective. 

If N is finitely presented, then </>:M-*N is split-surj ective if and 
only if <j)m: Mm—*Nm is split-surj ective for all maximal ideals m in R. 

If M is finitely presented and N a direct summand in a direct sum 
of finitely presented modules, then <I>:M-±N is split-injective if and 
only if all <t>m*Mm—>Nm are split-inj ective. 
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I t is now not too difficult to go through with the proof of Serre [4], 
to get Theorem 1, whereas Theorem 2 is now a corollary to Bass's 
Cancellation Theorem using (1). 
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