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A recent announcement in this Bulletin [ l ] deals with Sturm com
parison theorems for elliptic equations and systems of ordinary differ
ential equations based on a generalization of the Picone identity 
[2, p. 228]: if v(x)^0t then 

d 

dx[ 
(i) 

t u 1 u2 

— (au'v - gurf) = u{au')f (gvj + (a - g)uh 

V J V 

The purpose of this note is to present a generalization of (1) to 
strongly elliptic systems and to describe some of its consequences. 

Let Aij(x), Gij(x), C(x), and H(x) denote real symmetric nXn ma
trices whose components are defined in a smooth, bounded closed do
main Z) in Rm and which satisfy G^ = Gy»-, A»•/ = A j* iori,j=l, • • • , m. 
The components of A a and G a are to be of class C2 in D while the 
components of C and H are continuous. Let V(x) b e a w X » matrix 
of class C2 which is nonsingular in D and is "prepared" in the sense 
that it satisfies 

(2) F*2j Gij is symmetric for i = 1, • • • , w, 

and let U(x) be a wXl matrix of class C2. Then (1) has the following 
generalization: 

^ d r _ dU — dV 1 

i dXi L j oXj j dXj J 

— d / du\ — d / dv\ 

ij dXi \ dXi/ ij dXi \ dXj/ 
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_ dU* dU 
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i,i dXi dXj 
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Let K and L be strongly elliptic operators defined by 

and 

ij dXi \ dxj/ 

respectively. Then (3) leads to the following comparison theorem, 
generalizing related results of Kuks [3] and Bochenek [4]. 

THEOREM 1. Let U(x) be a nontrivial solution of 

U*K[U] ^ 0 in D 

^ dU 
22 A a cos(v, Xi) + SU = 0 ondD-T, 
i %2 \jJvj 

U = 0 onTCdD, 

where S(x) is a symmetric matrix continuous on dD—T and v denotes 
the exterior normal to dD. Let V(x) be a solution of L[V] = 0 in D 
satisfying (2). If 

r ^ eu* eu 
(i) E w — ( 4 - G « ) T - ^ 0 , 

J D oXi dXj 

(ii) f U*(H-C)Udx^0, 
J D 

dV 
(iii) S 7 - ^ 0 on dD-T, 

dv 
then det V has a zero in D\JT. 

REMARK. All inequalities are to be interpreted as indicating that 
certain matrices are semidefinite. 

As an application of this comparison theorem we cite the following 
"maximum principle" for strongly elliptic systems. 

THEOREM 2. Let U(x) satisfy U* K[U]^0 in a domain D where 
C(x) ^ 0 . Then there is no smooth proper subdomain D'QJ) such that 

^ dU 
22 Aij cos (v, Xi) + SU = 0 on dD' H D, 
ij ÖXj 

„ dU 
22 Aij (cos v, Xi) = 0 on dD' C\ dD, 
ij dxj 

with S(x) > 0 on dDT\D. 
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In the special case where the components of -£[£/] are given by 

23 — \aiJ—-) + Hck&ï, k = 1, • • • , », 

Theorem 2 implies the following. 

COROLLARY 1. Let U(x) satisfy U * K[U]^0 in a domain D where 
C(x) ^ 0 . If there exists an x 0 GD such that all the uk(x) have a positive 
maximum or a negative minimum at x0, then U(x) is constant in D. 

Finally we note a lower bound for the first eigenvalue Xi of 

K[U] + \PU = 0 in D, 

_ dU 
]C A a cos(v, Xi) + SU = 0 on dD - Y 

dxj 
U = 0 on T, 

where P is real, positive definite, and symmetric in D. 

THEOREM 3. Let V(x) be a nonsingular nXn matrix class C2for 
which Aij(dV/dxj)V~l is symmetric f or i, j=l, • • • , m. If V satisfies 

2J An cos(i>, Xi) + TV = 0 on dD - A, 
dxj 

7 = 0 on A, 

where ACT and S^T on dD—T, then 

\J = inf (-P-lK[V]V-1). 
xeD 

Proofs of these results and other applications of (3) will be pre
sented elsewhere. 
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