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1. Recently several papers by Rajagopal [7] ,Varshney [11] and
others have been written, on Nérlund summability of Fourier series,
in order to unify some of the classical results. Though lower semitri-
angular matrix (A) summability method has been known for quite
some time no attempt has yet been made to apply it to Fourier series.
The object here is to determine a necessary and sufficient condition
for (A) summability of Fourier series and to include a wider class of
known results.

A Fourier series, of a Lebesgue-integrable function, is said to be
summable at a point by triangular matrix method (A), defined by
Hardy [1],if Asx=0for k>n,2 App—lasn—oand D ro|Ani| S M,
where M is a constant, and the point is in a certain subset of the
Lebesgue set.

The following main theorem has been proved here.

THEOREM. Let a sequence {A,.,;,} be defined in terms of

A (%), monotonic decreasing and strictly positive for all u = 0,

(1.1) Aw = Aua)
and if
¢ ¢
(1.2) @) = fo | ¢(w) | du = 0(\0(1/0) ast—+0

and Y(t) be positive, nondecreasing with t; then a necessary and sufficient
condition for (A) summability of Fourier series, to 0 or

(1.3) by = {E An,bSk} —0 asn— o,
is

» R.(u) _
(1.4) fl s = O

1 The author wishes to thank Canadian Mathematical Congress for the support of
this work, through Summer Research Institute at Winnipeg. The author also wishes
to thank Professor L. S. Bosanquet for many valuable suggestions, during the author’s
brief stay at University College, London.
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where Rop= 2 % ; An, =Ko (B).
2. We shall need the following lemma.
LEMMA. If the sequence {A,.,,,} is defined as in (1.1), then

E An Sin(k + 3u ) £.(1/w)
Sin(w/2) ‘T

where ¢ is a constant, not the same at each occurrence.

(2.1)

Proor. If we choose m =integral part of 1/« and suppose that
1/n<u =<6, we get m Sinfu>mu/mw. Now for #>0 and m=<n we
have

z":An,k Sin(k + 3)u

k=0
Sin(x/2)
1 m n
< [ > A Sin(k 4 Bu |+ | D A Sin(k + 3)u ]
U k=0 m
Sin —

1 m n
< [ > Ani| Sin(k + $u| + Xam Max 3, Sin(k + %)u]
u k=0 mSksn gn

Sin —
2
Anm Cos(k + }u
_ 4 Ao Max S5 D
. u mSksSn . u
Sin — Sin —
2 2

Ka(m) cKa(m)

Sin 2»  m(Sin }u)?

AJ1/u]  cAa[1/4]
- Sin 3u  m(Sin }u)?
< Aa[1/u]  cRa[1/4]

Sin }u Sin(3%)
< cA.(1/u) ,

u

which proves the lemma.

3. Proof of the theorem. To prove the sufficiency part, first, we
see [2] that the nth partial sum of Fourier series is given by
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Sin(n + '})u
- ———f A Sin u

- f o) SR DU L4 o),
7 Jo Sin iu

Using (1. 3), and the last expression, we get
" Sin(k + 3})u

=— ¢(u) 2 Ans ————— du + o(1)
k=0 Sin 3u
_ i 1/" ’ n Sin(k + $)u
o l:»fo lln] ) Z-c:) Ank Sin 3u du + o(1)
3.1) = I, + I, + o(1), say,

by virtue of (1.1).
Considering I;, we get

n

1 1/n
I =— f ¢l 2 Ani Sin(k + Dudu
T Yo

Sin 3% =0

3.2) = O(n)fo | $(u) | du

= o(;(ln—)), by (1.2).

Next, by the above lemma

3" As Sin(t + Bu

k=0

8
=01) | |é@)]|

1/n

d
Sin 3u “

A,.(l/u)

= o(1) f | o) |

_ K.(1/u) s A (1/%) 1
= o) {[é(u) u ]1/,. + m@(u)d [u\lf(l/u).q, (;)]}
3.3) X.(n)
8 K,.(l/u) d An(l/u)
+o() 1/n {\Il(l/u)} ( ) o) 1/n {u\I/(l/u)}
B ¢ dv(1/u) LI ™ (l/u)
—WrO ) wamp 0. wam ™

= o(1), by virtue of (1.4).
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Now the first part of the proof is complete by virtue of (3.1), (3.2)
and (3.3), when n— .

To prove the necessary part, a look at the proof of sufficiency part
shows that, it is sufficient to show here that

(3.4) fl :,. \P(;‘/n) d{K”(i/ “)} = o(1).

Considering the left-hand side and proceeding as above, we have

I

v (K1)
= 0w ud{u\ll(l/u)

1/n

} o [ 2N e
— u
v {2(1/0)}
& A.(1/w)
du
1/n u‘I/(l/u)
which is bounded by virtue of (1.4) and this completes the proof.

4. The results due to Hille and Tamarkin [4], Iyengar [6] and
Siddiqi [10] on harmonic summability form the particular cases of
the theorem for A, =(1/log(n+1))-(1/(k+1)) and ¥(1/¢) =log(1/%).
The case on (H, p)-summability due to Sahney [8] can be obtained
by considering the case

1
= O(@) + O(Kn(n)) + 0Q1)

—1

() = I (log)™(w)

=0
and
1

An.k =

(log)*(n + 1) IT (log)e(k + 1)

=0

Results on Cesiro summability, due to Fejer, Lebesgue and Hardy
[2] can be obtained if we choose ¥(x) =1 and

_ vVn+a

vV + 1)V
for 0<a<1 and p, is as defined below.

Lastly the different results on Nérlund summability, for A,
=pn_+/Pa, can be obtained by considering the cases ¥(u)=1 and

¥ (u)=log u which are due to Hille-Tamarkin [4], Rajagopal [7]
and Varshney [11], respectively.
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