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1. Recently several papers by Rajagopal [7] ,Varshney [ l l ] and 
others have been written, on Nörlund summability of Fourier series, 
in order to unify some of the classical results. Though lower semitri-
angular matrix (A) summability method has been known for quite 
some time no attempt has yet been made to apply it to Fourier series. 
The object here is to determine a necessary and sufficient condition 
for (A) summability of Fourier series and to include a wider class of 
known results. 

A Fourier series, of a Lebesgue-integrable function, is said to be 
summable at a point by triangular matrix method (A), defined by 
Hardy [ l ] , if An,k = 0 for k>w,^An,*->l as w->oo and ]Ct-o| A»,*| ^M, 
where M is a constant, and the point is in a certain subset of the 
Lebesgue set. 

The following main theorem has been proved here. 

THEOREM. Let a sequence {An,k} be defined in terms of 

An(u), monotonie decreasing and strictly positive for all u ^ 0, 

A„,tt ss Kn(u) 

and if 

(1.2) m^f^(u)\du^°(j^) ast~> + ° 
and yp(t) be positive, nondecreasing with t; then a necessary and sufficient 
condition for (A) summability of Fourier series, to 0 or 

— \ zl An,fcS*> (1.3) t " < L A»,*S*> -> 0 as n-> co, 

ts 

i u\l/(u) 
1 The author wishes to thank Canadian Mathematical Congress for the support of 

this work, through Summer Research Institute at Winnipeg. The author also wishes 
to thank Professor L. S. Bosanquet for many valuable suggestions, during the author's 
brief stay at University College, London. 
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where Xn,* = ]£?-i An,r=Xnf* (Jfe). 

2. We shall need the following lemma. 

LEMMA. If the sequence {An,*} is defined as in (1.1), then 
n I 

23 An,* Sin(& + |)w 

(2.1) 
Sin(«/2) 

< c-
Ân(lA) 

ïróertf c is a constant, not the same at each occurrence. 

PROOF. If we choose m = integral part of 1/u and suppose that 
1/n^u g5, we get m Sïn\u>mu/ir. Now for u>0 and m^n we 
have 

ÊA»f»Sin(4 + J ) « 
*=o 

Sin(*/2) 

< —î—riz: 
n , « LI ib-o 
Sin — 

A„,* Sin(£ + \)u + 2X.*Sin(* +J)J"| 

i r w n i 
< E An,* | Sin(4 + i)u\ + X„,m Max £ Sin(£ + \)u 

U L **o m£k£n m J 
Sin — 

2 
An,m Cos(£ + J)« 

= r An,m Max 
Sin-

I„(w) cln(w) 

Sin — 
2 

Sin f # w(Sin§#)2 

ï . [ l / « ] , cln[l/u] 

< 

Sin Jw w(Sin|w)2 

Z»[l/«] cI»[l/«] 
Sin £« Sin(|w) 

cln(l/u) 

which proves the lemma. 

3. Proof of the theorem. To prove the sufficiency part, first, we 
see [2] that the wth partial sum of Fourier series is given by 
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Sin(n + %)u 

Sin^w 

Sin(w + i)u 

o Sin \u 

Using (1.3), and the last expression, we get 

Sin(& + \)u 

1 C* 
= — I 4>(u) ——— du 

T J o Sin f u 
1 Ch Sin(w + \)u 
T J o Sm f « 

l f * » Sin(£ + ï )« 
tn = — I 0(W) 2 ^ An,Jfc - — du + tf(l) 

7T •/ o *-o Sin \u 
\ f" /» l/n /» « H n 

- - I + | U(«)ZA, 
W L •/ 0 ^ l/n J *~0 

0 ^ 1/n-

(3.1) = 7i + /2 + Ö(1), say, 

by virtue of (1.1). 
Considering 7i, we get 

x'n <t>(u) 

Sin(& + |)w 
n,& -

o Sin #w 
rfw + <?(1) 

(3.2) 

o Sin \u jb»o 
l /n 

X) An,* Sin(& + i )« du 

ƒ• l / n 

| <̂ (w) | du 
0 

- ( Ï S > >
 by(L2)-

Next, by the above lemma 

U = 0(1) V i*(«) 
J l/n 

£ An,* Sin(£ + \)u 

Sin £w 
du 

/

>* , , S»(l/«) 

l /n « 
l / n 

(3.3) 
. w < [ w ^ + / > Ê g & . ( i ) } 

"(Sg)-» 
/•» 3 . ( l /« ) . T / l \ , m f , /3-(l/«)> 

J 1/B (*(i/«)} ^ V « / J i/B W ( i / « ) ƒ 

= o(l) + o(l) I -j c- + o(l) I du 

= o(l), by virtue of (1.4). 
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Now the first part of the proof is complete by virtue of (3.1), (3.2) 
and (3.3), when n—• <». 

To prove the necessary part, a look at the proof of sufficiency part 
shows that, it is sufficient to show here that 

r* u (In(l/u)) 
(3.4) I —— < z f ^ - 4 =0(1). 

J 1/n ¥(1/») I u ) 

Considering the left-hand side and proceeding as above, we have 

J1/n*(l/u) \ u ƒ 
/•« f i ( i /«) i r* Ân(i/w) 

- 0(1) *i\-^rr:\ +0(1) , , \ 'x%i*(l/u) 

W ( « ) / J1/nu*(l/u) 

which is bounded by virtue of (1.4) and this completes the proof. 

4. The results due to Hille and Tamarkin [4], Iyengar [ô] and 
Siddiqi [lO] on harmonic summability form the particular cases of 
the theorem for A» ,*s ( l / l og (n+ l ) ) -(l/(Jfe + l)) a n d * ( l / / ) = l o g ( l / / ) . 
The case on (H, £)-summability due to Sahney [8] can be obtained 
by considering the case 

*(«o = n aog)^(«) 
and 

A»,* = 

(logHn + 1) B Qogy(k + 1) 

Results on Cesàro summability, due to Fejer, Lebesgue and Hardy 
[2] can be obtained if we choose >?(#) = 1 and 

y/{n + l ) V a 

for 0 <<x < 1 and pn is as defined below. 
Lastly the different results on Nörlund summability, for An,* 

— pn-k/Pn, can be obtained by considering the cases * ( w ) s l and 
>?(w)=log u which are due to Hille-Tamarkin [4], Rajagopal [7] 
andVarshney [ l l ] , respectively. 
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