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In [ l ] , Professor Kobayashi defined hyperbolic and complete 
hyperbolic manifolds. In [2], Professor Wu defined tight and taut 
complex manifolds. The purpose of this paper is to show that these 
concepts are related in the following way: 

complete hyperbolic => taut 

taut . hyperbolic 

hyperbolic <=* tight (with respect to some metric) 

I t seems likely that taut implies complete hyperbolic, but I cannot 
prove tha t a t the present time. Don Eisenman has obtained these 
results concurrently by a slightly different method. 

We begin by recalling the definition of the Kobayashi pseudo-
distance AM associated to the complex manifold M. Let p and q be 
points in M. By a chain a from p to q, we mean a sequence p=po, pu 
• • • , £ * = 2 of points in M, points ai, • • • , a* in the unit disk D 

83 {sECl |*| < l } and holomorphic maps jfi, • • • , fk of D into M 
with fi(0) —pi-i and/*(a») =ƒ>»•. The length | a | of a is defined by 

I a I - 2LJ d(0, a%) - 2-r l o g Z j T 
i»i »~i 1 ~ I ai I 

where d is the Poincaré-Bergman distance on P . I t is given by the 
metric ds2 — dzdz/(l — \z\2)2. We set dM{p, 2)= = înfa€i i |a | , where A 
is the set of all chains from p to q. I t is easy to see that du is a pseudo-
distance on M. If dM is an actual distance, we say that M is hyper
bolic. M is called complete hyperbolic if dj^ is a complete metric, i.e., if 
all Cauchy sequences converge. Kobayashi (see [l , §8]) has shown 
that complete hyperbolic implies that all bounded subsets have com
pact closure. 

I t follows immediately from the definition of dM and dNl that if 
ƒ: M—>N is holomorphic and p, qGM, then dN(f(p)if(q)) ^dM(p, 2). 
The classical Schwarz-Pick lemma implies that the Kobayashi dis
tance dj) on the unit disk D is the same as the Poincaré-Bergman 
distance d. 
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Let (5t(iV, Af) denote the set of holomorphic maps from N into AT. 
A sequence {ƒ<} in Ct(iV, M) is called compactly divergent if given any 
compact K in N and compact K' in M, there exists j such that fi(K) 
C\K' = 0 for all i^j. Fix a metric p on M which induces its topology. 
a(iV, AT) is called normal if every sequence in G(iV, AT) contain a 
subsequence which is either uniformly convergent on compact sets 
or compactly divergent. M is said to be taut if Ct(iV, AT) is normal for 
every N. (AT, p) is said to be tight if a(iV, If) is equicontinuous for 
every N. I t should be noted that tautness is an intrinsic property of 
AT, while tightness depends on the metric p. 

For the rest of the paper, we shall use the following notation. 
(1) p and q are distinct points of M. 
(2) J B = { ( W I , • • - ,wn)\ \wi\2+ • • • + | w n | 2 < l } is a coordinate 

neighborhood centered at p, such that q(£B. 
(3) 5 . = {(«n, • • • , 0 | | t tn |H- • • • + \wn\ » ^ < l } C 5 . 
(4) p is a metric on M which induces its topology. 
(5) F , = U'GAT|p(£ ' , £ ) < * } . 
(6) Dê=\zED\ | s | < S < 1 } . 

An ordered pair (r, S) of strictly positive numbers is said to satisfy 
property A (relative to the choices above) if for every holomorphic 
m a p / : D->M with/(O)G-Br, we have f(DB)CB. 

LEMMA. Let AT, p, q and B be as above. If there exists a pair (r, S) 
satisfying property A, then dM(p, q) > 0 . 

PROOF. Choose a constant c > 0 such that di>(0, a) ècdi)5(0, a) for 
all aG^«/2« 

L e t a = [p^PoiPu • • • , £i = 2;ai , • • * > #*;/i> • * • ,fi} be a chain 
from p to q. Without loss of generality, we can assume that ax, • • • , 
akEDs/2, po, pu • * • • pkGBr and that pkGdBr. Now 

A; A; A; 

| a | ^ 5 3 <fo(°> <**) = c 23 ^D«(0, fl») è c E dB(pi-i, pi) 
i==l t=l i=»l 

^ cdB(0, PK) = c' where c' is constant > 0. 

Thus dM(p, q)^C>0. Q.E.D. 

PROPOSITION 1. If (AT, p) is tóg&J, Jftew Mis hyperbolic. If Mis hyper
bolic, then (AT, du) is tight. 

PROOF. Assume (AT, p) is tight. Using the notation above, there 
exists € > 0 such that VuCB. Since &(D> M) is equicontinuous, there 
exists ô > 0 such that if/: D—*M is holomorphic with ƒ(())£ Fe, then 
ƒ(£>*) C F 2 c C £ . Choose r > 0 such that £ r C F € . Then (r, Ô) satisfies 
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property A. By the lemma, dM{p, q) > 0 . Since p and q were arbitrary 
distinct points, M is hyperbolic. The second statement is trivial. 
Q.E.D. 

PROPOSITION 2. If M is taut, then M is hyperbolic. 

PROOF. Assume M is not hyperbolic. Then there exist distinct 
points p and q with (IM(PI g ) = 0 . By the lemma, (§, 1/n) does not 
satisfy property A for any n. Thus there exists a holomorphic map 
fn: D—*M w i th / (0 )G5i / 2 and fn{Dnn)(\lB. The sequence {ƒ»} has no 
subsequence which is either uniformly convergent on compact sets or 
compactly divergent. Thus M is not taut. Q.E.D. 

EXAMPLE. DXD— {(0, 0)} is hyperbolic, but it is neither taut nor 
complete hyperbolic. 

PROPOSITION 3. If M is complete hyperbolic, then M is taut. 

PROOF. Let N be another manifold. Since (M, dM) is tight, a(N, M) 
is equicontinuous. Since M is complete hyperbolic, every bounded 
set in M is relatively compact. This implies that Ct(iV, M) is normal 
(see Lemma 1.1 in [2]). Thus M is taut. Q.E.D. 

Finally, we observe that if M is a hyperbolic Riemann surface, 
then M is complete hyperbolic. This follows from the fact that M is 
covered by D which is complete hyperbolic. By Proposition 5.5 of 
[l ], M is complete hyperbolic. 

REFERENCES 

1. S. Kobayashi, Invariant distances on complex manifolds and holomorphic maps, 
J. Math. Soc. Japan 19 (1967), 460-480. MR 38 #736. 

2. H, Wu, Normal families of holomorphic mappings. Acta Math. 119 (1967), 193-
233. MR 37 #468. 

UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA 94720 


