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1. Introduction. We outline a simple procedure for constructing 
resolutions for a large class of algebras including the Steenrod algebra 
and the universal enveloping algebras. I t is classical that the cohomol
ogy groups of a Lie algebra may be computed using the Koszul 
resolution [2, Chapter 8, §7]. This resolution is particularly nice 
because it is a small subcomplex of the bar resolution. Our resolutions 
are conceptually analogous and so we call them Koszul resolutions 
and the algebras for which they are defined Koszul algebras. For 
each such algebra A we give (Theorem 3) an explicit differential 
algebra whose homology is the cohomology algebra H*(A). Our 
theory (§3, (1), (2)) subsumes May's generalization of the classical 
Koszul resolution and his resolution for a restricted Lie algebra in 
characteristic 2 [3]. In the (motivating) case of the Steenrod algebra 
we also retrieve (§3, (3)) the A algebra of Kan et al. [ l ] . 

A detailed treatment of our results will appear in [S]. The author 
wishes to thank Daniel M. Kan and especially J. Peter May for 
several conversations and to acknowledge a debt to [ l ] and [3]. 

2. Koszul algebras and resolutions. We define Koszul algebras, 
give examples (2.2) and then define Koszul resolutions in (2.3). By 
an algebra A we shall always mean an augmented algebra, F^A^F, 
of finite type over a field F. A presentation of A is an epimorphism of 
algebras a\T{xi\—>A, where r{x*} is the tensor algebra. Let 
jR = Ker(a) then A~T{xi}/R. Now A is said to be a pre-Koszul 
algebra if it admits a presentation a such that R is the two sided ideal 
generated by elements of the form X)»-jte+ ^j^fj^xjXk where ƒ»• and 
ƒ,-,& are in F. Let a(xi) =a«. If {ai} are linearly independent then {&*} 
is called a pre-Koszul set of generators for A and a is called a pre-Koszul 
presentation. Note that A is defined by relations of the form 

(2.1) Z) ƒ**< + Z) //.*0ya* ~ °' 

A pre-Koszul algebra is said to be homogeneous if each ƒ * » 0 in each re
lation (2.1). Now T{xi] is filtered with FpT{x{}, p^O, spanned by all 
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monomials of length ^pt with 1 having length 0. If a: T{xi}—>A is a 
presentation, define FpA=a(FpT{xi}) and EliQA = (FPA/Fp-.iA)p+q; 
if a is a pre-Koszul presentation then E°A is called the associated 
homogeneous pre-Koszul algebra of A. Note that E°A is generated 
by images bi of a»- in E%A and is defined by the relations ]C/«* ƒ/«*&*&* 
= 0. 

Let A be a homogeneous pre-Koszul algebra with generators {a*}. 
Then as an algebra A=E°A and so A may be bigraded (with the 
first gradation length). Therefore H*(A) =*Exti*(P, F) is trigraded. 
The set {ai} is a basis for the set of indecomposable elements of A, 
hence Hl>*>*(A) =Hl>l>*(A) has basis {a{} where a&EP^A) 
corresponds to a»G^4i.«. We say that A is a homogeneous Koszul alge
bra if the cohomology algebra is generated by the set {ce»}. This is 
equivalent to the condition H8'Ptq(A) = 0 unless s~p. We say that 
a pre-Koszul algebra A is a Koszul algebra if E°A is a homogeneous 
Koszul algebra. 

(2.2) Examples of Koszul Algebras. (1) The tensor algebra T{#,•}, 
the free commutative algebra ^4{x*}> a n (* t n e exterior algebra 
E{:>ct-} are homogeneous Koszul algebras. 

(2) If L is a graded Lie algebra then the universal enveloping 
algebra U(L) is a Koszul algebra and any basis {a»} of L is a Koszul 
set of generators. The defining relations are 

aw - ( - l ) d e * « * d e * a ^ - [ai9 aj] « 0, 

and E°U(L)~A {bi}. 
(3) If L is a graded restricted Lie algebra and char F =2, then 

V(L) is a Koszul algebra. The defining relations are those of (2) and 
#?+£(#**) = 0 where £ is the restriction, E°V(L) =£{&»•} is the asso
ciated homogeneous Koszul algebra. 

(4) The Steenrod algebra A has Koszul generators { j S P ^ U J P ' } , 
i ^ O , j > 0 (if £ = 2, P ' = Sq* and /3P* omitted) subject to the Adem 
relations (and their Bocksteins). Since P° = 1, A is not homogeneous. 

(5) The Steenrod algebra AL for simplicial restricted Lie algebras 
[4, 7.1, 8.8] has the same Koszul generators and relations as (4) 
except P° = 0. Therefore AL is isomorphic to the associated homog
eneous Koszul algebra E°A of (4). 

(2.3) Koszul resolutions. Let A be a Koszul algebra with Koszul 
generators {ai}. Let R and L be right and left A -modules respec
tively. Each element xÇzHpip(E°A) may be uniquely represented by a 
£-cycle of B(E°A) of the form J^t [bh\ • • • \bip] where bi.E&l,*A 
(there are no (£+l) -ehains of length p). Hence the natural isomor
phism t :EÎ^4APi/ (4) , induced by the splitting 1 — 7i*:A~+I(A)f ex-
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tends to a natural inclusion of modules 

r.R <g> F*,*(£M) ® L -> £(£, 4 , L) 

where B(R, A, L) is the bar construction (denoted B(R, L) in [3]). 
It is not difficult to show that Image (t) is actually a subcomplex of 
B(R, A, L). The Koszul complex K*(R, A, L) is then defined to be 
the complex whose module is R® H*,*(E°A) ® L and whose differen
tial d is determined by requiring t to be a map of complexes. 

To describe d explicitly, suppose xÇzHptp(E°A) is represented (as 
above) by Z * [**il m ' ' I H i - Since 

« ( S f a i l • • • I **j) - 0 in B(E°A) 

it follows that in 5(4) 

à ( Z k'i | • • • | <*<J) = E E (-lM<Ki | • • • | *ifli,+i | • " • | <*<J 
\ « / • y-i 

(ey = degfa^ | • • • | ai}]) 
p-i 

^ z z jifijki^i i • • • Uvj • • • 10<j 
* y- i k 

for certain fijk£:F and a ^ E {#*}• Hence 

J(r ® « ® Z) 

= Z (~l)deg r '*• ® { Z [»i,| • • • | fcj} ® * 

(2.4) + (-1)*« ' r <g> i § £ƒ,„[*,, I • • • I VI • • • I Kl\ ® * 
V y-i *,* / 

+ 2 (-l)d°« •+* r ® 4 Z [ôfl | • • • | V j l ® «J-

PROPOSITION 1. There is a canonical injection of complexes 
t,:K*(R, A, L)-+B*(R, A, L) given by 

i(r ® { Z [bill • ' * I *<j} ® A = ' ® Z K l ' • • I *<J ® *• 

If R — F—L then t « aw injection of differential co-algebras. 

The following is the main theorem of our theory: 

THEOREM 2. If Ais a Koszul algebra then Tor*,* (R, L) is the homol
ogy of the Koszul complex K*(R, A, L). 
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SKETCH OF THE PROOF. The filtration of A induces a filtration of 
the bar construction B(R, A, L). There results a spectral sequence 
£*,* = R®H+#(E°A) ®L=>Tor*,*(.R, L) whose (E\ d^-term is readily 
seen to be the Koszul complex K*(R, A, L). Since A is Koszul, 
H„p(E°A) = 0 for S9^p and so the sequence collapses (E? = E°°). 

Since TorA(R, L) =L it is clear that K*(A, A, L) is a resolution of 
L by free left A -modules. We call K*(Af A, L) the Koszul resolution 
of L. Similarly K*(R, A, A) is the Koszul resolution of R (by free 
right A -modules). 

Let K*(R, A, L) denote the graded F-dual of K*(R, A, L). 
Then X*(i^, A, L) is called the co-Koszul complex for computing 
ExU(L, #*) ( = Tor^CR, L)*). 

For simplicity we shall limit our discussion here to the case 
R = F=L. Since K*(F, A, F) is a differential co-algebra it follows that 
K*(F, A, F) is a differential algebra. I t is important to note that 
K*(F, A, F) admits an explicit set of generators and relations defined 
in terms of the Koszul generators and relations of A. 

Since A is generated by {a»} we can choose an .F-basis BA for A 
consisting of 1, a»-, and certain monomials a»x • • • a,-n, a t yG {#*}• We 
can also choose a set 5C£7==U£Li 2iX • • • Xln (where each !ƒ = / 
is the indexing set of {at-} ) such that for each a £ B A — {1} there is a 
unique (iu • * • » *n) G 5 such that a = aix • • • #t-n. We can assume the 
relations of A are written in admissible form with respect to BA and 
S, i.e., 

_ /k,l\ ^ / A , / \ 
(2.5) WH = 2^ ƒ I ) f l * + 2^ ƒ( . . K % 

where f Cm) and ƒ(?;]) are in F. Let J3* = {l, a(i), a(ii, • • • f in)} de
note the dual basis, i.e., if (i±, • • • , in)ÇzS then (a(ii, • • • , in), a ) = 1 
if a = a t l • • • ain and zero otherwise. A basis BE*A for E M is formally 
obtained from BA by replacing the letter a with the letter b and sim
ilarly BE*A from -B̂ L by replacing a with j3. Admissible relations for 
E°A are 

Let /3* denote the class of \fi(f)] in ff^-^EM). 

THEOREM 3. Let A be a Koszul algebra with Koszul generators {a»} 
and admissible relations (2.5). Then 

(1) The cohomology algebra H*(A) is the homology of the co-Koszul 
complex K*(F, A, F)=H*(E°A). 
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(2) As an algebra, K*(F, A, F) is generated by {/8*} subject to the 
relations: if {% j)£»S then 

. \ W i - 0 
h J/ 

where ̂ u,« = deg j3tt+(deg j3„ — l)(deg j3v — 1). The differential is deter
mined by 

«iff- — S (-!)'*•'ƒ( ' W * 

SKETCH OF PROOF. Part (1) follows from Theorem 2 and duality. 
Now A is a Koszul algebra and so H*(E°A) is generated by {fit}. If 
p(i J) EB^OA then 

«tsfti)]-(-1)^(01/80)] 

+ E (-!)'*•!/(*' ! W ) | /»©] 

in C*(JEM) and so the desired relations hold. The derivation of the 
differential is similar and is dual to d of (2.4). 

3. Applications» (1) Graded Lie algebras. If L is a graded Lie 
algebra then U{L) is a Koszul algebra (see (2.2) Example (2)) and 
E°U(L) =E(L-)®A(L+), where L+, LrQL are the elements of even 
and odd dimension respectively, with the convention that L+ = L and 
L~ = 0 if char F«2. It is classical that iI*4(L+) ==£(L+) 
and H*E(L~) =T(L~) the divided polynomial algebra. Hence 
K*(F, U(L), U(L))=T(L~)®E(L+)®U(L) and Proposition 1 shows 
that this resolution coincides with that described by May [3, p. 131]. 

(2) Graded restricted Lie algebras (char F~2). Let L be a graded 
restricted Lie algebra and assume char F =2. Then V(L) is a Koszul 
algebra (see (2.2) Example (3)) and E°V(L) «£(L) . The embedding 
of Proposition 1 shows that K*(F, V(L), V(L)) ~T(L)®V(L) agrees 
with May's resolution X(L) [3, Remarks 10, p. 140]. 

(3) The Steenrod algebra. Let A denote the Steenrod algebra and 
for simplicity let p = 2 (analogous results hold for p odd). Now A is a 
Koszulalgebra(see (2.2) Examples (4) and (S) and E°AÇ^Az,. Applying 
Theorem 3 we see that K*(Z^ A, Z%) is the differential algebra gen
erated by {<Ti}, i>0 (<Ji dual to Sq*') subject to the relations: if 
a^2&>0 

file:///Wi-0
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with differential 

l*M/a-j- 1\ 
0(Ta = 2Lf [ . )(Tj<ra-j 

i=l \ J / 

where {x} is the greatest integer less than x. 
Let (EXS, ^S) be the (22\ d^-term of the Adams spectral sequence 

(derived from the lower 2-central series filtration) for the simplicial 
sphere spectrum FS [l]. I t is easy to check that there is an anti-auto
morphism of differential ^-algebras 

$ : (K*{Z%, A, Z2), ») -* (ElS, PS) 

extending the map of generators given by <rt+i—>X» ( i^O) . 
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