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1. Introduction. Let MM denote the set of all functions ƒ (z) that are 
analytic and univalent In the unit disc A and satisfy the conditions 
jf(0)=0, f(zo)=z0, and \f(z)\ ^-M, where Zo is a fixed point of A, 
SOT^O, and where M is fixed, KM S °°. 

Although the class M» has been a popular one to study, very little 
seems to have been done with MM- We aim to correct this oversight 
by beginning a study of MM- In this paper we obtain the exact value 
of the "Koebe constant" for MM and we determine the Koebe sets for 

(i) the set MM consisting of those elements f(z) of MM for which 
/(A) is starlike with respect to the origin, and 

(ii) the set M% consisting of those members ƒ(z) of ML* for which 
/(A) is convex in the direction eia. 

2. Main results. By the Koebe constant for MM we mean the 
radius of the largest disc, center a t the origin, that lies in the set 
n[/(A) | fGMM], the Koebe set for MM. 

THEOREM 1. The Koebe constant for MM is given by 

r(MM) = 2Ô2 - M - 2ô(ô2 ~ M)1 '2 , 

(1) t M - | * o | 
0 = j p • 

l - | * | 
This result is sharp. 

PROOF. First, there is no loss of generality here if zo is taken to be 
real and positive. Hence we set Zo = r 0 > 0 . Now we obtain the domain 
£2* from the domain Os=/(A) by a circular symmetrization with 
respect to the half-line [0, r0, °°). The domain Ö* contains the origin 
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and it contains the point r0; moreover, it is contained in a domain Dh 
which is the disc [w\ \w\ <M] slit along the segment (-M, — h]. 
Well-known monotonie properties of the hyperbolic distance give us 
the inequalities 

arc tgh r0 s p(0, r0, &) è p(0, r0, G*) 

à p(0, r0, #/0 s arc tgh | 0(ro) | , 

where w =0(z) is a function that maps A conformally onto Dh subject 
to the condition $(0) = 0 . A computation involving <j>{z) shows that 
(2) holds if (1) holds, with Zo = ro. The equality sign in (1) holds for the 
function ƒ (z) defined by 

ƒ(«) y i - My 
V i f - I *o|/ [if - e-**/(*)]2 V ^ - | *o | / (1 - €T*»«) 

«o = r0e
ia. 

This completes the proof of Theorem 1. 
REMARK. For M = oo, (1) gives us a result due to Lewandowski 

[3], and for so = 0, (1) yields a result due to Pick [5]. 
Now we shall determine the Koebe set for Sfïljr, the set of elements 

of MM that map A onto domains that are starlike with respect to the 
origin. 

First we recall some facts about Koebe sets. If 8 is a nonempty set 
of functions f(z), analytic in A, then the Koebe set of 8 is the set 
X ( 8 ) - n [ / ( A ) | / G 8 ] , [ l ] . However, for the set 3RÎ, Krzyz and Zlot-
kiewicz found another characterization of 3C(9TCM). Let AM denote the 
disc [w\ J w\ <M] and let S denote the set of all subdomains D of AM 
that (i) are starshaped with respect to the origin, and (ii) contain the 
fixed point s0. For -DG9, let g(w, z0, D) be the Green's function with 
pole at Zo and let JJL(WO) be defined by 

(3) fx(wo) = lub[g(0, *0, D) I D E S, wo E AM\D]. 

Then the result due to Krzyz and Zlotkiewicz, alluded to above, is 
that 

(4) K(mt >M) e wU(w) < l o g - j — r 

holds [2]. 
Now if we make use of (3) and (4), then we obtain the following 

result. 

THEOREM 2. The set X^PUM) is determined by the condition 

w — wo 
M2 — WZQ 1 

+ • M + \w\ I I w 11 i f + | w| 
M w + z0\w\ 

<y(l + UI2)> 
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and the Koebe set 3C(9iïl*) is determined by the inequality 

(5) \w-zo\ + \w\ < J ( 1 + | So|2). 

REMARK. The elliptic domain (5) is a well-known one due to 
Rogosinski [ö]. 

The formula in (4) can be applied to other subclasses of MM- For 
example, we have found the following result. 

THEOREM 3. The Koebe set 3Z(M%) is determined by the inequality 

l+U(l+cos 20) + (5 2 - l ) cos 20+£Csin 20]1/2< \—r——, 
I * o | 2 

where 

ft = | w | , d ~ \w — 201 , 

2hd ft - d 

(ft + rf)2 | So| 
C = [(1 - Z>2)(2.4 + Z>2 - l)]1 '2. 

Tfte se/ 3C(9tfC) w a simply-connected Jordan domain if 
\zo\ [l + |sin0| ]1/2< 1, 05^0,7T, while 3C(9flC) istheunionoftwo disjoint 
simply-connected Jordan domains, which are symmetric with respect to 
the point J*0, if K | *o| [l +1 sin 01 ]x/2,0^0, TT. 

REMARK. For zo = 0 we obtain 

3C(SÏC/2) s [w I d \ w | ( | w \ + | im w | ) < l ] , 

which is related to a result due to McGregor [4]. 

REFERENCES 

1. J. Krzyz and M. O. Reade, Koebe domains for certain classes of analytic func
tions, J. Analyse Math. 18 (1967), 185-195. MR 35 #3050. 

2. J. Krzyz and E. Zlotkiewicz, Koebe sets of univalent functions with two preas-
signed values, Ann. Acad. Sci. Fenn. (to appear). 

3. Z. Lewandowski, Sur certaines classes de fonctions univalentes dans le cercle-unité, 
Ann. Univ. Mariae Curie-Sklodowska Sect. A 13 (1959), 115-126. MR 22 #11137. 

4. M. T. McGregor, On three classes of univalent f unctions with real coefficients, 
J. London Math. Soc. 39 (1964), 43-50. MR 29 #235. 

5. G. Pick, Über die konforme Abbildung eines Kreises , • , , Wien. Berichte 126 
(1917), 247-263. 

6. W. Rogosinski, Über den Wertevorrat einer analytischen Funktion.,., Compositio 
Math. 3 (1936), 199-226. 

UNIVERSITY OF MICHIGAN, ANN ARBOR, MICHIGAN 48104 

THE MARIA CURIE-SKIODOWSKA UNIVERSITY, LUBLIN, POLAND 

6 = a — arg s0, 

So 
D = 

h + d 


