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Introduction. The study of foliations on manifolds has a long history 
in mathematics, even though it did not emerge as a distinct field until the 
appearance in the 1940's of the work of Ehresmann and Reeb. Since that 
time, the subject has enjoyed a rapid development, and, at the moment, it 
is the focus of a great deal of research activity. 

The purpose of this article is to provide an introduction to the subject 
and present a picture of the field as it is currently evolving. 

The treatment will by no means be exhaustive. My original objective 
was merely to summarize some recent developments in the specialized 
study of codimension-one foliations on compact manifolds. However, 
somewhere in the writing I succumbed to the temptation to continue on to 
interesting, related topics. The end product is essentially a general survey 
of new results in the field with, of course, the customary bias for areas of 
personal interest to the author. 

Since such articles are not written for the specialist, I have spent some 
time in introducing and motivating the subject. However, this article 
need not be read linearly. §§ 1, 2, 3 and 5 fall into the category of "basic 
material." §§ 4, 8 and the combination 6-7 are essentially independent of 
each other. 
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1. Definitions and general examples. A manifold is, roughly speaking, 
a space locally modelled on affine space; and a submanifold is a subset 
locally modelled on an affine subspace. In this spirit, a foliated manifold 
is a manifold modelled locally on an affine space decomposed into parallel 
affine subspaces. 

DEFINITION 1. By a p-dimensional, class Cr foliation of an m-dimen-
sional manifold M we mean a decomposition of M into a union of dis­
joint connected subsets {<&a}aeA, called the leaves of the foliation, with 
the following property: Every point in M has a neighborhood U and a 
system of local, class Cr coordinates x=(xx, • • • , xm)\ U-*Rm such that 
for each leaf oSPa, the components of J7 nj£?a are described by the equations 
xp+1=constant, • • • , xm=constant. 

FIGURE 1 

We shall denote such a foliation by ^r={^(x}aLGA' 
It will often be more natural to refer to the codimension q=m— p of 3F 

rather than to its dimension/?. 
Note that every leaf of fF is a /^-dimensional, embedded submanifold 

of M. The embedding, however, may not be proper; in fact, as we shall 
see, it is possible for a leaf to be dense. 

Local coordinates with the property mentioned in Definition 1 are said 
to be distinguished by the foliation. If x and y are two such coordinate 
systems defined in an open set J7<= M, then the functions giving the change 
of coordinates y^y^x1, • • •, xm) must satisfy the equations 

(1.1) Syjdxj = 0 for 1 £j ^ p < i ^ m 

in U. Hence, choosing a covering of M by distinguished local coordinates 
gives rise to a G-structure on M (cf. Chern [C]) where G^GL(m9 R) is 
the group of matrices with zeros in the lower left (m—p) xp block. That is, 
G is the subgroup of GL(m, R) which preserves the linear subspace 
Rv={(x\ • • • ,*» , ( ) , • • • , 0)}^Rm. One of the reasons that foliations 
interest people in geometry is that they constitute a class of structures on 
manifolds which is complicated enough to shed light on the general 
situation but has certain geometric aspects that make it tractable. 
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Foliations arise naturally in many ways in mathematics and it should be 
useful to examine some of the important cases. The first and simplest 
examples come from nonsingular differentiable mappings. 

A. Submersions. Let M and Q be manifolds of dimension m and 
q^m respectively, and let f\M-+Q be a submersion, that is, suppose that 
mnk(df)=q. It follows from the Implicit Function Theorem that ƒ induces 
a codimension-gr foliation on M where the leaves are defined to be the 
components of/_ 1(x) for x e Q. Differentiable fiber bundles are examples 
of this sort. 

Note that locally every foliation is defined by submersion. 
B. Bundles with discrete structure group. Let M-+VP be a differentiable 

fiber bundle with fiber Q. Recall that a bundle is defined by an open 
covering {Ua}aeA of P, diffeomorphisms K'.TT~1(U0)->U(XXQ, and transi­
tion functions gafi : Ua n Up->Diff(Q) such that ha o h~^\x, y)=(x, ga/j(x)(y)). 
If the transition functions are locally constant, the bundle is said to have 
discrete structure group. Note that under this assumption, the codimension-
q (</=dim Q) foliations of 7r~1(U0) given by the submersions 7r_1((7a)^ 
Ua x Q->Q fit together to give a foliation of M. 

Every such bundle can be constructed in the following way. Let 
9?:7r1(jP)-^Diff(ô) be a homomorphism and denote by P the universal 
covering space of P. Then TT^P) acts jointly on the product PxQ, and 
we define M=PxQl7T1(P). The action preserves the product structure, 
and so the product foliation of PxQ (arising from P x Q-+Q) projects to a 
foliation of M. This is the foliation we described above. Note that each 
leaf looks like a many-valued cross-section of the bundle M-^>?P. In 
fact, 7T restricted to any leaf is a covering map. To see this note that if J5? 
is the leaf corresponding to Px{x}<^PxQ, then JSP^P/T^ where Tx= 
{gE7r1(P):(p(g)(x)=x}. 

FIGURE 2 
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The simplest example of a bundle of this sort is the Möbius band, M= 
RxRjZ where Z is generated by the map f(x,y)=(x+l, —y). The lines 
y=constant project to a foliation of M by circles as in Figure 2. 
Note that the circles corresponding to y= c for c^O must go around the 
band twice before closing. 

The most common examples of bundles of this sort are flat vector 
bundles. In fact, any principal (/-bundle with a flat connection (cf. [KN]) 
is a bundle with discrete structure group. The vanishing of curvature is 
exactly the condition that the horizontal planes be tangent to a foliation. 

In a semilocal sense every foliation is a foliation of this sort. Specifically, 
the normal bundle to a leaf inherits a natural flat connection and corre­
sponding discrete structure group. The resulting foliation of the normal 
bundle is the "first order part" of the foliation in a neighborhood of the 
leaf. In particular, the holonomy of this flat connection is the linear part 
of the "holonomy" of the foliation along the leaf (an important concept 
due originally to Ehresmann, cf. §8). 

C. Group actions. Let G be a Lie group acting differentiably on a 
manifold M. If we assume the action is locally free, that is, for each x e M 
the isotropy subgroup Gx={g e G:g(x)=x} is discrete, then the orbits of 
G form a foliation of M. When G is not compact these foliations can be 
quite complicated. 

A simple case of this type arises when G is a subgroup of a Lie group 
G'—M, and the action is left multiplication. The leaves are then the left 
cosets of G in G'. If, for example, we let G=R be a noncompact 1-param­
eter subgroup of a torus (a line of irrational slope), then every leaf of the 
resulting foliation is dense. 

Related to this discussion is the notion in differential topology of the 
rank of a manifold. This is defined as the largest n such that there exists a 
locally free action of Rn on the manifold. (Alternatively, for compact 
manifolds, it is the maximum number of pointwise independent, com­
muting vector fields.) The determination of this invariant generally 
depends on a deep study of foliations. 

D. Differential equations. A foliation always appears as the family of 
solutions to some nonsingular system of differential equations. To study 
the foliation is to study the global behavior of the solutions. For instance a 
nonsingular system of ordinary differential equation, when reduced to 
first order, becomes a nonvanishing vector field. The local solutions (orbits 
of the local flow generated by the vector field) fit together to form a 1-
dimensional foliation. The study of the global aspects of this foliation go 
back to Poincaré. 

One can analogously consider ordinary differential equations in the 
complex case (where dependence on the variables is holomorphic). One 
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obtains nonsingular holomorphic vector fields and corresponding foliations 
by complex curves. The first approach to this subject from the point of 
view of foliations was made by Painlevé who considered the important 
equation: y'=R(x, y) where R is a rational function in y with coefficients 
holomorphic in x. An exposition of this work and later generalizations can 
be found in [R3]. 

While foliations are themselves solutions to differential equations of a 
particular sort, they also occur in the intermediate stages of solving more 
complicated systems, where the leaves appear as characteristic manifolds. 
(See, for example, [STG, p. 135].) They also appear in the famous study, 
made by Anosov, of the general structure of certain systems of ordinary 
differential equations. (See [ANO], [AR].) 

E. Transversal mappings. Within the general category of foliated 
manifolds there is a class of natural mappings. 

DEFINITION 2. Let M be a manifold with a codimension-gr, Cr foliation 
^F, and suppose f:N-^M is a mapping of class Cs, l^s^r, of a manifold 
N into M. Then ƒ is said to be transverse to IF if for all x e N, there exists 
a system of distinguished coordinates (x1, • • • , xm) a t / (x ) on M such that 
the map cp=(xm~Q+1 oƒ,•••, xm of) is a submersion in a neighborhood 
of x. 

The above condition is independent of the distinguished coordinates 
chosen at y=f(x). In fact, if ry(^) denotes the vectors in Ty(M) tangent 
to the foliation, and if ƒ* : Tx(N)->Ty(M) denotes the linear map on 
tangent vectors induced by ƒ, then the condition of transversality at x is 

t h a t : Ty(M) = T V ( J O + UTX{N). 

It follows immediately from the definitions that if/: N^~M is transverse 
to a foliation J ^ = { ^ a } a e A on M as above, then ƒ induces a class Cs foliation 
ƒ *J^ on N where the leaves are defined as the components of/_1(.J§?a) for 
OLE A. Note that codim(/*J r)=codim(J r) . 

In the special case that ƒ is a submersion, we can consider ƒ to be trans­
verse to the trivial foliation of M by points. The induced foliation is the 
one described in part A above. 

More generally, suppose ƒ : N ^ M is a submersion and !F is any folia­
tion of M. Then ƒ is transverse to & and Z * ^ is defined. Thus any codi-
mension-^ foliation of M can be lifted to codimension-ç foliations of 
manifolds which fiber over M. 

We shall say that a submanifold N of M is transverse to a foliation &> 
if the inclusion map i:Nc+M is transverse to &r. 

To simplify language in the subsequent discussion, we make the con­
vention that the word "smooth" means "of class C r" where r is an integer 
> 1 which is fixed in context. 
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2. Foliations of dimension one. If a manifold M admits a foliation of 
dimension one, then the tangents to the leaves form a differentiable field 
of line elements on M. Conversely, every smooth line field on M is tangent 
to a one-dimensional foliation. To see this, observe that in a neighborhood 
of any point there is a smooth, nonvanishing vector field V which generates 
the line field. The integral curves of V (forgetting the parameter) give the 
foliation in this neighborhood. For future reference, we state this fact 
explicitly. 

LEMMA 1. The one-dimensional C00-foliations of a manifold M are in a 
natural one-to-one correspondence with the set of C™ line fields on M. 

COROLLARY 1. Every open manifold {"open" means no component is 
compact) has a one-dimensional foliation. 

COROLLARY 2. A compact manifold has a one-dimensional foliation if 
and only if its Euler characteristic is zero. 

Thus, the only compact surfaces with foliations are the torus and the 
Klein bottle. However, on these surfaces there is a rich variety of possi­
bilities. There are the foliations of T2=R2/Z2 coming from families of 
parallel lines in R2 (cf. §1, C). More generally, if/: S^S1 is any orientation 
preserving diffeomorphism of the circle, we can consider the torus as a 
quotient T 2 = J R X 5 1 / Z where Z is generated by the diffeomorphism 
(t9 0)-Kf+l,ƒ(<?)). The foliation {Rx{6}}0eSi of RxS1 projects to a 
foliation of T2. (When ƒ is a rotation, we obtain the linear foliation above.) 
We can then modify this foliation by introducing a Reeb component at 
each fixed point of ƒ (cf. Figure 3 and §4 below). These constructions 

FIGURE 3 

produce essentially all foliations of T2 up to diffeomorphism. Thus, the 
study of these foliations is reduced to the study of Diff^S1). It turns out 
that there is a radical difference here between the differentiability classes 
r = l and r^.2 [DE]. This difference is reflected throughout the study of 
foliations. 

As we shall soon see, there is a major distinction between foliations of 
dimension 1 and those of higher dimension. It is basically the distinction 
between ordinary and partial differential equations. The one-dimensional 
case has inherently more structure and is more properly studied from the 


