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Introduction

Let X and Y be Banach spaces, D a given subset of X, T:Dc X—Y a
possibly nonlinear mapping and {X,,, P,; Y,, Q,} a suitable approxima-
tion scheme for the equation

0 Tw=f (xeD,feY).

One of the basic problems of functional analysis is to solve equation (I).
In this paper we distinguish in principle between two notions of solvability
of the above problem, namely:

(A) Solvability of equation (I) in which the existence of a solution of
equation (I) is somehow established.

(B) Approximation-solvability of equation (I) in which a solution of
equation (I) is obtained as a limit (or at least a limit point) of solutions
x,, of simpler finite dimensional equations

(II) Tn(xn) = an (xn € Dm ane Yn)'

Needless to say, although the concepts (A) and (B) are distinct in their
purpose, they are not independent. In fact, as will be seen below, in some
cases the knowledge of (A) is essential for (B) to take place.

In the classical functional analysis, the above problem has been handled
satisfactorily if a given equation is reducible to one in which T is either of
the form T=I—-S with S:DcX—X contractive or T'=I—C with
C:Dc X—X compact. The contraction mapping principle, Schauder
fixed point theorem, Leray-Schauder degree theory for T=I—C, Galerkin
method for T=I—C and their consequences provided the basis for the
treatment of equation (I) for these special classes of mappings.

The main thrust of the recent development of nonlinear functional anal-
ysis has been in the direction of breaking out of the classical framework
into a much wider field of noncompact operators such as: operators of
monotone and accretive type; operators of ultimately compact and set-
contractive type; operators of A-proper type; and others. There are ex-
tensive surveys and treatments of the theories and applications of the
first two classes of mappings. See, for example [S], [19], [57], [81], [98],
for the discussion of operators of monotone and accretive type and their
applications and [95], [122], [136] for the discussion of operators of
ultimately compact, condensing, and set-contractive type.

The purpose of this paper is to survey the basic results from the theory
of A-proper mappings developed recently in the context of constructive
functional analysis which came about as the answer to the following prob-
lem. For what type of a linear or nonlinear mapping T is it possible to
construct a solution of equation (I) as a strong limit of solutions x,, of
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equation (II)? In a series of papers the author studied this problem and
the notion which evolved from these investigations is that of an 4-proper
mapping. It turned out that the A-properness of T is not only intimately
connected with the approximation-solvability of equation (I) but, in
view of the fact that the class of 4-proper mappings is quite extensive,
the theory of A-proper mappings extends and unifies earlier results con-
cerning Galerkin type methods for linear and nonlinear equations with
the more recent results in the theory of strongly monotone and accretive
operators, operators of type (S), P,-compact, ball-condensing and other
mappings. In view of this, the class of A-proper mappings and its pre-
cursor, the class of P,-compact mappings, became a subject of extensive
study by a number of authors, including Browder, Browder and Petryshyn,
Deimling, Edmunds-Webb, Fitzpatrick, Fucik, Goncharov, Grigorieff,
Hamilton, Nussbaum, O’Neil-Thomas, Petry, Petryshyn, Petryshyn and
Tucker, Pokhodjayev, Potter, Stuart, Tucker, Webb, Wolf, Wong and
others. As a result, the theory of 4-proper mappings has been developed
and extended in various directions.

In this paper we survey some basic results from this theory and indicate
their relations to earlier approximation results in linear and nonlinear
theory of the Galerkin type methods and to the more recent results of the
nonlinear theory involving operators of monotone and accretive type,
P,-compact, condensing, type (S) and other mappings.

In the course of survey the author noted that the notion of an 4-proper
mapping is also closely related to the stability of the projectional method
(II) in the sense of Mikhlin and that it enters rather naturally in the solva-
bility of elliptic partial differential equations. These and other new
observations are included in this survey and in some cases their proofs
are sketched.

We call the reader’s attention to the fact that for obvious reasons our
survey makes no attempt to presént the theory of 4-proper mappings in
its most general form. For the sake of simplicity we present the outline
for real Banach spaces X and Y equipped with a projectionally complete
scheme I although, as will be indicated below, a number of approximation-
solvability results are valid for complex Banach spaces and for more
general approximation schemes.

Finally, we remark that the topics which we shall treat in this paper
are stated in the Table of Contents.

1. A-proper mappings and fixed point theorems for P,-compact mappings

In §1.1 we fix the terminology and notation, introduce the definitions of
some basic concepts used in this paper, give a historical background and
some examples of 4-proper mappings and mention a couple of properties
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that are relevant to this section. In §1.2 we outline the fixed point theory
for P,-compact mappings and show that it includes the classical fixed
point theorems for compact mappings and the recent fixed point theorems
for ball-condensing and strictly semicontractive mappings.

1.1, Basic facts about A-proper mappings and approximate-solvability.
Let X and Y be real separable Banach spaces with X* and Y* denoting
their respective duals. We use “—” and “—” to denote the strong and the
weak or the weak* convergence respectively. Let D be a given set in X
and T: D < X—Y a possibly nonlinear mapping. For the sake of simplicity
we define the notion of the A-properness of T and of the approximation-
solvability of

(1.1-1) Tx=f (xeD,feY)

in terms of a given projectionally complete scheme I' for (X, Y).

DerFINITION 1.1A. The scheme I'={X,, P,; Y,, Q,} is projectionally
complete for (X, Y) provided that {X,} < X and {Y,} < Y are sequences of
monotonically increasing finite dimensional subspaces with dim X,=
dim Y, for each n and P,: X—X,, and Q,: Y—Y, are linear projections
such that P,x—x and Q,y—yforxe Xand y€ Y.

In case Y=X, Y,=X, and Q,=P, we denote the scheme {X,, P,;
X,, P,} for (X, X) by I',.

It is obvious that if {¢,} =X and {y;} < Y are Schauder bases, then
there exists a natural projectionally complete scheme I'=Ig. Namely,
one chooses X,,= [¢i’ Y ¢n]a Yo=[py, ", vl

Px) =% (@, x)$; and  Q,(y) = (Fi y)ys
i=1 =1

where {®,} < X* and {¥,} = Y* are such that (®,, ¢,)=(F,, y,)=40,; with
(w, x) denoting the value of w in X* at x in X. To incorporate the Galerkin
type methods into the framework of the A-proper mapping theory, it is
only necessary to assume that P, and Q, are orthogonal projections if X
and Y are Hilbert spaces.

In [107], [109], [110] the author investigated the type of mappings T’
for which it is possible to construct a solution x € D of equation (1.1-1)
as a strong limit of solutions x,, € D,,=DNX, of approximate equations

(1'1'2) Tn(x) = an (x € Dan = QnTan)'

In [111] (see also [112]) the author introduced a wide class of mappings,
those mappings satisfying condition (H), which proved to be very suitable
for the study of the constructive solvability of equation (1.1-1). In [113]
and subsequently, mappings satisfying condition (H) have been referred
to as approximation-proper (A-proper).
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DeriNITION 1.1B. T:D< X—Y is said to be A-proper with respect to
the projectionally complete scheme I' if T,:D, < X,—Y, is continuous
for each n and if {x, jlx,, ,€D,} is any bounded sequence such that
T, ,(x,)—>g for some g in Y, then there exist a subsequence {x, . } and
x € D such that x, , —x and Tx=g.

For later use we recall the following definitions. If T: D < X— Y, then
T is bounded if T(Q) is bounded whenever Q < D is bounded; T is compact
if T is continuous on D and T(Q) is precompact in ¥ whenever Q < D is
bounded; T is weakly continuous on D if x,—x implies Tx,—Tx in ¥
for x,, x € D; T is completely continuous if x,—x in X implies Tx,—Tx
for x,,x e D; T is fa-continuous if T,:D,<X,—Y, is continuous for
each n; T is contractive (resp. nonexpansive) if | Tx—Ty|| =l||x—y|| for x,
y € D with 0<I<1 (resp. I=1); T'is proper if T~*(Q) is compact whenever
Q is compact; the space X provided with a scheme I'y with ||P,|=1
for each n is called a II,-space; B(x,, r) and B(x,, r) are used to denote the
open and the closed ball in X respectively with center at x, and radius r.

The following result of the author [117] provides the motivation for the
terminology “4-proper” and is useful in other respects.

ProposITION 1.1C. If D<X is open and T:D—Y is continuous and
A-proper, then the restriction of T to any closed bounded subset of Dis proper.

An example has been given by Fitzpatrick [39] which shows that a
continuous proper mapping need not be 4-proper. The following example
from [116] which illustrates this fact will also prove to be important in
our discussion of the relationship between solvability, approximation-
solvability and A-properness.

ExaMPLE 1.1a. Let H be a real Hilbert space with a complete ortho-
normal basis {* - ¢_s, $_s, $_1, b0, b1, é5, 0} Xn=[¢—-m L, éal, Fn
the orthogonal projection of H onto X, and T a bounded linear map of
H into H given by Ty =¢, , for i=0, 1, £2, - - - . It follows easily that
T is a one-to-one mapping of H onto H and so is also proper. But it is not
hard to verify that T is not 4-proper with respect to ['y={X,,, P,; X,., P..}.

Before we give some examples of A-proper mappings which would indi-
cate the generality of this class, we first state the following useful property
obtained by the author in [112].

ProposITION 1.1D. If T:D < X—Y is A-proper with respect to I' and
C:D—Y is compact, then T+ C is A-proper with respect to T'.

However, the following example from [116] shows that a sum of two
A-proper maps need not be A-proper.

ExampLE 1.1b. Let H be a Hilbert space with a complete orthonormal
basis {¢,}, X,=[¢1, ", $,], P, the orthogonal projection of H onto






