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Kihleriennes, Hermann & Cie, Paris, 1958. Read together, these books
should be enough to explain the Hermitian algebra. This algebra is applied
together with the Hodge theory to prove some of the pretty classical
results on Kahler manifolds. For example the Hodge decomposition theo-
rem, decomposing a cohomology class into a sum of harmonic (p, q)
forms is proved. The Lefschetz decomposition theorem is also proved,
and the Hodge-Riemann bilinear relations are discussed. This is done on
the primitive cohomology of a Kihler manifold and an example is pro-
duced to show that the result is only valid on the primitive cohomology.
Unfortunately there is a mistake in the computation on p. 200 which
invalidates the example. There are a fair number of misprints in this
chapter, but they generally do not detract from its quality. The reviewer
found that after one gets past the algebra the rest is well written and
gives an interesting introduction to the papers of Griffiths on periods of
integrals on algebraic manifolds.

The discussion of Chapter VI is directed toward a proof of Kodaira’s
theorem that a Hodge manifold is projective. The proof follows Kodaira’s
original proof. One first proves Kodaira’s vanishing theorem, and then
makes an application of this result to the blow up of the Hodge manifold
to produce enough sections to give an embedding in complex projective
space. The proof of the vanishing theorem differs from Kodaira’s in that
Nakano’s inequality is the crucial ingredient. The reviewer thoroughly
enjoyed this chapter and found the exposition to be very clear. There are
some confusing misprints in the discussion of the canonical bundle but
it is an easy task to correct them. The reader should compare this chapter
with the last few pages of the book by Gunning and Rossi, Analytic
Sunctions of several variables, Prentice-Hall, Englewood Cliffs, N.J., 1965,
where a discussion of Grauert’s proof of this theorem is given.

The topics treated in the book under review are fundamental. Every
complex analyst should know (or learn) this basic material, and Wells’
book is a good reference for these essential results about complex mani-

folds.
JAMES A. MORROW

Topics in analytic number theory, by Hans Rademacher, Die Grundlehren
der math. Wissenschaften, Band 169, Springer-Verlag, Berlin, 1973,
ix+-320 pp.

Topics in analytic number theory by Hans Rademacher covers all the
classical aspects of a subject which is presently undergoing a revolution.
According to the editors, Professor Rademacher had been working on this
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book for 25 years. When he died in 1969 there was a complete manuscript
available which has now fortunately appeared in book form. This is a
beautiful book whose value is greatly enhanced by the fact that there is no
other modern book like it. Although it contains a proof of the prime
number theorem, the main thrust of the book is number theory related to
elliptic functions and modular functions.

The book begins with Bernoulli polynomials and the Euler-MacLaurin
sum formula. It then moves through Mellin transforms and the Poisson
summation formula. As an example of these results, let the Riemann zeta
function be given by

(=3 n

n=1

for Re s>1 and let the theta function 03(v|1-) of Jacobi be given by

B |7) = z exp(min®*r + 2minv)

n=—o0

which is defined for all complex v and all = with Im =>0. The connection
between these functions is the Mellin transform formula,

) -3/21‘( ) Us) = j [8,00]iu) — 11u*/" du,

as may be seen by integrating term by term. The extension of {(s) to the
entire plane and the functional equation for {(s),

(2) —(1—3)/21‘\(1 '2' s) C(l — S) —_ 77.—3/21'\( )z(s)
follows from the Jacobi transformation equation,
3 95(0]—1/7) = (—i7)""294(0|r)

(the square root being the principal value). However, conversely (2)
implies (3) by the theory of Mellin transforms.

After a short, but interesting chapter on the prime number theorem?!
and its connection with zeros of {(s), the book turns to a detailed study of
Eisenstein series. Let w; and w, be complex numbers whose quotient,
T=w,[/w,;, has positive imaginary part. Let A be the lattice generated by
w; and w, so that A consists of all w=m,w,+myw, where m, and m, are
integers. Eisenstein series are closely related to the Weierstrass g-function,

! There is an error in Rademacher’s proof of the prime number theorem. The
absolute value sign on the right side of the equation immediately following (49.6) on
p. 100 is not justified; the correct expression is minus what is inside the absolute
value sign. This necessitates a change in the choice of o — 1 two lines later from
log™ |¢| to (24B)~* log™® |¢|. With this change, (49.7) and (49.8) follow.



1975] BOOK REVIEWS 665

@(u)=u12+2'[( : —15]
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where >’ means w=0 is not used. This is a doubly periodic function of u
whose periods are the elements of A. Its Laurent series about #=0 is

o) = ;1; +3 @k = 1)Gyut*

k=2
where G, is the Eisenstein series
@) G, =Glopw) = 0"  (rz3)
WeA
This series only converges absolutely for r>2 and G,=0 if r is odd since
if wisin A, so is —w.
Suppose

) A= (Z’ 3) e SL(2, Z),

so that A4 is a matrix of integers of determinant 1. Rademacher calls
SL(2, Z) the modular group. If w;, w; and 7’ are given by

W w, w, cr+d
then w; and w; generate A also (and Im +'>0) and so
@) G0y, w3) = Gy, w,).
Further for any 470,
® G2k()'wla Awy) = A_sz2k(wl’ ).

The properties (7) and (8) make G, a (homogeneous) modular form of
dimension —2k.
Set
Go(7) = Gy(l,7) = w%kG2k(w1, @y).

From (7) and (8) we see that for 4 given by (5),

© Gu( L) = (e + DGl

The property (9) makes Gy(7) an (inhomogeneous) modular form of
dimension —2k. Since G,,(7+1)=G,,(7), we have a Fourier series ex-
pansion which, with

(10) x = v,
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turns out to be

—1 k., 20 2k B o n
an  Gun =T S o]
where By, is the (2k)th Bernoulli number and o,(n)=73 4, d".

Because the series in (4) does not converge absolutely for r=2, G,
has not yet been defined. The book follows Hecke’s method of defining G,
by letting Gy(w;, 0z, §) =D 4ep @ 2|w|~* which converges absolutely for
5>0 and then defining

Gy(w1, wp) = lim Gy(w,, w,, ).
8§20+

The properties (7) and (8) are clear for G, as well and we get the expansion
(11) with k=1 except with one extra term:

(12) Gy(r) = —2- (2,,)2[_ % +3 al(n)x,,] _2mi

n=1 T—7

Thus G,(7) is not an analytic function of 7. Nevertheless, the transfor-
mation formula (9) is still valid for k=1 and if we integrate it with respect
to 7 we get the logarithm of the Dedekind #-function,

(13) ) =2 1A =2,

n=1

as well as its transformation formula: if 4 is given by (5) with ¢>0,

a9 togn(TEL) — K+ ylogl—iCer + @] + log (o)
cr+d
where K=K(A4) is a constant of integration. In particular, if ¢>0,
(15) 1(EELE) — exi—icer + o),
cr+d
A special case of great importance is,
(16) n(=1/7) = (—in)*n(x);

here K=0 as may be seen by setting 7=i. This case together with the
fact that (r+1)=€""/*y(r) (as may be seen from (13)) shows that e¥
in (15) is always a 24th root of unity.

The book turns next to evaluating K in (14). For this purpose, the theory
of Dedekind sums is discussed. This approach is so standard today that it
has been practically forgotten that the problem of writing e in closed form
was solved long ago. Happily, Rademacher includes these results also.
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Although derived here from properties of Dedekind sums, it should be
noted that once the correct value of ¢¥ is suspected, it may be easily proved
since it behaves as it should when 7 is replaced by 7+1 and —1/7.

From here, the book turns to a detailed study of theta functions. Trans-
formation formulae, product formulae and connections with the #-
function are covered. As an example, we see from (3) that 0,,(0[7-) be-
haves in a manner similar to #(7) and so it should be no surprise that a
relation such as

35(0[r) = e " yi(r + 1)2)°}n(x)

holds; however, thanks to (13), this reflects a remarkable product ex-
pansion for #4(0|7). Jacobi’s method of producing elliptic functions from
theta quotients is briefly mentioned in Chapter 11 but not developed to
any degree. Although usually not known by the casual student of elliptic
functions, Jacobi’s method is particularly well suited to the construction
of multiply periodic meromorphic functions of n complex variables.
Theinterested reader is referred to Siegel [16, Chapter 5]. In Rademacher’s
book, the relation with elliptic functions is used to derive various iden-
tities, such as formulae for the number of representations of an integer n
by a sum of k squares with k even, 2S5k =12.

The book next turns to a study of formal power series. A large number
of relations involving partitions of various types may be read off from iden-
tities between certain series. Although these identities may be considered as
being between analytic functions, they may often be derived purely for-
mally without regard to convergence. In these sections, the book covers
such things as the Jacobi triple product theorem and the Rogers-Ramanu-
jan identities.

With formal power series out of the way, the book turns to the circle
method. Let p(n) be the number of partitions of » as a sum n=n;+n,+- - *
+n, with 1=n,=<--:=n, and k arbitrary. Then it is easily seen purely
formally that

QO Q0
f) =1+ pmx"=1 / [ I —xm
n=1 n=1

and in fact, this identity is valid for all complex x with |x| <1. This brings
up a natural connection with the »-function and we have

JS(x) = x/%n(7)

where x is given by (10) as before.

The transformation formula (15) (with c¢=k, d=—h) shows that
Jf(x)—>oo for r=h/k+iy and y—0* so that |x|=1 is a natural boundary for
Jf(x). But the same transformation formula shows exactly how f(x) behaves
as y—07 and by analyzing this behavior for all #/k, Hardy and Ramanujan






