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THE BANACH SPACES C(K) AND L*(n)!

BY HASKELL P. ROSENTHAL

My concern in this talk is with isomorphic, as opposed to isometric,
properties of Banach spaces. I shall present here a limited discussion, from
the isomorphic viewpoint, on the vast domain of the Banach spaces C(K) and
L?(w). The study of these spaces from this viewpoint leads to deep applications
of many results in classical analysis and probability theory, and also to the
discovery of new results which should be of classical interest. This study also
provides a unified manner in which to comprehend a great deal of classical
mathematics.

These special Banach spaces play a vital role in the study of general Banach
spaces. They admit beautiful characterizations singling them out from the
general theory. Their particular structure is rich and remarkable. Moreover,
invariants for general Banach spaces have resulted from some of those
initially established for these special spaces.

We take up the structure of quotient spaces and complemented subspaces
of C([0,1]) in §1. In §2 we briefly review the results concerning com-
plemented subspaces of L?([0, 1]) and in §3 we discuss reflexive subspaces of
L'. We also include some Banach-space consequences of the Radon-
Nikodym property in an Appendix. We do not discuss here one of the
powerful general techniques in Banach space theory, that of p-summing
operators from a C(K)-space to a given Banach space. This technique was
used in [36] for studying quotient spaces of C(K)-spaces; the methods
developed there have turned out to hold in considerable generality. For an
expository account of these developments, see [39]. We refer the reader to
the recent book of Lindenstrauss and Tzafriri [25] for general background
information on Banach space theory as well as much important information
on such special spaces as the L* and C(K)-spaces which we have not included
here.

For the sake of convenience, we deal with real Banach spaces, although all
stated results hold for complex ones as well. By a C(K)-space, we mean the
space of all continuous real-valued functions on a compact Hausdorff space
K, under the supremum norm; by an L?(u)-space, the space of all equivalence
classes of pth-power integrable functions defined on some measure space
(X, &, ), under the norm ||f||ce¢=( |f|” d)"*. We use the notation C=C(K)
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for K=[0, 1] and L*=L"(u) for . equal to Lebesgue-measure with respect to
the Lebesgue measurable subsets of [0, 1]. In reality, C and L? are the most
important cases of C(K) and L°(u)-spaces; we shall primarily discuss only
these, their sequential analogues ¢, and I, and their finite-dimensional
analogues I, and I%. (For 1=p=wx, I* (resp. I}) equals L?(n) where p is the
‘“counting’ measure with respect to the family of all subsets of N, the positive
integers (resp. {1, 2, - - - n}); co denotes the space of all sequences vanishing at
infinity under the supremum norm.)

For A=1, Banach spaces X and Y are said to be A-isomorphic if there
exists an invertible linear operator T from X onto Y with ||T||||T7"[|=A. If X is
a subspace of Y, X is A-complemented in Y if there is a linear projection P
from Y onto X with ||P|=A. The Banach spaces X and Y are said to be
isomorphic (resp. isometric) if they are A-isomorphic for some A (resp.
1-isomorphic); if X<Y, X is said to be complemented in Y if it is
A-complemented in Y for some A=1. By “operator” we mean a bounded
linear operator; an operator T: X —Y is called an isomorphism if it is
injective and bicontinuous between X and TX; it is not required that Y=TX;
equivalently T is an isomorphism if there is a >0 so that 8 ||x||<||Tx|| for all x
in X.

Throughout, ‘“Banach space” shall refer to an infinite-dimensional separable
complete normed linear space, unless stated otherwise; ‘‘subspace” or
“quotient-space’’ shall refer to a Banach subspace or quotient space of some
Banach space.

1. Complemented subspaces and quotient-spaces of C. Why study C?
We offer a few results as partial motivation. An early result of Mazur is that
every Banach space is isometric to a subspace of C and a quotient space of L'
(in fact of 1'). On the other hand, a striking result of Grothendieck asserts that
a Banach space is isomorphic to Hilbert space if and only if it is isomorphic to
a quotient of C and a subspace of L'. (See [11], [23]; derivations from the
techniques presented here may be found in [26] and [39].) We note
incidentally that the isometric analogue of this result is open for all spaces of
dimension n where 3=n=o; however every 2-dimensional Banach space is
isometric to a subspace of L' (cf. [22]). Thus the study of quotients of C is
possibly a reasonable domain to try to comprehend; we shall see later that the
structure of these spaces is quite rich.

Say that a Banach space B is universal if every Banach space is isomorphic
to a subspace of B. A remarkable result of A. Pelczyfiski [30] asserts that a
Banach space B is isomorphic to C if and only if B is universal and isomorphic
to a complemented subspace of every other universal space. A theorem of
Mulutin asserts that C(K) is isomorphic to C for every uncountable compact
metric space K (see [27] and [5]). Thus C is just a convenient representative
of this isomorphism class. Actually, C(A) is often more convenient to work
with than C, where A denotes the Cantor discontinuum. All of the results that
we intend to discuss in some detail, with the exception of the Appendix, are
consequences of the statements or techniques of proof of the following two
more recent discoveries, due to the author.
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THEOREM 1 [33]. Every complemented subspace of C with nonseparable
dual is isomorphic to C.

THEOREM 2 [36]. Every reflexive quotient space of C is isomorphic to a
quotient space of L® for some 2=p<c.

Evidently Theorem 1 shows that Petczynski’s result may be sharpened as
follows: A Banach space B is isomorphic to C if and only if B* is
nonseparable and B is isomorphic to a complemented subspace of every
universal Banach space. It also provides a partial answer to the following
fundamental open question: Is every complemented subspace of C isomor-
phic to C(K) for some compact metric space K? The techniques of proof for
all the known results related to this question involve a careful study of the
dual of C, identified with the space of all Borel signed measures on [0, 1],
which of course can also be regarded as an L'(v)-space. It may be that
“honest” C(K)-techniques, rather than L'(v)-techniques, need to be de-
veloped to answer this question.

We shall first summarize two of these other known results which bear on
this problem, then pass to a sketch of the proof of Theorem 1. We first note
the basic weak compactness criterion: Let W be a bounded subset of C*. If W is
weakly compact, there exists a probability measure p on [0, 1] so that the
members of W are uniformly absolutely continuous with respect to w; i.e.
sup,ew [V(E)|— 0 as w(E) — 0. On the other hand, if W is not weakly compact,
then there exist 8, ¢ with 0<e<38, disjoint open subsets U,;, U, - - - and u1,
W2, ** - in W so that for all n, |u.(U,)|>8 and |un| (Ujxn Uj)<e. (The first
assertion essentially follows from the Vitali-Hahn-Saks theorem (see [7]); the
second assertion may be deduced from a result of Grothendieck (see [10] and
[35]).) This criterion leads rather simply to

A. (A. Pelczyniski [31]). Every complemented subspace of C contains an
isomorph of co.

Let X be a complemented subspace of C and T:C— X aprojection. The first
part of the criterion yields Grothendieck’s result that X cannot be refiexive,
i.e. T cannot be weakly compact. For were T weakly compact, L = T*Sx-
would be weakly compact, where Sx- denotes the unit ball of X*. Now let
fa—0 weakly, (f.) a sequence in C. Of course then f,—0 pointwise.
Choosing p as in the criterion, choose (f7) a subsequence of (f.) so that f,— 0
p-almost uniformly. It follows easily that || Tf4|— 0; thus the unit ball of X
would be compact, hence X would be finite-dimensional. (Of course the first
part of the argument yields the Dunford-Pettis theorem (cf. [7, p. 494]): if T
is a weakly compact operator on C, then || Tf.||— O for any sequence (f,) with
f. — 0 weakly.) Now applying the second part of the criterion, choose for each
n a continuous ¢, of sup-norm one, supported in U,, with | ¢. du.>8, where
g, 8, (U,), and (u.) are chosen as in the criterion. It then follows that setting
Y =[¢x] (the closed linear span of the ¢,’s in C), that Y is isometric to ¢, and
T|Y is an isomorphism. (Here too, we are really only using the fact that T is
nonweakly compact to produce Y and hence the consequence that X
contains an isomorph of co.)
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B. (Lewis and Stegall [21]). Let X be a complemented subspace of C and
suppose X* is separable. Then X* is isomorphic to 1'.

It is easily seen that X* is isomorphic to a complemented subspace Y of
L'[0, 1] which has the Radon-Nikodym property. Lewis and Stegall proved
that any such space is isomorphic to I'. Their result shows the paramount
importance of this property to Banach space theory. We sketch a proof of
their result and give some equivalences to the Radon-Nikodym property in
the Appendix.

The proof of Theorem 1 requires the following special case, due to
Petczyniski [30]: A complemented subspace of C which contains an isomorph
of C is itself isomorphic to C. This is proved by applying the “decomposition
method’ together with an interesting topological result of Kuratowski’s: if ¢
is a continuous map of a compact metric space K onto A, there is a subset U
of K, homeomorphic to A, such that <plU is a homeomorphism. A deduction
of this special case from Kuratowski’s result, somewhat simpler than the one
given in [30], may be found in [12, pp. 56-58]. Theorem 1 is an immediate
consequence of this special case and the following theorem, which is in fact
the main result of [33].

THEOREM 1'. Let X be a (separable) Banach space and T:C— X an
operator with T*X* nonseparable. Then there is a subspace Y of C with Y
isometric to C(A) so that T|Y is an isomorphism.

Evidently Theorem 1’ implies that every quotient space of C with a
nonseparable dual, contains an isomorph of C. One of the main themes of this
talk is that the quotient spaces of C provide a special but extremely rich class
of Banach spaces. An interesting result of Johnson and Zippin [17] asserts
that this class includes all (separable) L'-preduals, i.e. Banach spaces whose
duals are isometric to L'(w) for some measure w. It is immediate that if Z is a
quotient space of C, then Theorem 1’ remains valid if ““Z”* is substituted for
“C” in its statement.

The proof of Theorem 1' is rather involved, using several classical
techniques from other areas. We shall state the various ingredients of the
proof, then show how they fit together. The basic approach is to set
W={T*x*:|x*|=1, x*e X*}, and then to prove that there is a Y as in the
statement of Theorem 1’ so that W norms Y; i.e. so that for some >0,

8|lyl|=sup|w(y)| forallyeY.
wEW

The argument actually shows that any nonseparable bounded W, contained in
C*, norms such a Y.

The ingredients consist of two reduction steps, a representation result, and
an existence step.

STEP1. The reduction to the case where W equals the unit ball of 1'(T') for some
uncountable set I'. By using transfinite induction, it is proved that W contains
an uncountable family of almost-pairwise-singular measures. Precisely, there
is a >0 such that for all £>0, there exists an uncountable family {w.}.er of






