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EMBEDDINGS OF SURFACES IN EUCLIDEAN THREE-SPACE 

BY C E . BURGESS1 

1. Introduction. We shall discuss problems of the following three general 
types, where S is a 2-sphere in Euclidean three dimensional space E3 . (We 
use "2-sphere" to mean any homeomorphic image of the round sphere 
described by x 2 +y 2 +z 2 =l . ) 

1.1. Problem. Identify conditions under which there is a homeomor­
phism h of E 3 onto itself such that h(S) is the round sphere described by 
x 2 +y 2 +z 2 =l . 

1.2. Problem. Identify conditions under which there is a homeomorphism 
h of E 3 onto itself such that h(SUlnt S) is the round ball described by 
x 2 + y 2 + z 2 ^ l . (We use "Int S" to denote the bounded component of E3-S.) 

1.3. Problem. For a closed subset X of S, identify conditions under which 
there is a homeomorphism h of E 3 onto itself such that h(X) is a subset of the 
round sphere x 2 +y 2 +z 2 =l . 

We use B 3 to denote the round ball described by x 2 + y 2 + z 2 ^ l , and we call 
any set homeomorphic with B3 a 3-cell. We define a crumpled cube to be any 
set homeomorphic to S Ulnt S, where S is a 2-sphere in E3 . We define a 
2-sphere S in E 3 to be tame if there is a homeomorphism of E 3 onto itself 
which carries S onto the round sphere x 2 +y 2 +z 2 =l . Any 2-sphere in E 3 

without this property is said to be wild. We say that a closed subset X of a 
2-sphere in E 3 is tame if X is a subset of some tame 2-sphere. With these 
definitions, the three problems above can be stated as follows. 

1.1'. Problem. Identify conditions under which a 2-sphere in E 3 is tame. 
1.2'. Problem. Identify conditions under which a crumpled cube is a 

3-cell. 
1.3'. Problem. Identify conditions under which a closed subset of a 

2-sphere in E 3 is tame. 
Similar questions about 1-spheres, or simple closed curves, in the Eucli­

dean plane E 2 were answered by Schoenflies [92] about seventy years ago. 
The answers were simpler for E 2 than for E3 , however, as all 1-spheres are 
tame in E2 . Thus every 1-sphere in E 2 is the boundary of a 2-cell, or disk, and 
every closed subset of a 1-sphere in E 2 is tame. 
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FIGURE l FIGURE 2 

For 2-spheres in E3, Problems 1.1 and 1.2 were first seriously pursued in 
the early 1920's by Alexander. He indicated a proof to show that every 
polyhedral 2-sphere in E3 is tame [1], and he announced, erroneously, that 
every 2-sphere in E 3 is tame [2, p. 10]. However, he then corrected his own 
announcement by describing two types of wild 2-spheres in E3 . For the first 
example, he noticed that a wild Cantor set in E3, known as Antoine's 
necklace [5], [6], could be described as a subset of a 2-sphere in E3, and thus 
he identified a 2-sphere which is wild on a wild Cantor set [3]. He then 
described a wild 2-sphere which is wild on a tame Cantor set [2]. This latter 
example, known now as the "Alexander horned sphere," is indicated in 
Figure 1. We indicate that this sphere is wild by observing that one of the 
components of its complement is not simply connected. This has been done 
precisely by Bing [15]. 

The 2-sphere S in Figure 1 is the boundary of a 3-cell in E3, but S UExt S is 
not homeomorphic with the closure of E3-B3; i.e., S is tame from Int S but 

FIGURE 3 

FIGURE 4 
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not from Ext S. However, in Figure 2, S is described so that SUint S is not a 
3-cell and S is tame from Ext S. We suggest that this crumpled cube might be 
called "Alexander's bowling ball." 

No further significant progress on Problems 1.1, 1.2, and 1.3 occurred until 
1948 when Fox and Artin [67] described a wild 2-sphere S in E 3 such that S is 
locally tame except at one point. Spheres of this type are indicated in Figures 
3 and 4, where SUln tS is a 3-cell in Figure 3 but not in Figure 4. 

Further progress on problems about tame embeddings in E3 , and in 
3-manifolds, resulted from work by Moise and Bing in the early 1950's. 
Moise [88] first showed that every 3-manifold can be triangulated, and shortly 
thereafter Bing [11] and Moise [89] proved, independently, that locally tame 
compact sets in 3-manifolds are tame. Thus a 2-sphere in E 3 is tame if it is 
locally tame, and this could be considered a generalization of Alexander's 
earlier theorem that polyhedral 2-spheres in E 3 are tame. Bing's alternative 
proof that 3-manifolds can be triangulated [14] was based upon his proof, in 
1955, that every 2-sphere in E 3 can be homeomorphically approximated with 
a polyhedral sphere [12]. In an invited address to the Society in December 
1956 [70], Harrold discussed what was then known about locally tame 
embeddings of curves and surfaces in 3-manifolds. However, some of the main 
tools for studying embeddings of surfaces in 3-manifolds were not available 
until after he presented his paper. These major developments were proofs of 
Dehn's Lemma, the Sphere Theorem, and the Loop Theorem, which were all 
presented by Papakyriakopoulos in the latter part of 1956 [90], [91], and 
Bing's proof of the Side Approximation Theorem for 2-spheres which 
appeared in 1963 [19]. 

My own interest in tameness criteria for 2-spheres, and subsets of them, 
began in the early 1960's, and it was my privilege, during the 1960's, to be 
associated with several graduate students who studied this topic in their theses 
and who continued similar work into their postdoctoral years. Some impor­
tant contributions to its development have been made by J. W. Cannon, W. T. 
Eaton, F. W. Lister, and L. D. Loveland. In 1971, J. W. Cannon and I jointly 
wrote an extensive survey of results on the development of this topic [32]. It 
will probably be apparent to anyone who seriously reviews what has been 
done on this topic that it would be more appropriate for James Cannon to be 
presenting an address summarizing this work. 

We shall attempt to present an emphasis of this topic which is slightly 
different from the one in [32] and, at the same time, less extensive. However, 
some overlapping will be necessary, and we shall rely on [32] for some 
definitions and for a more extensive bibliography. We do not include 
properties of piercing points of 2-spheres and crumpled cubes, but a summary 
is included in [32, pp. 292-295]. An outline of a suggested procedure for 
studying embeddings of surfaces in E 3 is included in [32, pp. 261-263]. We 
would now supplement this suggested outline by adding Cannon's work on 
ULC properties of neighborhoods of surfaces in E 3 [40], his alternative 
proofs of Bing's approximation theorems [41], and his tameness criteria for 
closed subsets of 2-spheres in E 3 [39]. Our main attention will be, in §4, on 
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conditions which imply that a crumpled cube is a 3-cell. Then brief indications 
will be given, in §§5, 6, and 7, of similar criteria for tameness of 2-spheres, 
and subsets of them, and of taming sets for 2-spheres and crumpled cubes. In 
§8, we will indicate extensions of results about 2-spheres in E 3 to 2-manifolds 
in 3-manifolds. Various types of wild 2-spheres will be mentioned in §9, and 
some brief comments about codimension one spheres in E n will be included 
in §10. For the brief summary, in §10, of higher dimensional work, I greatly 
appreciate several conversations with R. J. Daverman, as §10 is based 
substantially on his recent work which he has summarized in an expository 
paper [56]. 

2. Building disks and spheres from singular ones. As indicated above in 
the introduction, three very important theorems, known as Dehn's Lemma, 
the Sphere Theorem, and the Loop Theorem, were first proved by 
Papakyriakopoulos in 1956 [90]. Some alternative proofs, and some slight 
variations in the theorems, have subsequently appeared in [73], [91], [94], 
[99], [100], [101], [40, 3.6], [32, Theorem 4.5.4]. For our purposes in this 
paper, these three theorems are stated in the following geometric forms. 

2.1. DEHN'S LEMMA. If f is a piecewise linear map of a polyhedral disk D 
into a triangulated 3-manifold M and U is a neighborhood in M of the 
singularities2 of f such that l /n/ (Bd D ) = 0 , then there is a piecewise linear 
homeomorphism f':D-+f(D)UU such that / ' |BdD=/ |BdD. 

2.2. SPHERE THEOREM. If M is an orientable triangulated 3-manifold and 
f is a map of a 2-sphere S into an open subset U of M such that f cannot be 
shrunk to a point in U, then there is a polyhedral 2-sphere S' in U that is 
not nullhomotopic in U. 

2.3. LOOP THEOREM. If M is a 3-manifold -with-boundary, K is a com­
ponent of Bd M, and L is a loop in K that is nullhomotopic in M but not in K, 
then there is a disk D such that Bd D<=K, Int D<=Int M, and Bd D is not the 
boundary of a disk in K. 

3. Polyhedral approximations of surfaces. Bing first presented, in 1955, a 
proof that every 2-sphere in E 3 can be homeomorphically approximated with 
a polyhedral sphere [12], and he then used an adaptation of this theorem for 
open subsets of 2-spheres in his alternative proof that 3-manifolds can be 
triangulated [14]. 

3.1. APPROXIMATION THEOREM. If S is a 2-sphere in E3 and e >0, then there 
is a homeomorphism h:S^>E3 such that h(S) is polyhedral and h moves no 
point more than a distance e. 

This theorem and Theorem 4.1.1 were used by Bing to prove that there do 
not exist uncountably many disjoint wild 2-spheres in JE3 [32, Theorem 3.6.1]. 
While there do exist uncountably many disjoint wild disks in E 3 [98], all 

2 We define the singularities of ƒ to be the closure of {x | x € f(D) and ƒ *(x) is nondegenerate}. 
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except countably many disks in such a collection would be locally tame except 
on their boundaries and hence would be subsets of 2-spheres [85]. 

A much more useful approximation theorem for 2-spheres in E3, known as 
the Side Approximation Theorem, was first proved by Bing about 1960 [19], 
and an alternative proof was presented by Cannon about 1970 [41]. 

3.2. SIDE APPROXIMATION THEOREM. If Sis a 2-sphere inE3 and e >0 then 
there exist a homeomorphism h:S-*E3 and a finite set of e-disks Eu 

E2, - • • ,En in h(S) such that: 
(1) h moves no point more than a distance e; 
(2) h(S) is polyhedral; 
(3) h(S)-Ur-iIntE.czlntS. 

This theorem can be combined with properties of E2 to obtain the following 
additional requirement: 

(4) There exists a finite set of disjoint e-disks Du D2, • • •, Dm in S such that 
S - U ' i I n t A c E x t h C S ) . 

A similar theorem can be obtained where (3) and (4) are changed to: 
(30 h(S)- U?-i Int EtczExt S; 
(4') S- Ur=i Int D{cilnt h(S). 
The proofs by Bing and Cannon can be briefly contrasted as follows. The 

main part of Bing's proof involved simplifying the intersection of a 2-sphere 
with the 1-simplexes and 2-simplexes of a triangulation of E3 . His proof was 
mainly based on properties of E 2 and some simple linking theory for E3 . 
Cannon established the existence of a triangulation T for a 2-sphere S in E 3 

such that the 1-skeleton of T has a tubular neighborhood in E3 . Then he used 
Dehn's Lemma and the Sphere Theorem to obtain a polyhedral 2-sphere 
from the boundary of this tubular neighborhood and from singular disks near 
the 2-simplexes of T. 

A third proof of Theorem 3.2 can be obtained by combining work by Bing 
and Cannon. Bing had noticed [22, p. 155] that the general case in his proof 
could be simplified provided the following theorem could be proved indepen­
dently of the Side Approximation Theorem. 

3.3. THEOREM. If L is a straight line and S is a 2-sphere in E3, then for 
each e > 0 there is a homeomorphism h of E3 onto itself such that Lf)h(S) is 
finite and h is the identity homeomorphism except in an e-neighborhood of 
snL. 

Bing obtained the first proof of this theorem, but his proof depended upon 
the Side Approximation Theorem [22]. Recently, Cannon obtained a short 
proof that does not depend upon the Side Approximation Theorem [43]. 
Both proofs depended upon the existence of small meshed triangulations of S 
with tame 1-skeletons, and Cannon used some of his work in [40] to obtain 
such a triangulation without using the Side Approximation Theorem. Bing 
[17] had earlier obtained such triangulations as a consequence of the Side 
Approximation Theorem. 


