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1. Introduction. The term “equations of reaction and diffusion” is usually
taken to mean semilinear systems of second order partial differential equa-
tions of the form

ou/ot = DAu + f(x,t,u, V u), u=(u,...,u,), (1.1)

or generalizations made by replacing the Laplace operator by linear or
quasilinear elliptic operators. Here the “diffusion matrix” D has nonnegative
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elements, and in most applications is diagonal.

My object here is to survey our knowledge of the “ultimate” or “steady
state” behavior of solutions of (1.1), as opposed to their transient behavior
(steady state does not mean time-independent; the word “stationary” will be
reserved for the latter). Roughly speaking, what this means is that we will be
seeking special solutions which are approached by many other solutions as
t —» oo. This idea will be made clearer in §2, where we speak of stable
asymptotic states.

But first, an indication of the importance of equations of this type. They
occur widely as models for the dynamics of large multispecies populations
whose individuals are capable of random spatial migration. In this context x
represents position in space (A is the Laplacian in x), ¢ is time, and at least
some of the components of u represent spatial densities of the various species.
In the prototypical example of this modeling, the species are chemical species,
and the individuals of the population are molecules. Their random migration
through the chemically reacting medium is called diffusion.

Of course (1.1) also appears as a model for problems outside of population
or chemical dynamics, one important example being the nerve conduction
models discussed in §7.

For population problems, the term DAu is a convenient approximation,
justifiable under various circumstances, for the rate of change of the popula-
tion u at any given position and time, due to random spatial migration. The
term f measures the rate of change due to “reaction processes” in the medium,
such as chemical reactions, reproduction processes or deaths in a biological
population, and material transfer across a membrane.

I shall occasionally touch upon the contexts in which the equations are
studied; the reader can learn more about this by consulting the works listed
in the bibliography. But my emphasis will be on properties of the solutions.

Attention will generally be confined to solutions defined for all x € R". In
applications, however, one often seeks solutions of (1.1) in a bounded
x-domain (the “medium”), and conditions them by processes assumed to
occur on the boundary of this domain. Then the ultimate behavior of
solutions will be affected by the boundary conditions as well as the internal
processes, described by the equations (1.1) themselves. When the size of the
medium is large or the diffusion matrix D is small, then the behavior in the
interior of the medium is typically little affected by the boundary conditions,
and the determination of that behavior can be simplified by assuming the
medium to occupy all space, as we do. For example, the effect of the
boundary on a stationary solution is often confined to a boundary layer; and
wave trains and pulses, though strictly defined only for an infinite medium,
still reflect actually occurring phenomena in bounded ones. This, plus the
finite length of this talk, will be my justification for ignoring boundary
influences.

Reaction-diffusion systems (1.1) include two very important extreme cases:

(1) D = 0; f independent of x and of Vu:

du/dt = f(t, u). (1.2)
This is called the system of “kinetic equations™ associated with (1.1).
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@m=1,f=0,D >0:
ou/dt = DAu  (u scalar).

This is the well-known scalar diffusion, or heat, equation.

To say that ordinary differential equations and diffusion equations have
each been studied extensively in their own rights would be an understate-
ment. Though both represent evolution processes, the two theories have
relatively little in common. In some sense the theory of reaction-diffusion
equations attempts to bridge the gap between them. (A thorough account of
aspects of the theory of reaction-diffusion equations different from those
emphasized here can be found in Henry (1978).) In pursuing this subject, an
interesting question to keep in mind is, how does the presence of diffusion
effects modify the rich dynamical theory available for the kinetic equations
(1.2)? This point of view is relevant in studying wave fronts, which connect
two rest states of (1.2), and wave trains, some of which modify periodic
solutions of (1.2).

Even when D is not 0, (1.2) serves as the equation satisfied by x-indepen-
dent solutions of (1.1) (still assuming f independent of Vu). For this reason,
the dynamics, and in particular the asymptotic states, of (1.1) include those of
(1.2). Despite the rich theory behind (1.2), we shall call x-independent
dynamics “trivial” and concentrate on contrary cases-asymptotic states in
which diffusion is important.

It might be well to summarize the restrictions under which we shall operate.

(1) We consider solutions defined for all x € R".

(2) Most often, we treat only a single spatial coordinate, n = 1. When this
restriction is made, the reason is not so much for simplicity of exposition as it
is because in those contexts, not much is known for n > 1.

(3) f independent of x, ¢, and Vu, so f = f(u). Work has been done on
extending some of the results listed here to inhomogeneous media (for
example, see Ortoleva and Ross (1974)).

(4) We exclude consideration of asymptotic states independent of x.

Under the heading “asymptotic behavior of solutions,” two questions
naturally arise:

(1) What are the possible long-time behaviors of solutions?

(2) Given the initial data u(x,0) of a particular solution, what is its
long-time behavior?

This talk will be mainly concerned with only the first of these difficult
questions. With the exception of scalar equations, known results under the
second category mainly relate to x-independent asymptotic states in bounded
domains, which I have decided not to discuss. The most definitive results here
are probably those of Conway, Hoff, and Smoller (1978).

The first question can be answered relatively completely in the case of a
scalar nonlinear diffusion equation. The situation for this case is outlined in
§3. §84-8 describe most of the presently known results bearing on this same
question, for systems with m > 1. A far greater variety of asymptotic states is
possible for m > 1, though it is by no means true that anything is possible. At
the same time, a complete asymptotic state theory for systems is nowhere in
sight, and so the existing results, varied though they may be, are still relatively
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meager. Rigorous results are truly meager. For example, the only known
proofs of Cy-stability of nontrivial asymptotic states for systems with m > 1
are the one for stationary peaks referred to in §4(b), and the one for pulse
solutions of a piecewise linear nerve conduction equation discussed in §7. (In
addition, linear stability criteria have been verified rigorously for some types
of wave trains-see §5(b).)

Asymptotic states in various categories are treated in §§4-8: stationary
states, wave trains, wave fronts, pulses, centers, and other forms.

In modeling natural phenomena, various researchers have devised evolu-
tion equations which are not partial differential equations, but whose solu-
tions have the essential features of those of reaction-diffusion systems. These
equations are deserving of mathematical theories, and some results have been
established. In §9 a few of these models will be reviewed briefly.

The survey nature of the talk means, of course, that I shall feel free to omit
details at will. In fact, most often I shall be content with merely stating a
result and giving a bare indication of the method behind it. When the results
and procedures are not so easily available in the literature, however, I shall
often expand on them.

Other aspects of nonlinear diffusion, as well as more details concerning
some topics covered here, can be found in the readable monograph compiled
by Diekmann and Temme (1976).

2. Asymptotic states. Considering functions f which depend only on u, we
rewrite (1.1) as

du/dt = DAu + f(u). 21

We shall be concerned with those solutions of (2.1) which exist for all £ > ¢,
for some finite 7y, and this property of solutions will be assumed without
further mention. Initial value problems, say with bounded piecewise con-
tinous initial data, always have local solutions, and criteria on the equation
and the initial data have been given by various people under which a global
solution is assured. The most complete results of this sort are probably those
of Amann (1978).

Given a particular reaction-diffusion system or class of systems, a natural
goal is to determine all possible stable long-time behaviors of its solutions. At
present this is a realistic goal only for restrictive examples, such as scalar
equations (§3), A — w systems (§5), and piecewise linear systems, such as
McKean’s simplification of the nerve conduction equations (§7), all of this in
one space variable. Nevertheless, continual progress in this direction is being
achieved for more general classes of systems as well, as I hope to bring out in
this paper.

We need to say what is meant by long-term behavior, and we shall define it
as an equivalence class of solutions which are comparable in a certain sense
as t— co. In comparing solutions, it really should not matter if one is
displaced from another in space or time. More generally, let G be the group
of transformations on (x, ¢) generated by rigid motions and reflections in x,
and translations in ¢. Clearly these transformations leave the set of solutions
of (2.1) invariant. If T € G, we note by Tu the solution obtained from u by






