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RAYS, WAVES AND ASYMPTOTICS!

BY JOSEPH B. KELLER

1. Introduction. In 1929 the American Mathematical Society established an
annual lectureship named after Josiah Willard Gibbs (1839-1903), Professor
of Mathematical Physics at Yale University from 1871 to 1903. Gibbs
contributed essentially to the development of statistical mechanics and
physical chemistry, and invented vector analysis. Therefore, it is appropriate
that these lectures concern “mathematics or its applications” and “the
contribution mathematics is making to present-day thinking and to modern
civilization.”

In this fiftieth Gibbs lecture, I will try to fulfill these objectives by
describing some developments in the field of wave propagation. I hope that
they will show also how mathematics itself is enriched by interaction with
scientific and technical problems. In keeping with the intention that the
lectures be “of a semipopular nature,” I will omit as much technical detail as
possible.

At first I was especially pleased that this is the fiftieth Gibbs lecture,
because 50 is so special in our number system. This is because it is the
product of the number of fingers on one hand multiplied by the number of
fingers on two hands. But from this point of view, 50 is not a dimensionless
number, since it has the dimensions of (fingers per hand) squared. Therefore,
its numerical value depends upon the choice of units, so it has no intrinsic
significance. This is a reminder that it is only dimensionless numbers which
we can regard as large or small, as in the asymptotic analysis I am going to
discuss later.

My plan is to begin with light rays and to describe their theory and use in
optics. Then I will demonstrate some of their properties with the aid of a
laser, kindly lent to me by Arthur Schawlow of Stanford University. Next, I
will explain how rays were displaced by waves, which were introduced to
provide a more accurate description of observed phenomena. The wave
theory required solving certain partial differential equations, and numerous
methods were devised to do this in special cases. However, in all other cases
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this was a major difficulty. Ultimately rays, generalized in various ways,
providled a method for solving such equations asymptotically. Thus,
asymptotics provided the reconciliation of the ray and wave theories. Finally,
I shall indicate the broader implications of this story for mathematics and for
science in general.

2. Rays. Rays were originally defined in Optics, the science of light, as the
paths along which light travels. They were of three kinds, direct, reflected and
refracted, characterized as follows (see Figure 1):
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FIGURE 1. a. The direct ray from P to Q in a homogeneous medium is a straight line.
b. A cross-section of the shadow showing the predicted bright spot on the axis. When this
bright spot was observed by Aarago, Poisson became an ardent proponent of the wave theory.
¢. A ray from P in medium 1 is shown hitting the interface between media 1 and 2. The
refracted ray in medium 2 is shown. The angle of refraction a, is related to the angle of incidence
a, by Snell’s law.

1. A direct ray in a homogeneous medium is a straight line.

2. A reflected ray is produced when a ray is incident upon a smooth
surface. In a homogeneous medium it is also a straight line. The angle 8
between the reflected ray and the normal to the surface is equal to the angle
a, between the incident ray and the normal. Furthermore, the reflected ray
lies in the plane determined by the normal and the incident ray, and is on the
opposite side of the normal from the incident ray.

3. A refracted ray is produced when a ray in one medium, say medium 1, is
incident upon the interface between medium 1 and another medium, say
medium 2. It lies in medium 2 and is a straight line if medium 2 is
homogeneous. The refracted ray lies on the opposite side of the normal from
the incident ray, in the plane containing the incident ray and the normal. The
angle a, between the refracted ray and the normal is related to a, by Snell’s
law:

Sin az/sin ay = n‘/nz.

Here n;, the index of refraction of medium i, is a characteristic property of
medium i (i = 1, 2). It is a constant if medium i is homogeneous.

These characterizations of the rays may be called the laws of propagation,
reflection and refraction respectively. Euclid stated the first two of them, but
omitted the coplanarity part of the law of reflection. This was first added by
the Arabic scientist Alhazen in the tenth century. Snell’s law was not
discovered until 1626. Much earlier Ptolemy had stated that a,/a; = n,/n,,
which is the form that Snell’s law takes when «, and a, are small. In 1637
Descartes also published Snell’s law, but it is not clear how he obtained
it-perhaps by reading Snell’s paper.

These three laws are the basis of Geometrical Optics, the science of the
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propagation of light, in piecewise homogeneous media. They suffice for the
design and analysis of mirrors, lenses and other optical instruments. They
also provide the foundation for the applications of Geometrical Optics, such
as those published by Gauss in 1846. (At this point, rays, lenses, and light
pipes were demonstrated.)

3. The Principle of Least Time. Euclid knew that a straight line is the
shortest path between two points. Therefore, he also knew that the direct ray
between two points P and Q in a homogeneous medium is the shortest path
from P to Q. Later Heron, an Alexandrian, showed that the shortest path
from P to a plane boundary and then to Q consists of an incident ray from P
to the boundary plus a reflected ray satisfying the law of reflection, from the
boundary to Q, provided that P and Q lie on the same side of the boundary.

These two results were generalized by Fermat in 1661. He considered the
line integral L of the index of refraction along any path from P to Q:

L=fPQnds.

Here ds denotes the element of arclength. Fermat stated that light travels
. from P to Q along that path which minimizes L. Now n is inversely
proportional to the velocity of light so n ds is proportional to the time
required for light to travel the distance ds. Therefore, L is proportional to the
time required for light to travel along the path from P to Q. Consequently,
Fermat called his characterization of rays the Principle of Least Time.

This principle implies that in a homogeneous medium, the light path or
direct ray from P to Q is a straight line. It also implies that in a homogeneous
medium with a plane boundary, light follows a straight line from P to the
boundary and another straight line from the boundary to Q, with the law of
reflection obeyed. To obtain this conclusion, we must consider only paths
with a point on the boundary, and then use Heron’s result. Fermat also
showed that when P and Q lie on opposite sides of a plane interface between
two media, his principle yields an incident and refracted ray satisfying the law
of refraction.

Thus, Fermat’s principle implies the three laws of geometrical optics in
piecewise homogeneous media. It also provides a characterization of rays in
more general inhomogeneous media, for which n(x) is not piecewise constant.
Therefore, it provides a succinct basis for geometrical optics in arbitrary
media.

When curved surfaces occur, the ray path determined by the laws of
geometrical optics sometimes makes L a maximum rather than a minimum.
In other cases it just makes L stationary. Consequently, the correct charac-
terization of the rays, which includes all these cases, is that the rays are the
paths which make L stationary. Therefore, Fermat’s principle should be the
Principle of Stationary Time. Fermat knew this, but ignored it-perhaps
because “least” is shorter than “stationary”, or because he wanted to show
that God or Nature is economical, as we should all be. Only in the twentieth
century did Carathéodory partially justify Fermat’s use of “least” by showing
that every sufficiently short portion of a light ray does minimize L among all
paths between its endpoints.
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In 1833 Hamilton provided still other ways of describing rays. He introdu-
ced Hamilton’s equations, various characteristic functions, the eiconal
equation, etc.

4. Waves. Because geometrical optics was so successful in describing the
propagation of light, some scientists sought to explain why light obeyed its
laws. Furthermore, new optical phenomena were discovered which were not
accounted for by geometrical optics. First there was diffraction, which is the
occurrence of light where there should be none according to geometrical
optics, observed by Grimaldi in 1665. Then there were polarization
phenomena found by Bartholinus in 1670, the finite speed of light measured
by Romer in 1675 and the colors which appeared when thin plates were
illuminated by white light, described by Newton in 1704. To account for these
things, the theory that light was a wave phenomenon was proposed by
Huygens (1690) and developed by Newton (1704), Young (1802) and Fresnel
(1819).

In 1818 Poisson devised a reductio ad absurdum argument to show that the
wave theory was untenable. He considered an opaque circular disk, such as a
coin, illuminated from one side by a distant source of light. See Figure 2.

/ TN \
' \
[ 7/ v
T )
\ Ny 4// /
‘y” ‘\/
- /S -7\
AN S \
I v \ \
— -
\ \ |
A |
(a) (b)

FIGURE 2. a. The experiment proposed by Poisson to refute the wave theory of light consists of
an opaque circular disk illuminated by a distant light source. Some rays from the source are
shown, together with the shadow of the disk, which is devoid of rays. In addition waves
spreading out from the edge of the disk are shown. These waves will arrive in phase at points on
the axis of the disk, making the axis bright. Poisson considered this unreasonable conclusion a
death blow to the wave theory.

b. A cross-section of the shadow the predicted bright spot on the axis. When this bright spot
was observed by Aarago, Poisson became an ardent proponent of the wave theory.

According to the wave theory, waves would emanate from all points on the
rim of the disk and they would spread into the shadow of the disk. They
would all arrive at the axis in the same phase, so the axis would be very
bright. Therefore, a cross-section of the shadow would contain a bright spot
at its center. Since this is ridiculous, the wave theory must be wrong. When
Arago performed this experiment in 1818 and found the bright spot, Poisson
was immediately converted and began working enthusiastically on the wave
theory.

In the search for the correct equations to describe light waves, various wave
equations were proposed, and the equations of elasticity were discovered. The
culmination of the search was the realization by Maxwell that light was an






