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FIBRATIONS AND GEOMETRIC REALIZATIONS

BY D. W. ANDERSON

There is a folk theorem associated to the construction of classifying spaces
for topological groups which says that a map of simplicial spaces which is a
fibration in every degree has a fibration as its geometric realization. Peter
May [GILS] has given a useful form of this which involves quasifibrations.
This result has seemed to me a very interesting one, as it relates two rather
opposite types of operations. On the one hand, it involves the geometric
realization, which is defined by mapping into other things, and on the other
hand, it involves fibrations, which are characterized by the properties of maps
of other things into them. Any theorem which mixes “left” and “right”
mapping properties should be expected to be difficult to prove. Since what is
really wanted in applications is a homotopy theoretic result, the possibilities
for complication are almost infinite.

It seemed to me that a proof should be found which allowed for a
homotopy invariant statement of the theorem, and which had the property
that the ad hoc part of the argument was isolated in a reasonably small,
isolated computation. After some effort, I managed to find such a proof,
which I will outline in this paper. The virtue of this proof is that it involves a
number of areas of topology which are known only to experts and which
deserve a wider audience. Thus the proof of the theorem about the geometric
realization of fibration has become the occasion for an exposition of
simplicial methods, axiomatic homotopy theory, and homotopy limits and
colimits. I shall only touch on simplicial methods, as there are several texts
which cover these, and spend most of my time on axiomatic homotopy theory
and the theory of homotopy limits and colimits. These are subjects which I
think will become more pervasive in topology as attempts are made to apply
homotopy theory in ever more general settings.

For those who know what simplicial objects are, I will state the result on
geometric realizations and illustrate it with some examples. For those not
familiar with the terms I shall attempt to explain them as the talk proceeds.

THEOREM. If f: X — Y is a map of simplicial spaces such that m(f) is a Kan
fibration, and if the higher groupoids 11 (X) and 11 (Y) are fully fibrant, then
Jor any map g: Y’ — Y of simplicial spaces, if X’ is the homotopy theoretic fiber
product of Y’ with X over Y, R(X’) is the homotopy theoretic fiber product of
R(Y") with R(X) over R(Y), where R denotes the geometric realization.

This theorem is proved for bisimplicial sets to take advantage of the rather
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nice properties of the geometric realization functor. However, the singular
complex and the standard realization functor carry it over to topological
spaces with the homotopy type of CW-complexes, since the results and the
hypothesis are both homotopy theoretic.

The groupoids I, are not familiar to many people. They are the wreath
product of the fundamental groupoid with the product of the higher
homotopy groups. The condition that a simplicial groupoid be fully fibrant is
somewhat difficult to explain, but if a simplicial groupoid is equivalent to a
simplicial group, this condition will always be satisfied. On the other hand, if
the simplicial groupoid is equivalent to a discrete simplicial groupoid (one
object and one morphism in each component), the condition that it be fully
fibrant is vacuous. Thus the theorem applies whenever 7(f) is a Kan
fibration and X and Y satisfy the condition that either each X, be discrete or
connected and each Y, be either discrete or connected. Alternatively, we
could ask that each X, or Y, be a topological group. One of the most useful
cases, of course, is the one treated by May in [GILS], where X, is a point for
all n and Y, is connected for all n.

As a special case of our theorem, consider the case when X, Y, and Y’ are
discrete spaces. Then 7y(X) and 7y(Y) are the underlying simplicial sets, and
R(X) and R(Y) are their usual geometric realizations. Thus, as a special
case, we obtain the theorem that the ordinary geometric realization from
simplicial sets to topological spaces preserves homotopy theoretic fiber
products. This is not actually a new result; it follows from a result of Quillen’s
which states that the geometric realization of a Kan fibration between
simplicial set is a Serre fibration of topological spaces.

The reader is encouraged to prove the lemmas which I state here for
abstract homotopy theory. I learned them from various people in one way or
another, particularly Dan Quillen, Dan Kan, Pete Bousfield, Ken Brown and
Chris Reedy. The proofs are all elementary, though a few of them (particu-
larly the pasting lemma) do require drawing some rather complicated
diagrams. The responsibility for the correctness of these results rests with me;
if there are errors which have crept in, they are my own. The results on the
existence of homotopy colimits and limits in abstract homotopy theory are
also my own, and a more detailed account of these, together with some results
on “functors up to homotopy” will appear elsewhere. There is, of course,
considerable overlap with the work of Bousfield and Kan, whose work on
homotopy limits and colimits represents a high point in homotopy theory.

1. Simplicial topology. It has long been known that many important
topological spaces can be studied combinatorially by explicitly considering
decompositions of these spaces into unions of Euclidean discs. There are
many familiar spaces which are homeomorphic to the Euclidean disc; among
these, the simplices are generally the easiest to use since any map of the
vertices of a simplex into a linear space has a unique linear extension to the
simplex. The study of spaces which have been decomposed into simplices has
been extended to the study of abstract simplicial sets. Up to homeomorphism,
the abstract simplicial sets are no more general than triangulated spaces, but
they are more flexible with respect to the formation of quotient spaces, and
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they lend themselves better to combinatorial analysis than do the triangulated
spaces.

By a geometric simplex of dimension n, we mean a space with a fixed
homeomorphism with the set of (n + 1)-tuples (¢, ..., ?,) of nonnegative
real numbers such that 7, + - - - + ¢, = 1. We write A" for the standard
simplex of dimension n which is just the space of such (n + 1)-tuples. By a
face of A" we mean a subspace defined by 4 =--- =1 =0 for some
(possibly empty) subset (i),...,4) of (0, 1,...,n). If the subset is not
empty, the corresponding face is called a proper face as it is not equal to A”.
The union of all the proper faces is called the boundary of A", and it is
homeomorphic to the sphere of dimension n — 1.

A finite triangulation of a topological space X is a homeomorphism
between X and a subspace of some A” which is the union of a set of faces of
A". Not every space has a finite triangulation; those spaces which do are
called polyhedra. Included among the polyhedra are such spaces as the
compact differential manifolds.

Associated to a triangulation of a topological space X is a combinatorial
structure called a simplicial complex. A simplicial complex K is any sublattice
of the lattice of finite subsets of a given set S which has the following
property: A C¢ B C S, B € K implies A € K. If we regard X as a subspace
of A" which is the union of certain faces of A", we associate to this
triangulation the set S of all faces of dimension 0 (called the vertices of A")
which lie in X and let B = (v,,...,0,) be in K if and only if the r-
dimensional face containing B lies in X.

Simplicial complexes may or may not be considered to have an ordering on
their vertices. We shall consider all simplicial complexes to be equipped with
orderings on their vertices, and all maps to preserve these orderings.

A simplicial complex K has associated to it a topological space |K| called
the geometric realization of K. In the example above, X is naturally
homeomorphic to the geometric realization of its associated simplicial com-
plex, so we see that no information is lost if we consider simplicial complexes
rather than triangulated spaces.

In order to form the geometric realization of a simplicial complex K, take
the disjoint union of one copy A™ of a simplex of dimension n, for each
o € K, where n, is the number of elements in ¢ minus one. We regard the
elements of o as the vertices of A%, and for 6 C 7 € K, we identify A™ with
the corresponding face of A™. The resulting quotient space is the geometric
realization | K| of K.

While not every map |K’| - |K| between two simplicial complexes is
homotopic to a map induced from a map of vertices, every map can be
represented as the geometric realization of a map of simplicial complexes if
one performs the combinatorial construction known as subdivision often
enough to the source simplicial complex. Thus, not only can the polyhedra be
recovered from simplicial complexes, but the homotopy theory of polyhedra
can be recovered from the homotopy theory of simplicial complexes. This
shows that, at least for those polyhedra for which triangulations are known,
homotopy theory can be reduced to combinatorics. Indeed, results of Ed
Brown [FC] imply that the computations of homotopy groups of polyhedra






