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THE RECOGNITION PROBLEM: 
WHAT IS A TOPOLOGICAL MANIFOLD? 

BY J. W. CANNON1 

1. The recognition problem for topological manifolds. 
1.1. DEFINITION. Let En denote the collection of «-tuples x * (xv . . . , xn), 

xt real. Define d(x,y) « Ç2(xt - y)2)x/2. Then E" becomes a metric space 
with metric d and is called «-dimensional Euclidean space. A (topological) 
«-manifold M is a separable metric space locally homeomorphic with En (see 
Figure 1). 

£< 

/ 

z-mnifOLD 

/ 

/ 

FIGURE 1 

The definition of manifold, as just given, is simple. Nevertheless, it is a very 
difficult matter to determine whether a topological space which appears as 
the result of some construction in the midst of a mathematical argument is or 
is not a topological manifold. (See Supplement 1 for low dimensional 
illustrations of this difficulty.) We are thus led to the recognition problem for 
topological manifolds. 

1.2. RECOGNITION PROBLEM. Find a short list of topological properties, 
reasonably easy to check, that characterize topological manifolds among 
topological spaces. 

Recent work in geometric topology suggests that a satisfactory solution to 
the recognition problem for topological manifolds is imminent. The purpose 
of this paper is to report on that work. 

A good solution to the recognition problem should make no mention of 
homeomorphisms as part of the hypotheses since homeomorphisms are 
terribly difficult to construct. A good solution probably should not involve an 
induction on dimension since nice submanifolds of a manifold are, in an 
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abstract setting, difficult to come by. A good solution probably should not 
involve the notion of homogeneity (see Supplement 5) since, in applications, 
the spaces constructed which are to be checked are obviously manifolds at 
some points, so that recognizing homogeneity is precisely the difficulty. 
Finally, a satisfactory solution should allow one to solve problems of inde­
pendent interest. 

Before spring of this year (1977) no conjectured characterization of topo­
logical manifolds seemed to have a clear cut advantage over any other. But 
the situation has changed rapidly so that we can make the following conjec­
ture with some confidence. 

1.3. CONJECTURE. A topological «-manifold may be characterized as a 
generalized «-manifold satisfying a minimal amount of general position. 
(Definitions follow.) 

Prerequisites for understanding the conjecture in particular and the paper in 
general include a knowledge of basic homology theory (as presented, for 
example, in [33]) and basic PL topology (as presented, for example, in [57]). A 
good introduction to the particular point of view that we shall pursue 
(concerning tameness and wildness) appears in [19]. Nevertheless, even 
without those prerequisites the reader will probably understand and enjoy 
some of the historical material in §§2 and 3 and the discussion of Antoine's 
necklace in §§5 and 6. 

1.4. DEFINITION. A generalized «-manifold M is a Euclidean neighborhood 
retract (ENR) (=>= retract of an open subset of some Euclidean space Ek) with 
the local homology groups at each point of Euclidean «-space En: H+(M, M 
~{x};Z) s H*(En

9 En - (0};Z) (for each x E M). 
The probable appropriate general position condition for « > 5 is the 

disjoint disk property. 
1.4'. DEFINITION. A space M satisfies the disjoint disk property if arbitrary 

maps ƒ, g: B2-+ M from the 2-dimensional disk B2 into M can be ap­
proximated by maps/ , g': B2 -» M with ƒ'(B2) n g\B2) = 0 . 

The conjecture, as completed by Definitions 1.4 and 1.4', was proved 
during the spring of this year (1977) for a large class of generalized manifolds 
by J. W. Cannon [22] and Cannon, J. L. Bryant, and R. C. Lacher [23] (see 
Supplement 4). The fertile source of generalized manifolds supplied by 
cell-like upper semicontinuous decompositions of manifolds was then, for 
« > 5, completely mastered by R. D. Edwards [36] (see Supplement 4); his 
result confirmed the conjecture for all cell-like decompositions of «-mani­
folds, « > 5. An infinite dimensional analogue of the conjecture for Q 
manifolds was proved early in the year by H. Torunczyk [65] (see Supplement 
3). 

An easy consequence of the work, and one of its great motivations, is the 
famous double suspension conjecture: 

1.5. THEOREM. The double suspension S2//" of any homology «-sphere is 
homeomorphic with the (« + 2)-sphere Sn*2. (A homology «-sphere Hn is an 
n-manifold satisfying H^(Hn;Z) s H+(Sn;Z); the kth suspension of a space is 
the join of that space with the (k — 1)-sphere Sk~l; see Definition 1.6 for the 
definition of a sphere.) 
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The connection of Theorem 1.5 with Conjecture 1.3 is as follows. The 
theorem is obviously true f or n < 2 since the notions of sphere and homology 
sphere coincide in those dimensions. Suppose however that n > 3. Then it 
may be that Hn is not simply connected (TT^H") =£ 1; sec Supplement 10). In 
that case the single suspension 21//" does not have the requisite general 
position properties of an (n + l)-manifold at the two suspension points, 
hence is not a manifold. Any suspension of a homology sphere is a general­
ized manifold. Since the double suspension has, in addition, the appropriate 
general position property, the disjoint disk property, it is a manifold by the 
special cases of Conjecture 1.3 proved in [22] and [23]. Since the double 
suspension has the homotopy type of Stt*2

9 it follows from the high dimen­
sional Poincaré conjecture that the double suspension is homeomorphic with 

Theorem 1.5 was first proved for most double suspensions and all triple 
suspensions by Edwards [34], [35]. Cannon [22] proved the general case. 
Edwards' latest results [36] give an alternative proof. This paper illustrates the 
ideas surrounding Conjecture 1.3 by outlining one of the author's proofs of 
Theorem 1.5. 

All of the proofs of Theorem 1.5 involve directly or indirectly the notions 
of wildness (limit misbehavior) and other infinite processes (see §§4, 5, 6 and 
[19] for an introduction to the notion of wildness). That the proofs should 
involve these notions is, on the face of it, surprising since the hypothesis and 
conclusion of Theorem 1.5 make explicit mention only of finite triangulable 
objects. (Homology spheres are triangulable in all dimensions with the 
possible exception of 4 [50] and [44].) Nevertheless, our discussion will 
establish the fact that wildness is not only inherent in Theorem 1.5 but even 
in the group theoretic notion of the perfect group. The connection of 
homology spheres with wildness thus proceeds as follows. If Hn is a 
nonsimply connected homology sphere, then the fundamental group m of H* 
is a nontrivial perfect group (ir equals its own commutator subgroup [ir, TT]) 
(sec Supplement 11). Alexander's wild crumpled cube (Definition 1.8 and §5) 
and its immediate generalizations are the geometric realizations of the 
elements of a perfect group (see Supplement 13). The suspension circle in 
22//" may be thought of as a wild simple closed curve in H?Hn (§4). The 
wildness can be destroyed by searching out certain perfect group elements 
geometrically realized in wild crumpled cubes and replacing those crumpled 
cubes by real cubes (see §7). Results from taming theory and cell-like 
decomposition space theory then yield the theorem easily (§7). One can 
visualize the entire proof in remarkable detail by visually analyzing the 
wildness of Antoinc's wild Cantor set in the 3-spherc S3 (§§5 and 6). 

In a series of supplements following the main discussion, we discuss in 
more depth a number of topics hinted at in the main exposition and raise a 
number of important unanswered questions. The results and methods which 
we discuss lead to new proofs of a number of recent important results in the 
topology of manifolds; we outline some of those proofs in the supplements. 

We will use throughout the paper the notions of sphere, ball or cell or disk, 
and crumpled cube: 

1.6. DEFINITION. The standard (n - l>spherc S*~l is the set {x G 
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En\d(x,0) = 1}. Any space homeomorphic with S""1 is also called an 
(n - l)-spherc. 

1.7. DEFINITION. The standard w-ball (or cell or disk or cube) Bn is the set 
{x e En\d(xy 0) < 1}, Again, any homeomorph of B* is also called an 
/î-ball. 

1.8. DEFINITION. Let S be an (n — l)-sphere in Sn and U a component of 
Sn - S. Then C * Closure(t/) is called a crumpled cube with boundary S. 
Any homeomorph of C is also called a crumpled /i-cube. A crumpled n-cube 
may or may not be an n-cube. 

2. The classical view of manifolds. Early topologists took a restrictive view 
of manifolds in order to obtain results (see Definition 2.1). Nevertheless, they 
came remarkably close to capturing what we now consider the essence of the 
topological manifold for all of their restrictions. We discuss their views in this 
section and the next. 

The basic definitions and results of manifold theory first appeared in a 
series of beautiful papers by Henri Poincaré [54]. Poincaré explained the 
motivation for his topological studies in an analysis of his scientific work 
which he prepared in 1901 (see [54, p. 183]). He wrote: 

"A method which allows us to recognize qualitative relations in spaces of 
more than three dimensions can, to some extent, render service analogous to 
that rendered in low dimensions by pictures. This method is none other than 
the topology of more than three dimensions. Unfortunately this branch of 
science has been but little cultivated. After Riemann came Betti, who 
introduced some fundamental ideas; but no one has followed Betti. As for 
me, all of the diverse paths which I have successively followed have led me to 
topology. I have needed the gifts of this science to pursue my studies of the 
curves defined by differential equations and for the generalization to 
differential equations of higher order, and, in particular, to those of the three 
body problem. I have needed topology for the study of nonuniform functions 
of two variables. I have needed it for the study of the periods of multiple 
integrals and for the application of that study to the expansion of perturbed 
functions. Finally, I have glimpsed in topology a means to attack an impor­
tant problem in the theory of groups, the search for discrete or finite groups 
contained in a given continuous group." (Approximate translation from the 
French; see [54, p. 183] for the original.) 

Poincaré originally defined manifolds via the implicit function theorem of 
advanced calculus. He defined an (n — /?)-dimcnsional submanifold of 
Euclidean space En as the set of points x in En satisfying p equations 
Fx(x) = 0 , . . . , Fp(x) = 0, where the functions Fu...9Fp are required to 
have continuous partial derivatives and the matrix (9yF,)v of partial deriva­
tives is required to have rank/? at each point x. (See [54, p. 196].) 

Mathematicians immediately recognized the difficulty of working directly 
with the definition of manifold. Poincaré himself, in order to obtain results, 
assumed that the manifolds considered could be given the structure of a 
simplicial complex or polyhedron. Under that assumption he enunciated 
and proved the fundamental duality relationship between the homology and 
cohomology of a manifold, Poincaré duality. If we recall that a completely 


