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Introduction. The notion of an additive category was abstracted from the 
example of all modules over a ring, a very large category. However with 
tongue firmly in cheek, one can define a ring with identity (all rings will have 
identity) as an additive category with just one object. Years ago, the notion of 
a Morita context was expounded with a certain amount of labour. A Morita 
context turned out to be an additive category with two objects. It is not 
inconceivable, then, that someday additive categories with three objects will 
emerge, the jump from three to infinity will be made, and additive categories 
will be rediscovered from the point of view of the small examples instead of 
the big ones. (Heaven knows what they will be called.) 

I wish to indicate how the observation that a ring R is an additive category 
with one object can be used for purposes other than to boggle the student of 
algebra. First, an i£-module, from this point of view, is just an additive 
functor from R to the category Ab of abelian groups, and an /Ê-module 
homomorphism is a natural transformation between two such functors. Thus, 
if G is a small additive category, or what we shall refer to more briefly as a 
ringoid, then a G-module is a covariant additive functor M: G —> Ab, and the 
category of all such is denoted Mod G. (Actually what we have defined is a 
left 6-modulc, a right C-modulc being an object of Mod G0**.) Now 
frequently, when such a category arises in the literature, it is pointed out that 
it is an abelian category, that it has exact direct limits, that it has a set of 
generators, that it has enough projectives and the injectives, and so on. What 
needs to be stressed is that there is virtually nothing which one can do in 
categories of modules over (not necessarily commutative) rings, which can't 
be done in categories of modules over ringoids. 

First, let us consider the building block of the category Mod R, namely R 
considered as a module over itself. In the more general situation, there is a 
whole family of building blocks, one for each object of C, namely the 
representablc modules (functors) G(p, ). The additive Yoneda lemma states 
that there is an isomorphism of abelian groups 

Home(G(p9)9M)~M(p) (1) 

which is natural not only as functors of the S-module Af, but also as functors 
of the variable p. What is being generalized here, of course, is the familiar 
natural isomorphism HomR(R, M) ^ M of left R-modules. The 
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isomorphism (1) yields immediately three facts about the modules G(p, ); 
they are projective, they are small (that is, homing with them commutes with 
coproducts), and as a family they generate. In fact, one can show that the 
existence of a family of objects with these three properties in an abelian 
category with coproducts actually characterizes categories of the form 
ModC. 

A notational convention is useful here. If M is a Q -module with x E M(p) 
and X E G(p, q\ then we denote the element M(K){x) of M(q) simply by \x. 
This is, of course, what one does in module theory over a ring, and one need 
only keep in mind that in the more general situation every element x E M 
comes with an object/? attached to it, and that scalar multiplication Xx makes 
sense only when the domain of À is p. With this convention in mind, one 
rarely has anything to change in generalizing definitions and facts concerning 
modules over rings to modules over ringoids. For example, a family of 
elements x, E M (/?,) is a family of generators for M if every element y E 
M(q) can be written as y = 2 \ * / for some \ E Q(pi9 q). The family is 
independent if 2\oc, = 0 =» \ = 0 for all i, and is a basis if it is an indepen­
dent family of generators. Equivalently, if 

0 S(pi9)UM 

is the morphism determined by the xê in view of (1), then {*,} is a family of 
generators if e is an epimorphism, independent if e is a monomorphism, and 
a basis if e is an isomorphism. A module is free if it has a basis, or 
equivalently, if it is isomorphic to a coproduct of representables. The notions 
of finitely generated and finitely presented then have their usual meanings. 

A left ideal of S is a submodule of a representable G(p, ), a right ideal is a 
submodule of G( ,/?) and a (two sided) ideal is a subfunctor of the two 
variable functor G( , ). If ƒ is a two sided ideal, then one can form the 
quotient ringoid G/1 in the obvious way. Then, just as in ordinary ring 
theory, once one has defined a property for modules, one says that the 
ringoid has that property if each of its representables G(p, ) has the property. 
For example, G is noetherian (artinian) if each G(p, ) has the ace (dec) on 
submodules. 

Granting that generalization from rings to ringoids is automatic, one might 
(and should) ask, why do it? Certainly there would not be much interest if all 
that is involved is a series of exercises in a basic course in ring theory. In 
order to justify generalization of this type, perhaps at least one of the 
following criteria should be satisfied. 

(1) Proofs of known theorems are simplified. 
(2) Two or more theorems are combined in one. 
(3) New examples are embraced by an old theory. 
(4) An open problem is solved. 
In what follows, I shall attempt to show that all of these conditions have 

been met. 

1. Projective dimension. Regarding an jR-module as an additive functor 
R -» Ab, one can consider generalizing the range as well as the domain, 
replacing Ab by a more general abelian category. For example, an additive 
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functor R -» Mod S is just an R, S-bimodule. Actually, most of our basic 
lemmas on projective dimension are valid in the context of abelian categories, 
and we shall state them in this generality. Proofs may be found in [24]. 

The projective dimension of an object A in an abelian category & is defined 
as 

pdA = sup{*|Ext*(i4, ) * 0}. 

Here we don't even require & to have enough projectives, since we can use 
Yoneda's definition of Ext in terms of exact sequences. Of course, if & has 
enough projectives, then pdA can be defined alternatively as the shortest 
length (or infinity) of a projective resolution of A. The global dimension of & 
(gl dim &) is the sup of the projective dimensions of its objects. The long 
exact Ext sequence induced by a short exact sequence 

0-+C-+B-+A-+0 
in & yields immediately: 

LEMMA 1.1. 

p d 5 = pdC=>pd^ < 1 + p d C , 
p d 5 < p d C = » p d ^ = l + p d C , 
pdB >pdC=>pdA = pd 5. 

If TJ: F -* G is a natural transformation between functors F, G: & -» ®, 
then we say that TJ is zpointwise contraction if for each object A E <$, there is 
a morphism \iA: G A -> FA such that nAt)A = identity. (We don't require /i to 
be natural.) 

LEMMA 1.2. Consider exact functors T: % -» & and S: & -> % between 
abelian categories. 

(a) If there is a pointwise coretraction TJ: 1# -» TS, then pd SA > pdA for 
all A E # . Hence gl dim % > gl dim &. 

(b) If S is left adjoint to T, then pd SA < pdA for all A E &. 

Both parts of Lemma 1.2 apply in the following situation. Consider a small 
category C and an object/? E C. Then we have the/?th evaluation functor Tp: 
0 e - » # , defined by Tp(D) = /)(/?). If <$ has coproducts, then the left 
adjoint of Tp is the functor Sp defined by 

Sp(A)(q)= 0 A. 

The adjunction morphism 

iU-A-*T,S,(A)= 0 ^ 

is just the coproduct injection corresponding to \p. Now if & is abelian with 
exact coproducts, then Sp is exact, and since Tp is exact in any case, Lemma 
1.2 yields: 

COROLLARY 13. If & is abelian with exact coproducts, then pd SpA = pd A 
for all A E & and p E C 

Part (a) of Lemma 1.2 applies, of course, if TS is the identity functor, that 
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is, if $ is a retract of S via exact functors. Now if C is a retract of D in Cat, 
then SF is a retract of OP via exact functors, and so we obtain: 

COROLLARY 1.4. Let C be a retract of D and let F:D-+Cbe a retraction. If 
& is an abelian category and D 6 SF, then pd DF > pd D. Consequently, 
gldim $° > gl dim 0 e . 

If 1 denotes the one morphism category, then 1 is a retract of any 
nonempty category D. Consequently: 

COROLLARY 1.5. gl dim <S!P > gl dim & for any nonempty, small category D 
and any abelian category $. 

Part (b) of Lemma 1.2 is an immediate consequence of the natural 
isomorphism 

Ext£(&4,5)« Extl(A, TB) 

which is valid whenever S is an exact left adjoint for an exact functor T. This 
isomorphism can also be used to prove the following lemma. 

LEMMA 1.6. If (£ is an abelian category with exact coproducts, then 

Ext"( © 4 , C) a X Ext"(^, C). 

#enc* pd © fvl; = sup{pd At}. 

So far we have no means for exhibiting abelian categories of arbitrarily 
large global dimension. The following lemma, which puts us in a situation 
similar to, but somewhat more complicated than that of Lemma 1.2, part (a), 
fulfills this purpose. 

LEMMA L7 (THE DIMENSION RAISING LEMMA). Consider exact functors TQ, TX\ 

% ~* & and S: & -* %, and suppose there is a pointwise coretraction i\: 
1#~* TXS and a natural transformation q>: T0-^Tt with ySA = 0 for all 
A G $ . Consider also an exact sequence 

0~»SA-^B~»B'~*0 

in %, and suppose there is a morphism r in & making the diagram 

ToB 

commutative. Then pd B' > 1 + pd A. 

The proof is much shorter than the statement. It may be illuminating to 
illustrate the lemma with the simplest situation to which it applies. Let 2 be 
the category 0~» 1, the totally ordered set of two elements. Then the functor 
category & is the category whose objects are the morphisms of 6E and whose 
morphisms are commutative squares. We have two evaluation functors 
TQ, r,: Ö? -* $, and x induces a natural transformation <p: T0-^TV If 
A € &f then we have the diagram in & 
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0 •(> >A »A >0 

I i .'.••'i' i i 
0 >A'—7->A •O * 0 

which may be considered as an exact sequence 

0 -» SXA -» B -> B' -> 0 

in # 2 . Note that TXSX is the identity, and that <pS{A = 0. Therefore if we take 
r = lA, then all the conditions of the dimension raising lemma are satisfied, 
and we conclude that pd B' > 1 + pd A . Consequently gl dim &2 > 1 + gl 
dim <$,. 

Another simple application of the dimension raising lemma shows that if N 
is the free monoid on one generator (so that (£N is the category of 
endomorphisms in &), then gl dim &N > 1 + gl dim $. Similarly, if Z 
denotes the free (multiplicative) group on one generator, then (£z is the 
category of automorphisms in $ , and one uses the dimension raising lemma 
again to see that gl dim &z > 1 + gl dim &. 

2. The generalized syzygy theorem. If G is a ringoid, then the global 
dimension of Mod G is denoted simply by gl dim (2. The Hubert syzygy 
theorem states that gl dimR[X] = 1 + gl dimR. However there are other 
theorems which say that if you do something to a ring, you raise global 
dimension by one. This happens, for example, if you pass to the ring of n X n 
triangular matrices over /?, n > 2, or the monoid (group) ring RG where G is 
a free monoid (group) on at least one generator. In this section we shall show 
how all these theorems can be combined in one. 

Let C be the free category generated by a directed graph. Thus the objects 
of C are the vertices of the graph, and the morphisms are the "paths" in the 
graph. The functor category (2e is the same as the category of diagrams in & 
over the graph. If D E 62e, it is not difficult to write down an exact sequence 
intfc 

O-»0Scoda2>(domtf).-> 0 Sp(D(p))-+D-+0 (1) 
a pec 

where a runs through the arrows of the graph, and dom and cod denote 
respectively domain and codomain (range). Actually the sequence is still valid 
if C, instead of being a free category, is some category of fractions of such. 
This remark is necessary if we want to include the example of the free group 
mentioned above. Now if & has exact coproducts, then by Corollary 1,3 and 
Lemma 1.6, the left and middle terms in the sequence (1) have projective 
dimension < sup, pd D(p). Therefore by Lemma 1.1 we obtain 

pdD < 1 + sup pd/)(/?). (2) 
p 

Consequently 

gldim(£c < 1 + g ld imS. (3) 

Now let us suppose that the morphisms (paths) in the free category which 
are inverted so as to obtain C are all of length one (that is, arrows of the 


